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ABSTRACT. By means of a kind of new idea, we redefine some kinds of
fuzzy ideals in a ring and investigate some of their related properties. The
concepts of strong prime (semiprime) generalized fuzzy (bi-, quasi-) ideals
in rings are introduced. In particular, we discuss the relationships between
strong prime (resp., semiprime) generalized fuzzy (bi-, quasi-) ideals and
prime (resp. semiprime) generalized fuzzy (bi-, quasi-) ideals in rings.
Finally, we show that the regular and intra-regular rings can be described
by using these kinds of generalized fuzzy ideals.
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1. INTRODUCTION

As is well known, algebraic structures play a prominent role in mathematics with
wide ranging applications in many disciplines such as theoretical physics, computer
sciences, control engineering, information sciences, coding theory, topological spaces
and so on. This provides sufficient motivations to researchers to review various
concepts and results from the realm of abstract algebras in the broader framework
of fuzzy setting (see [3, 4, 5, 6, 7, 9, 10, 11, 12]).

After the introduction of fuzzy sets by Zadeh [14], there have been a number of
generalizations of this fundamental concept. A new type of fuzzy subgroup, that
is, the (€, € V ¢)-fuzzy subgroup, was introduced in an earlier paper of Bhakat and
Das [1] by using the combined notions of “belongingness” and “quasicoincidence”
of fuzzy points and fuzzy sets. In fact, the (€, € V ¢)-fuzzy subgroup is an impor-
tant generalization of Rosenfeld’s fuzzy subgroup. It is now natural to investigate
similar type of generalizations of the existing fuzzy subsystems with other algebraic
structures (see [2, 8, 13, 15]).
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In [5], Kuroki introduced the concepts of a fuzzy quasi-ideal and a fuzzy bi-ideal
in a ring, and gave some characterization of a regular ring. They also gave some
characterization of an intra-regular ring, both a regular and an intra-regular ring,
and a regular duo ring in terms of fuzzy ideals.

As a continuation of the above paper. This present paper is organized as follows.
In Section 2, we recall some basic definitions and results of rings. By means of a
kind of new idea, we redefine some kinds of fuzzy ideals in a ring and investigate
some of their related properties. Some fundamental aspects of generalized fuzzy
ideals, generalized fuzzy bi-ideals and generalized fuzzy quasi-ideals of rings will be
discussed in Sections 3 and 4, respectively. In Section 5, we introduce the concepts of
strong prime (semiprime) generalized fuzzy (bi-, quasi-) ideals in rings. In particular,
we discuss the relationships between strong prime (semiprime) generalized fuzzy
ideals and prime (semiprime) generalized fuzzy (bi-, quasi-) ideals in rings. By
using generalized fuzzy ideals (bi-ideals, quasi-ideals), we proceed to characterize
the regular rings in Section 6. Finally, in Section 7, we continue to describe the
intra-regular rings by using these kinds of generalized fuzzy ideals.

2. PRELIMINARIES

Throughout this paper, let R denote a ring unless other specified.

A subset A of R is called a left (resp., right) ideal of R if A is closed under
addition and RA C A (resp., AR C A). A is called an ideal of R if it is both a left
ideal and a right ideal.

A subset A of R is called a bi-ideal if A is an addition subgroup closed with
multiplication and ARA C A. A subset A of R is called a quasi-ideal if A is an
addition subgroup with ARN RA C A (see [6, 11]).

If I and J are ideals of R. An ideal P of R is called prime if IJ C P implies
I C PorJCP for all ideals I and J of R. An ideal P of R is called semiprime if
I? C P implies I C P for all ideals I of R.

We next state some fuzzy logic concepts. Recall that a fuzzy set is a function
w: R —[0,1]. We denote by F(R) the set of all fuzzy sets of R. For any A C R, the
characteristic function of A is denoted by ya. We define =1 by u=!(z) = u(—=z),
for all x € R.

For any ¢ € (0, 1], define a fuzzy set t4 of R by

t if ze€A,
tA(x){ 0 if a¢A4

for all x € R.
A fuzzy set p of R of the form

_J t#0) if y=uz,
u(y)—{o i oyt
is said to be a fuzzy point with support x and value t and is denoted by z;. A fuzzy
point z; is said to belong to (resp., be quasi-coincident with ) a fuzzy set p, written
as xy € p (resp., xyqu) if p(x) >t (resp., p(x)+t > 1). iz, € por xy q p, then we
write z; €V qu. If p(x) <t (resp., u(x) +t < 1), then we call z, € p (resp., x¢ G ).
We note that the symbol €V ¢ means that €V ¢ does not hold.
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Now, we give the concept of the product of two fuzzy sets of R.

Definition 2.1 ([3]). Let u and v be fuzzy sets of R. Then the product of p and
v is defined by

(wov@ =\ (ua)rvb)
>

and (p ®v)(z) = 0 if & cannot be expressed as . = Y a;b;.
i=1

Definition 2.2 ([5, 10]). (1) A fuzzy set u of R is called a fuzzy left (resp., right)
ideal of R if for all z,y € R, the following conditions are satisfied:

(Fla) p(z +y) > p(@) A p(y),

(Fla’) pu(—z) = p(x),

(F1b) p(zy) = p(y) (resp., p(xy) = p(x)).

(2) A fuzzy set p of R is called a fuzzy bi-ideal of R if for all z,y, z € R, it satisfies
(Fla), (Fla’) and

(Flc) p(zy) > p(@) A p(y),

(F1d) ulryz) > ulz) A u(z).

(3) A fuzzy set p of R is called a fuzzy quasi-ideal of R if it satisfies (Fla), (Fla’)
and

(Fle) (1 ®xr) N (xR O ) C p.

A fuzzy set p of R is called a fuzzy ideal of R if it is both a fuzzy left ideal and a
fuzzy right ideal of R.

Remark 2.3 ([5]). (1) Every fuzzy ideal of R is a fuzzy quasi-ideal of R, but the
converse is not true;

(2) Every fuzzy quasi-ideal of R is a fuzzy bi-ideal of R, but the converse is not
true.

Definition 2.4 ([1]). A fuzzy set p of R is called an (€, € V q)-fuzzy left (resp.,
right) ideal of R if for all t,r € (0,1] and =,y € R,

(F2a) 2, € p and y, € p imply (z + y)inr €V qpu,

(F2a’) z; € p implies (—z); €V qu,

(F2b) y; € p (vesp., x; € p) implies (zy): €V qu.

A fuzzy set p of R is called an (€, €V q)-fuzzy ideal of R if it is both an (€, €V q)-
fuzzy left ideal and an (€, € V ¢)-fuzzy right ideal of R.

Theorem 2.5. A fuzzy set p of R is an (€, €V q)-fuzzy left (resp., right) ideal of R
if and only if for any x,y € R,
(F3a) p(z+y) > p(x) A p(y) A0.5,
(F3a)) p(—z) > p(x) A0O.5,
(F3b) p(zy) = pu(y) N0.5 (resp., p(xy) = p(z) A0.5).
For a fuzzy set p of R and ¢ € (0,1], the crisp set uy = {z € R | u(z) > t} is

called the level subset of p.
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Theorem 2.6 ([1]). A fuzzy set p of R is an (€, €V q)-fuzzy ideal of R if and only
if ue(# @) is an ideal of R for all t € (0,0.5].

Naturally, we consider the concept of (€, € V q)-fuzzy ideals of R by means of
Bhakat’s way.

Definition 2.7. A fuzzy set p of R is called an (€, €V q)-fuzzy left (resp., right) of
R if for all ¢,r € (0,1] and for all z,y € R,

(F4a) (z + y)iarEp implies 2:€ V Gu or y,-€ V qu,

(F4a’) (—x)¢€p implies z:€ V qu,

(F4b) (xy):Ep implies y, € V qu (resp., T, € V qu).

A fuzzy set p of R is called an (€, €V q)-fuzzy ideal of R if it is both an (€, €Vq)-
fuzzy left ideal and an (€, € V q)-fuzzy right ideal of R.

Theorem 2.8. A fuzzy set u of R is an (€,€ V q)-fuzzy left (resp., right) of R if
and only if for any x,y € R,

(F5a) p(z +y) v 0.5 = p(x) A uly),

(F5a’) pu(—z) v 0.5 = p(z),

(F5b) p(xy) v 0.5 = p(y) (resp., p(xy) V0.5 = p(x)).

Proof. We only prove (F4a) < (F5a). The others are similar.

(F4a)= (F5a) If there exist o,y € R such that p(x +y) V0.5 <t = u(x) A u(y),
then 0.5 <t < 1,(xz + y)¢€n, but z; € p,y; € p. By (F1), we have z,gu or y;qu.
Then, (t < p(z) and t 4 p(z) < 1) or (¢t < p(y) and t + p(y) < 1). Thus, ¢t < 0.5,
contradiction.

(F5a)= (F4a) Let (2 + y)iar€p, then p(x +y) <t Ar.

(1) If p(x+y) > p(x) Auly), then p(x) Au(y) < tAr, and consequently, pu(z) <t
or pu(y) < r. It follows that x;€u or y.Ep. Thus, ©,€ V qu or y,-€ V Gu.

(2) If p(x +y) < p(z) A p(y) then by (F4), we have 0.5 > u(z) A u(y). Putting
T €W or, yrEp, then t < p(x) < 0.5 or r < u(y) < 0.5. It follows that z;qu or y,gu,
and thus, x;€ V qu or y,.€ V qu. This completes the proof. O

Theorem 2.9. A fuzzy set p of R is an (€,€ V §)-fuzzy ideal of R if and only if
wi(# D) is an ideal of R for all t € (0.5,1].

Proof. This proof is similar to the proof of Theorem 2.6. O

3. GENERALIZED FUZZY IDEALS

In this Section, we introduce the concepts of generalized fuzzy ideals of rings by
means of a new way, which is different with the related topic.

Remark 3.1. Let p and v be any two fuzzy sets of R. Then

(i) If ; € p implies & € Vq v for all z € R and ¢ € (0, 1], then we can write
nEVqu.

(ii) If 24+€ p implies ;€ VG v for all z € R and t € (0, 1], then we can write
H2Vagu.

Proposition 3.2. For any two fuzzy sets y and v of R,
(i) p CV q v if and only if v(z) > p(x) A0.5,Vr € R;
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(ii) w2V g v if and only if u(x) vV 0.5 > v(x),Vz € R.

Proof. (i) Let pp C Vq v. If there exists € R such that v(z) <t = u(x) A 0.5, then
Ty € u, but €V qu, a contradiction.

Conversely, let v(z) > u(x) A0.5,Vx € R. If uC Vqu, then there exists z; € p,
but z,€Vqu, and so p(z) > t, v(z) < t and v(x) < 0.5, a contradiction.

(ii) Let p DO VvV q v. If there exists © € R such that p(z) vV 0.5 < t = v(z), then
x¢ € v, but ;€ and ¢ > 0.5. Hence €V gv, and so x:qv, that is, v(z) +¢ < 1,
and so t < 0.5, a contradiction.

Conversely, let u(z) V 0.5 > v(z),Vo € R. If uD V qu, then there exists z;€pu,
but z,€ V qv. Hence u(z) < t,v(x) >t and v(z) +¢ > 1.

Case (1) p(z) > 0.5. Then p(z) > v(z), contradiction.

Case (2) p(x) < 0.5. Then 0.5 > V(x) By v(z) > t,0.5 > v(x) > t. But
2v(z) > v(z) +t > 1, and so v(x) > 0.5, a contradiction. O

Now, we give the concept of the sum of two fuzzy sets of R.

Definition 3.3. Let u and v be fuzzy sets of R. Then the sum of i and v is defined
by
(w+v)(@) =\ (ula)rv(b)
r=a+b
and (4 v)(z) = 0 if & cannot be expressed as * = a + b.

The following is obvious and we omit the proof.

Proposition 3.4. Let A, B C R. Then we have
(1) ACBe&XxaCVq xpexB2VqXA;S
(2) xANXB = XaAnB;
(3) XA ®XB = XaB;
(4) xA+XxB=Xa+B-

Now, by means of a new way, we consider another generalized fuzzy ideals of
rings, which is called a new (€, €V ¢)-fuzzy ideal.

Definition 3.5. A fuzzy set p of R is called a new (€, €V q)-fuzzy left (resp., right)
ideal of R if it satisfies:

(F6a) (1 p) S Vapu,

(F6a’) u~' C vapu,

(F6b) (xr © p) € Vau (resp., (1 © Xr) C Vau).

Theorem 3.6. A fuzzy set p of R is a new (€, €V q)-fuzzy left (resp., right) ideal
of R if and only if it satisfies (F3a), (F3a’) and (F3b).

Proof. Let p be a new (€, €V q)-fuzzy left (resp., right) ideal of R. If there exist
x,y € R such that u(x +y) <t < p(z) Ap(y) A0.5, then ¢ < 0.5,z € u,yr € u, but

(z +y)t€p, and so (z +y):€Vau. But, (u+ p)(z +y) = N \:/ +b(u(@) A (b)) >

p(x) Ap(y) >t,and so (z+9y): € (u+p). Thus, (z+1y); €V qu, contradiction. This
proves (F3a) holds.
Now, if there exists € R such that u(—z) < ¢t < p(z) A 0.5, then u(z) >t
and t < 0.5, but (—x)€u. Thus, (—z);€Vqu. But p=(—z) = u(z) > t, and so
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(—x); € p~!, which implies, (—x); €V gpu, contradiction. This proves (F3a’) holds.
The proof of (F3b) is similar to the proof of (F3a).
Conversely, assume that u satisfies (F3a), (F3a’) and (F3b). Let z; € (u + p),
but z;€Vqu. Then p(x) < t and p(z) < 0.5. By definition, (¢ + p)(z +y) =
V  (u(a) A p(b)). Since 0.5 > p(z) = ula + b) > u(a) A u(db) A 0.5, and so
r+y=a+b

p(@) = p(a) A p(b). Thus, t < (u+ p)(z) < 7V+bu(w) = p(x), that is, u(x) > ¢, a

contradiction. This proves that (F6a) holds.

Now, let z; € p~t, but 2,€V qu, then u(z) < t and p(z) < 0.5. Thus p(—z) >
w(x) A 05 = p(x), and so u(—x) = p(x). Hence t < pu~(z) = pu(—z) = p(x), a
contradiction. The proof of (F6b) is similar to the proof of (F6a). Therefore, p is a
new (€, €V q)-fuzzy left(resp., right) ideal of R. O

The following is a consequence of Theorems 2.5 and 3.6.

Corollary 3.7. The concepts of new (€, €V q)-fuzzy left (resp., right) ideals of R
and (€, €V q)-fuzzy left (resp., right) ideals are equivalent.

Next, by means of a new way, we consider another generalized fuzzy left(resp.,
right) ideals of rings, which is called a new (€, € V q)-fuzzy left(resp., right) ideal.

Definition 3.8. A fuzzy set p of R is called a new (€, €V q)-fuzzy left (resp., right)
ideal of R if it satisfies:

(F7a) p 2V q(p+ p),

(F7a’) p 2V gu™t,

(F7b) 2V g(xr © pt) (vesp., p 2V q(p © XR))-

Theorem 3.9. A fuzzy set pn of R is a new (€,€ V q)-fuzzy left(resp., right) ideal
of R if and only if it satisfies (Fba), (F5a’) and (F5b).

Proof. Let u be a new (€, € V q)-fuzzy left(resp., right) ideal of R. If there exist
x,y € R such that p(x +y) vV 0.5 < t < pu(x) A pu(y), then ¢ > 0.5,2; € p,y: € w,
but (z + y)e€p, and so (x + y),€ V q(p + p). Thus, (u+ p)(z+y) <t (*) and

(ntp)(z+y)+t < 1. () But, (utp)(z+y) = +\:/ +b(#(a)w(b)) > p()Apuly) =

t, which implies, (¢ + p)(z+y) > t. By(*) and (**), we have (u+p)(z+y)+t <1,
and so t < 0.5, contradiction. This proves (F5a) holds. Similarly, we can prove
(F5a’) and (F5b).

Conversely, assume that p satisfies (F5a), (Fba’) and (F5b). Let z; € p, but
€V q(p + p). Then p(x) < ¢, but (p+ p)(x) > ¢t and (p+ p)(z) +t > 1,
and so (p + p)(x) > 0.5. By definition, (u + p)(z) = V (u(a) A p(d)). Since

r=a-+b
0.5V u(z) = pla +b) V0.5 > p(a) A u(b), and so 0.5V p(z) > wp(a) A p(d). Thus,
t<(p+up(z) < V wplx)v0.b. Since (p+ u)(z) > 0.5, then p(xz) > 0.5, and
r=a+b
so p(x) > t, contradiction. This proves that (F7a) holds. Similarly, we can prove
(F7a’) and (F7b) hold. Therefore, u is a new (€, € V q)-fuzzy left(resp., right) ideal
of R. 0

The following is a consequence of Theorems 2.8 and 3.9.
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Corollary 3.10. The concepts of new (€, € V q)-fuzzy left(resp., right) ideals of R
and (€, € V q)-fuzzy left(resp., right) ideals are equivalent.

4. GENERALIZED FUZZY BI-(QUASI-) IDEALS

In this Section, we introduce the concepts of generalized fuzzy bi-ideals and gen-
eralized fuzzy quasi-ideals in rings by means of a new way, which is different with
the related topic.

Definition 4.1. A fuzzy set u of R is called an (€, € V q)-fuzzy bi-ideal of R if it
satisfies (F6a), (F6a’) and

(F6c) (1 © p) S Vap,

(F6d) (1 © xR © p) € Vapu.

Theorem 4.2. A fuzzy set p of R is an (€, €V q)-fuzzy bi-ideal of R if and only if
it satisfies (F3a), (F3a’) and

(F6c’) plzy) > p(x) A py) A0.5,
(F6d’) p(ryz) > p(x) A p(z) A0.5.

Proof. We only need to consider (F6d) < (F6d’).
(F6d) = (F6d’). If there exist =, y, z € R such that p(xyz) <t < p(x) Ap(z)A0.5,
then p(ryz) <t < 0.5,z € p,yr € p. Thus, (xyz):€Vqu. But,

(moxrom(zyz) = \/ (O xr)(@)Apub))

xyz=Y), a;b;
1

i=

(1 © xr)(zy) A p(2)

Vo (ulai) Axr(b:) A p(z)
Iy:iifl a;b;
> p(x) A p(z) > t,

and so (zyz): € (WO xR Ou). Thus, (zyz); €V qu, contradiction. This proves (F6d’)
holds.

(F6d’) = (F6d) Let x; € (uOXrOW), but £,V qu. Then p(x) < t and p(z) < 0.5,
but (4 ® xr © p)(x) > t. By definition, we have

(LO© xR O p)(z) = \/ (1 © xr)(ai) A p(bi))

m
i=1

Y

I
<

Vo (i) Axr(bin) A p(bs)

m;
z=3" aib; \ a;=3 ajpbik
i=1

(1(ai) A p(eq))-

I
<
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Thus, ¢ < (poxa @) <V (ula) Ape) £V p@) = ua)

m
$:Z {libici Z:Z aibici
i=1 =1

that is, p(x) > ¢, a contradiction. This proves that (F6d) holds. O

Since 0.5 > p(z) = u(Tz aibic;) > pla;) A p(e;) A 0.5, and so p(x) > p(as) A p(e).
=1

Corollary 4.3. A fuzzy set u of R is an (€, €V q)-fuzzy bi-ideal of R if and only if
it satisfies (F2a), (F2a’) and

(F6c”) mt,yr € = (2Y)iar €V qpu,

(F6d”) , zr € 1 = (2Y2)inr €V qu.

Next, by means of a new way, we consider another generalized fuzzy bi-ideals of
rings, which is called an (€, € V §)-fuzzy bi-ideal.

Definition 4.4. A fuzzy set u of R is called an (€,€ V q)-fuzzy bi-ideal of R if it
satisfies (F7a), (F7a’) and

(F7c) p 2V q (1O p),

(F7d) p 2V G (LOXR O p).

Theorem 4.5. A fuzzy set i of R is an (€,€ V q)-fuzzy bi-ideal of R if and only if
for all z,y,z € R, it satisfies (Fba), (F5a’) and

(F7¢") p(x) V p(y) v 0.5 > p(x) A p(y),
(F7d°) p(zyz) V0.5 > p(x) A p(z).

Proof. This proof is similar to the proof of Theorem 4.2. O

Corollary 4.6. A fuzzy set u of R is an (€, €V q)-fuzzy bi-ideal of R if and only if
for all z,y, z € R, it satisfies (F4a), (4a’) and

(F7¢”) (xy)inrE = L€V Gu or y-€ V qu,

(F7d”) (zyz)inr€p = T4€ V qu or z.€ V qu.

Next, we introduce the concepts of generalized fuzzy quasi-ideals in rings by means
of a new way, which is different with the related topic.

Definition 4.7. A fuzzy set p of R is called an (€, € V q)-fuzzy quasi-ideal of R if
it satisfies (F6a), (F6a’) and

(F6e) (xr © ) N (1 © xr) € Vau.

Theorem 4.8. A fuzzy set p of R is an (€, €V q)-fuzzy quasi-ideal of R if and only
if it satisfies (F3a), (F3a’) and
(F6e’) p(z) = ((xr © p) N (1 © xr))(x) AO.5.

Proof. The proof is similar to the proof of Theorem 4.2. O

Corollary 4.9. A fuzzy set p of R is an (€, €V q)-fuzzy quasi-ideal of R if and only
if it satisfies (F2a), (F2a’) and

(F6e”) z: € (xr O p) N (L © XR) = @+ €V qpu.

Next, we consider another generalized fuzzy quasi-ideals of rings, which is called

an (€, €V g)-fuzzy quasi-ideal.
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Definition 4.10. A fuzzy set p of R is called an (€, € V §)-fuzzy quasi-ideal of R if
it satisfies (F7a), (F7a’) and
(F7e) u 2V G ((xr © 1) N (1 ® XR))-

Theorem 4.11. A fuzzy set u of R is an (€,€ V q)-fuzzy quasi-ideal of R if and
only if for all x € R, it satisfies (F5a), (F5a’) and
(F7e’) p(x) v 0.5 = ((xr © 1) N (1O XR))(@).

Proof. The proof is similar to the proof of Theorem 4.2. O

Corollary 4.12. A fuzzy set p of R is an (€,€ V §)-fuzzy quasi-ideal of R if and
only if for all x € R, it satisfies (F4a), (48) and
(F7¢”) zi€p = €V (xr O p) N (L O XR))-

Finally, we give the characterization of (€, € V q)-fuzzy bi-ideals (resp., quasi-
ideals) and (€, € V q)-fuzzy bi-ideals (resp., quasi-ideals) of rings.

Theorem 4.13. (i) A fuzzy set u of R is an (€, €V q)-fuzzy bi-ideal (quasi-ideal)
of R if and only if u(# @) is a bi-ideal (quasi-ideal) of R for all t € (0,0.5],
respectively.

(ii) A fuzzy set p of R is an (€, €V q)-fuzzy bi-ideal (quasi-ideal) of R if and only
if ui(# @) is a bi-ideal (quasi-ideal) of R for all t € (0.5, 1], respectively.

5. STRONG PRIME (SEMIPRIME) GENERALIZED FUZZY (BI-,QUASI-) IDEALS

In this Section, we introduce the concepts of strong prime (semiprime) generalized
fuzzy (bi-, quasi-) ideals in rings. In particular, we discuss the relationships between
strong prime (semiprime) generalized fuzzy ideals and prime (semiprime) generalized
fuzzy (bi-, quasi-) ideals in rings.

Definition 5.1. (i) An (€, € Vg)-fuzzy (resp., bi-, quasi-) ideal p of R is called
prime if for all z,y € R and ¢ € (0, 1], we have

(P1) (zy): € pp = a1 €V qu or y; €V qu.

(ii) An (€, €V q)-fuzzy (resp., bi-, quasi-) ideal p of R is called semiprime if for
all z € R, t € (0, 1], we have

(SP1) (22); € p = x1 €V qpu.

Theorem 5.2. (i) An (€,€V q)-fuzzy (resp., bi-, quasi-) ideal p of R is prime if
for all x,y € R, it satisfies:

(P2) p(x) v uly) > plzy) A0.5.

(ii) An (€,€ Vq)-fuzzy (resp., bi-, quasi-) ideal p of R is semiprime if for all
x € R, it satisfies:

(SP2) u(z) > u(z?) A 0.5.

Theorem 5.3. An (€, €V q)-fuzzy (resp., bi-, quasi-) ideal p of R is prime (semiprime)
if and only if u(# @) is a prime (semiprime) (resp., bi-, quasi-) ideal of R for all
t € (0,0.5], respectively.

First, we give the concept of strong prime (semiprime) (€, €V q)-fuzzy (resp., bi-,
quasi-) ideals in rings.
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Definition 5.4. (i) An (€, € Vg)-fuzzy (resp., bi-, quasi-) ideal p of R is called
strong prime if for every (€, €V g)-fuzzy (resp., bi-, quasi-) ideals p and v of R, it
satisfies:

(P3) p®v C pimplies u C p or v C p.

(ii) An (€, €V q)-fuzzy (resp., bi-, quasi-) ideal u of R is called strong semiprime
if for every (€, €V q)-fuzzy (resp., bi-, quasi-) ideal p of R, it satisfies:

(SP3) 1 ® p C p implies p C p.

Theorem 5.5. Let u be a strong prime (semiprime) (€,€ V q)-fuzzy (resp., bi-,
quasi-) ideal of R. Then the p; (e # &) is a prime (semiprime) (resp., bi-, quasi-)
ideal of R for all t € (0,0.5], respectively.

Proof. We only consider strong prime (€, € V ¢)-fuzzy (bi-, quasi-) ideals. The case
for strong semiprimeness is similar.

Let ¢ € (0,0.5] be such that p; is non-empty. Then it follows from Theorems 2.6
and 4.13 that p; is a (resp., bi-, quasi-) ideal of R. Now we show that y; is prime.
Let I and J be two (resp., bi-, quasi-) ideals of R such that IJ C p;. Then it is easy
to see that t; and t; are two (€, €V q)-fuzzy (resp., bi-, quasi-) ideals of R and that
tr ©ty C p. Infact, let z € R. If (t1 ©¢5)(z) =0, then (t; ©ty)(x) =0 < p(z).

Otherwise, there exist a;,b; € R such that z = a;b; and tr(a;) Aty(b;) # 0.
=1

K2

This implies a; € [ and b; € J, hence v € IJ Q_ te, that is, p(x) > t. Hence
trot)(xz)=V  tr(y;) ANty(z) <t < u(x). Therefore, t; ®t; C p. Since p
ﬂ?:i Yizi
=1
is a strong prime (€, € V q)-fuzzy (resp., bi-, quasi-) ideal of R, we have t; C p or
ty; C p, this implies I C u; or J C py. This completes the proof. O

The following is a consequence of Theorems 5.3 and 5.5.

Theorem 5.6. FEvery strong prime (semiprime) (€,€ V q)-fuzzy (resp., bi- and
quasi-) ideal of a ring is a prime (semiprime) (€, €V q)-fuzzy (resp., bi- and quasi-)
ideal, respectively.

Remark 5.7. The converse of Theorem 5.6 is not true in general as shown in the
following example.

Example 5.8. Let (Z,+,-) be the ring of all integers. Then 0.4(5) is an (€, €V q)-
fuzzy ideal of Z and non-empty subset (0.4(2)); is a prime ideal of R for all ¢ € (0,0.5].
By Theorem 5.3, we know that 0.4(3) is a prime (€, € V q)-fuzzy ideal of Z, but
it is not strong prime. In fact, 0.4(3) © 0.5¢4y € 0.4(2), but 0.4, Q 0.4(2) and
0.5(4) € 0.4(2), where both 0.4(3) and 0.5(4) are (€, €V q)-fuzzy ideals of Z.

Now, we give the concept of prime (semiprime) (€, € Vq)-fuzzy (resp., bi-, quasi-)
ideals in rings.

Definition 5.9. (i) An (€, € V q)-fuzzy (resp., bi-, quasi-) ideal p of R is called
prime if for all z,y € R and ¢ € (0, 1], we have
(P4) (xy)t€Ep = x4€ V qu or Y€ V Gu.
(ii) An (€,€ V g)-fuzzy (resp., bi-, quasi-) ideal u of R is called semiprime if for
all z € R,t € (0,1], we have (SP4) (2%);€u = 2,€ V qpu.
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Theorem 5.10. (i) An (€,€ V q)-fuzzy (resp., bi-, quasi-) ideal u of R is prime if
for all x,y € R, it satisfies:

(P5) pl(zy) V0.5 > p(z) A p(y).

(ii) An (€,€ V q)-fuzzy (resp., bi-, quasi-) ideal p of R is semiprime if for all
x € R, it satisfies:

(SP5) u(z?) v 0.5 > p(x).

Proof. We only prove (i). The case (ii) is similar. Let p be a prime (€, € V q)-fuzzy
(resp., bi-, quasi-) ideal of R. If there exist z,y € R such that pu(zy) vV 0.5 < t =
w(x) A p(y), then t > 0.5, ¢,y € p, but (xy):Ep. Thus, x4:€ V qu or € V gu. Since
X, Yr € 1, we have x:qu or yyqu, that is, p(z) +t < 1or p(z)+t < 1. Thus, ¢t < 0.5,
contradiction.

Conversely, suppose that condition (P5) holds. Let (zy);€p. Then p(zy) < t and
so p(x) A p(y) < p(xy) V0.5 <tV 0.5. We consider the following two cases:

(i) If t < 0.5, then p(z) A p(y) < 0.5. Thus, p(xz) < 0.5 or pu(y) < 0.5, that is,
w(x)+t<1oru(y)+t<1. Hence, z:gu or y:gu, and so 2:€ V qu or y:€ V qu.

(i) If t > 0.5, then p(z) A p(y) < t. Thus, p(z) <t or u(y) < t, and so, x:€p or
y€p. Thus, z:€ V qu or y:€ V gu. This proves that p is prime. O

Theorem 5.11. An (€,€ V q)-fuzzy (resp., bi-, quasi-) ideal p of R is prime
(semiprime) if and only if p:(# @) is a prime (semiprime) (resp., bi-, quasi-) ideal
of R for all t € (0.5,1], respectively.

Proof. Tt is a consequence of Theorems 2.9, 4.13 and 5.3. O

Finally, we give the concept of strong prime (semiprime) (€, € V §)-fuzzy (resp.,
bi-, quasi-) ideals in rings.

Definition 5.12. (i) An (€, € V q)-fuzzy (resp., bi-, quasi-) ideal p of R is called
strong prime if for every (€, € V q)-fuzzy (resp., bi-, quasi-) ideals p and v of R, it
satisfies (P3).

(ii) An (€, €V q)-fuzzy (resp., bi-, quasi-) ideal p of R is called strong semiprime
if for every (€, € V q)-fuzzy (resp., bi-, quasi-) ideal p of R, it satisfies (SP3).

Theorem 5.13. Let pu be a strong prime (semiprime) (€,€ V q)-fuzzy (resp., bi-,
quasi-) ideal of R. Then u(# &) is a prime (semiprime) (resp., bi-, quasi-) ideal
of R for all t € (0.5,1], respectively.

Proof. The proof is similar to the proof of Theorem 5.5. O
The following is a consequence of Theorems 5.3 and 5.13.

Theorem 5.14. Every strong prime (semiprime) (€,€ V q)-fuzzy (resp., bi- and
quasi-) ideal of a ring is a prime (semiprime) (€, €V q)-fuzzy (resp., bi- and quasi-)
ideal, respectively.

6. CHARACTERIZATIONS OF REGULAR RINGS

We characterize the regular rings in this Section by generalized fuzzy ideals, gen-
eralized fuzzy bi-ideals and generalized fuzzy quasi-ideals.
Define two relations “ § 7 and % ” on F(R) by
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ygVifandonlyif,ug\/qz/andl/g\/quforallu,z/ef(R);
and
,u%yifandonlyif,ug\/QVanduquuforallu,ye}"(ﬁ’).

Clearly, * § ” and “ % ” are equivalence relations on F(R). A ring R is said to be

regular if for each x € R, there exists a € R such that z = zax ([11]).

Lemma 6.1. A ring R is reqular if and only if for any right ideal A and any left
ideal B, we have AB = AN B.

Now, we characterize the regular rings by (€, €V q)-fuzzy ideals.

Theorem 6.2. A ring R is reqular if and only if for any (€, €V q)-fuzzy right ideal
w and (€, €V q)-fuzzy left ideal v, we have pNv § uo .

Proof. Let R be a regular ring, 4 an (€, € V ¢)-fuzzy right ideal and v an (€, €V ¢)-
fuzzy left ideal. Then, pyOv CVqguoOxr CVgpuand pOv CVgxrOv CVqur.
Thus, p©v CV g pNv. For any x € R, there exists a € R such that = zax since
R is regular. Thus

Vo (ular) Av(br))

r=a1by
> u(xa) Av(x)
> p(x) Av(x) A0S
= (unNv)(z) A0.5,

(O v)(x)

e, uNvCVqguov, Whenceuﬂyéu(ay.

Conversely, let A and B be, respectively right and left ideal of R. Then, it is easy
to see that their characteristic functions x4 and xp are, respectively, (€, € V q)-
fuzzy right ideal and (€, € V ¢)-fuzzy left ideal. Thus, by Proposition 3.4, we have
XAB = XA O XB § XA N XB = Xans- Thus, by Proposition 3.4, AB=ANB. It
follows from Lemma 6.1 that R is regular. 0

Similarly, we also can characterize the regular rings by using (€, € V q)-fuzzy
ideals.

Theorem 6.3. A ring R is reqular if and only if for any (€, €V q)-fuzzy right ideal
w and (€,€V q)-fuzzy left ideal v, we have pNv % o .

Proof. Let R be a regular ring, 1 an (€, € V q)-fuzzy right ideal and v an (€, € V q)-
fuzzy left ideal. Then, u DV GguOXxr 2V guOrand u DVGFXrOV 2V G uoOU.
Thus, pNv 2V g u@v. For any € R, there exist a,a’ € R such that x = zad'z
since R is regular. Thus

(mov)(x)vos= V (ua)Av(b)) V0.5

r=a1by

> (u(za) vV 0.5) A (v(a'z) vV 0.5)
> u(z) A ()
= (nnv)(z),

ie, pOV2I2VguNv, WhenceuﬂuquI/.
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Conversely, let A and B be, respectively right and left ideal of R. Then, it is easy
to see that their characteristic functions x4 and yp are, respectively, (€,€ V q)-
fuzzy right ideal and (€, € V q)-fuzzy left ideal. Thus, by Proposition 3.4, we have
XAB = X4 ©® XB % XA N XB = XanB- Thus, by Proposition 3.4, AB=ANB. It
follows from Lemma 6.1 that R is regular. O

Lemma 6.4. Let R be a ring. Then the following are equivalent:

(1) R is reqular;

(2) B = BSB for every bi-ideal B of R;

(3) Q = QSQ for every quasi-ideal Q of R.

Now, we characterize the regular rings by (€, € V ¢)-fuzzy bi-ideals (resp., quasi-
ideals).

Theorem 6.5. Let R be a ring. Then the following are equivalent:
(1) R is reqular;
(2) p § 1O XR O u for every (€,€V q)-fuzzy bi-ideal p of R;
(3) u § 1O xR O u for every (€,€V q)-fuzzy quasi-ideal |1 of R.

Theorem 6.6. Let R be a ring. Then the following are equivalent:
(1) R is regular;
(2) p % 1wOXR O u for every ( )-fuzzy bi-ideal p of R;

)-fuzzy quasi-ideal p of R.

Finally, we characterize the regular rings by (€, € V q)-fuzzy ideals, (€,€ V q)-
fuzzy bi-ideals and (€, € V q)-fuzzy quasi-ideals.

Theorem 6.7. Let R be a ring. Then the following are equivalent:
(1) R is regular;
(2) pnv § uoOveu for every (€, €V q)-fuzzy bi-ideal 11 and every (€, €V q)-fuzzy
ideal v of R;
(3) pNv § woOvou for every (€, €V q)-fuzzy quasi-ideal p and every (€,€V q)-
fuzzy ideal v of R.
Proof. (1) = (2) Let 1 and v be an (€, €V q)-fuzzy bi-ideal and an (€, €V q)-fuzzy
ideal of R, respectively. For any = € R, there exists a € R such that x = zax since
R is regular. Thus,

(hOVOp)(z)

V(o v)(a) A pb))
m:i:laq,bi
> (pov)(za) A p(z)

Vo (la) Av(by) A p(z))
zazg a;b;

i=1

> u(z) Av(zaz) > p(z) Av(z) A0S

which implies pNv C Vg(p © v ® ). On the other hand,
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(novop CVepoxr©p) €V and (O v ©p) CVe(xr ©v O xr) € Vv,
and so (O v O u) C Vg(pNv). Thus, MQVE#QXRQIL
(2) = (3) Obvious.
(3) = (1) Let p be any (€, €V q)-fuzzy quasi-ideal of R. Then we have
<
p=pNXRZ HOXRO M
It follows from Theorem 6.5 that R is regular. U
Similarly, we also can characterize the regular rings by (€, € V §)-fuzzy ideals,
(€, € V q)-fuzzy bi-ideals and (€, € V q)-fuzzy quasi-ideals.
Theorem 6.8. Let R be a ring. Then the following are equivalent:
(1) R is regular;
(2) pnv % uwOvOu for every (€, €Vq)-fuzzy bi-ideal p and every (€, €EVq)-fuzzy
ideal v of R;

(3) uNv % woOvou for every (€, €VYq)-fuzzy quasi-ideal p and every (€,€Vq)-
fuzzy ideal v of R.

7. CHARACTERIZATIONS OF INTRA-REGULAR RINGS

In this Section, we characterize the intra-regular rings by generalized fuzzy ideals,
generalized fuzzy bi-ideals and generalized fuzzy quasi-ideals.
A ring R is said to be intra-regular if for each = € R, there exist z;,y; € R such
m

that z = ;xzxyz ([11]).

Lemma 7.1. A ring R is intra-regular if and only if for any left ideal A and any
right ideal B, we have AN B C AB.

Now, we characterize the intra-regular rings by (€, € V ¢)-fuzzy ideals.

Theorem 7.2. A ring R is intra-regular if and only if for any (€, €V q)-fuzzy left

ideal p and any (€, €V q)-fuzzy right ideal v, we have puNv C Vg p O v.

Proof. Let R be an intra-regular ring, p an (€, € V ¢)-fuzzy left ideal and v an (€,
m

€V q)-fuzzy right ideal. For any x € R, there exist z;,y; € R such that z = > z;zy;
i=1

1=

since R is intra-regular. Thus

(nov)(z) =

\
<
=
8
\_./

>

)N
—
&
S~—"
S~—

ie, pNvCVqguodv.

Conversely, let A and B be, respectively left and right ideal of R. Then, it is easy
to see that their characteristic functions x4 and xp are, respectively, (€, € V q)-
fuzzy left ideal and (€, € V q)-fuzzy right ideal. Thus, by Proposition 3.4, we have
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XAnB = XA NXxB C Vg xa © xB = xap- Hence, by Proposition 3.4, AnNB C AB.
It follows from Lemma 7.1 that R is intra-regular. O

Similarly, we also can characterize the intra-regular rings by using (€, €V q)-fuzzy
ideals.

Theorem 7.3. ring R is intra-regular if and only if for any (€,€ V §)-fuzzy left
ideal p and (€, € V Q)-fuzzy right ideal v, we have pNv 2D VG 1O v.
Lemma 7.4. Let R be a ring. Then the following are equivalent:

(1) R is both regular and intra-regular;
(2) B = B2 for every bi-ideal B of R;
(3) Q= Q? for every quasi-ideal Q of R.

Next, we characterize the both regular and intra-regular rings by (€, €V q)-fuzzy

bi-ideals (resp., quasi-ideals).
Theorem 7.5. Let R be a ring. Then the following are equivalent:

(1) R is both regular and intra-regular;

(2) p § wO p for every (€,€V q)-fuzzy bi-ideal p of R;

3) p § wO p for every (€,€V q)-fuzzy quasi-ideal v of R.
Proof. (1) = (2) Let u be an (€, €V q)-fuzzy bi-ideal of R. It is clear that p© u C
Vqu. For any x € R, there exist z;,7; € R such that x = Y xz;2%y;x since R is

i=1
both regular and intra-regular. Thus

(o) =V (ula) Apbi))
> p(zz;z) A p(ay;x)
> p(z) A p(z) A0S
— (5N (&) A0,
ie, uCVqu®u. Thus, ,uéu@,u.
(2) = (3) Obvious.
(3) = (1) Let @ be any quasi-ideal of R. Then xq is an (€, € V q)-fuzzy quasi-

ideal of R. Thus, we have xq § XQ ® X = Xq2, which implies, @ = Q2. Thus, R
is both regular and intra-regular by Lemma 7.4. 0

Similarly, we also can characterize the rings that are both regular and intra-regular
by (€, € V g)-fuzzy bi-ideals (resp., quasi-ideals).
Theorem 7.6. Let R be a ring. Then the following are equivalent:
(1) R is both regular and intra-regular;
(2) p % p© p for every (€, €V q)-fuzzy bi-ideal v of R;
(3) u % w O p for every (€,€V q)-fuzzy quasi-ideal pu of R.
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8. CONCLUSIONS

In study the structure of a fuzzy algebraic system, we notice that the (fuzzy) ideals
with special properties always play an important role. In this paper, by means of
a kind of new idea, we redefine some kinds of fuzzy ideals in a ring and investigate
some of their related properties.

We hope that the research along this direction can be continued, and in fact,
some results in this paper have already constituted a platform for further discussion
concerning the future development of rings. In our future study of fuzzy structure
of rings, may be the following topics should be considered:

(1) To describe soft rings and its applications;
(2) To give some types of fuzzy ideals in pseudo rings;
(3) To investigate rough ideals in pseudo rings.
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