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ABSTRACT. Molodtsov’s soft sets have been applied by several authors
to the study of decision making under uncertainty. In this study, we aim
to initiate the application of soft rough approximations in multicriteria
group decision making problems. A soft rough set based multicriteria group
decision making scheme is presented, which refines the primary evaluation
of the whole expert group and enables us to select the optimal object in
a more reliable manner. The proposed scheme is illustrated by a concrete
example regarding the house purchase problem.
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1. INTRODUCTION

The mathematical modelling of vagueness and uncertainty has become an increas-
ingly important issue in diverse research areas. Various formal settings, including
but not restricted to probability theory, fuzzy sets, rough sets and interval mathe-
matics, have been proposed based on different intuitions. Although these theories
can successfully be used to extract useful information hidden in uncertain data, each
of them has its inherent difficulties. According to Molodtsov [17], one reason may be
due to the inadequacy of the parametrization tool of the theory. In 1999, Molodtsov
[17] initiated the concept of soft sets as a general mathematical approach for dealing
with uncertainty, which is free from the difficulties affecting the existing methods.
Recently there has been a rapid growth of interest in soft set theory and its appli-
cations. Many efforts have been devoted to further generalizations and extensions

of Molodtsov’s soft sets. Maji et al. [16] defined fuzzy soft sets, combining soft
sets with fuzzy sets. This line of exploration was further investigated by several
researchers [14, 20, 21]. Maji et al. [13] reported a detailed theoretical study on soft

sets, with emphasis on the algebraic operations. Jiang et al. [7] extended soft sets
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with description logics. Aktag and Cagman [2] initiated the notion of soft groups,
extending fuzzy groups. Jun et al. discussed the applications of soft sets to the
study of BCK/BCl-algebras [9, 10, 11, 12]. Feng et al. investigated the relation-
ships among soft sets, rough sets and fuzzy sets, obtaining three types of hybrid
models: rough soft sets, soft rough sets, and soft-rough fuzzy sets [3, 4]. The ap-
plication of soft sets in decision making problems was initiated in [15]. To address
fuzzy soft set based decision making problems, Roy and Maji [19] presented a novel
method of object recognition from an imprecise multi-observer data. Using level soft
sets, Feng et al. [5] proposed an adjustable approach to (weighted) fuzzy soft set
based decision making. This approach was further investigated in [0, g].

Although Molodtsov’s soft sets have been applied by several authors to the study
of decision making under uncertainty, it seems that soft set based group decision
making has not been discussed yet in the literature. Thus the present study can be
seen as a first attempt toward the possible application of soft rough approximations
in multicriteria group decision making under uncertainty. In the proposed scheme,
each expert simply gives an initial set consisting of the preferable alternatives in
the corresponding expert’s point of view. The primary evaluation results of the
expert group will be stored in the evaluation soft set and then approximated in
the original description soft set using soft rough approximations. Finally, all the
obtain data of the whole expert group can be synthesized into a fuzzy soft set and
all the alternatives will be ranked according to their weighted evaluation values. It
should be noted that the use of soft rough sets could, to some extent, automatically
reduce the noise factor caused by the subjective nature of the expert’s evaluation.
A concrete example concerning house selection is presented to illustrate how to use
our method in practical applications.

2. SOFT SET THEORY

A soft set is a family of crisp sets (in a given universe) organized as a whole using
some parameters (usually mean attributes, characteristics, or properties). More
formally, let U be a universe of discourse and let E be the universal set of parameters
related to objects in U. Here we only consider the case where both U and E are
nonempty finite sets. Let Z2(U) denote the power set of U. Following the definition
in [2], the concept of soft sets is defined as follows.

Definition 2.1 ([2]). A pair S = (F, A) is called a soft set over U, where A C E
and F: A — Z(U) is a set-valued mapping, called the approzimate function of S.

In other words, a soft set is a parameterized family of (crisp) subsets of the uni-
verse of discourse. For € € A, F(¢) may be interpreted as the set of e-approxzimate
elements, and called an e-approximation. It is worth noting that F(¢) may be arbi-
trary: some of them may be empty, and some may have nonempty intersection [17].
To illustrate this idea, we shall consider the following house purchase problem.

Example 2.2. Assume that U = {hy, ho, h3, hy, hs, he, h7} is a universe consisting

of five houses as possible alternatives, and A = {ej,ea,e3,e4} C F is a set of pa-

rameters considered by the decision makers, where ey, es, e3 and e, represent the

parameters “beautiful”, “modern”, “cheap” and “in the green surroundings”, respec-

tively. Now, we consider a soft set & = (F, A) which describes the “attractiveness
70
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of the houses” that Mr. X is going to buy. In this case, to define the soft set
(F, A) means to point out beautiful houses, modern houses and so on. Consider
the mapping F' given by “houses(-)”, where (-) is to be filled in by one of the pa-
rameters e; € A. For instance, F(e;) means “houses(beautiful)”, and its functional
value is the set consisting of all the beautiful houses in U. Let F(ey) = {hs,hr},
F(eg) = {h1,ha, he,h7}, F(es) = {h1,hs} and F(e4) = {ho, ha, hs}. Tabular repre-
sentation of the soft set & is given by Table 1.

Table 1. Tabular representation of the soft set &

hi ha hs hg hs he hr
ege 0 O O O 1 0 1
ey 1 0 0 1 0 1 1
es 1 0 1 0 0 0 0
es O 1 0 1 1 0 0

Definition 2.3 ([1]). Let (F, A) and (G, B) be two soft sets over U. Then (G, B) is
called a soft subset of (F, A), denoted by (G, B) C (F, A),if BC Aand G (b) C F (b)
for all b € B.

The theory of fuzzy sets, initiated by Zadeh [22] in 1965, provides a useful frame-
work for modelling and manipulating vague concepts. Recall that a fuzzy subset A
of U is defined by its membership function ps : U — [0,1]. For z € U, the mem-
bership value p4(x) can be interpreted as the degree to which x € U belongs to the
fuzzy set A. Conventionally, we identify a fuzzy set A with its membership function
BA-
Let . (U) denote the set of all fuzzy subsets of U. By combining fuzzy sets with
soft sets, Maji et al. [16] initiated the following hybrid model.

Definition 2.4 ([16]). A pair & = (F, A) is called a fuzzy soft set over U, where
ACFEand F: A— #(U) is the approximate function of &.

Clearly, fuzzy soft sets extend classical soft sets by substituting fuzzy subsets for
just crisp subsets of the universe. Note also that fuzzy sets can be viewed as fuzzy
soft sets with a single parameter.

3. SOFT ROUGH APPROXIMATIONS

In this section, we introduce soft rough approximations and soft rough sets, ini-
tiated by the author in [3]. For more details on this topic, we refer the interested
reader to [4]. All proofs omitted can be found there.

Definition 3.1. Let S = (F, A) be a soft set over U. Then the pair P = (U, S)
is called a soft approximation space. Based on the soft approximation space P, we
define the following two operations

apr,(X) = {ueU:3Ja€ A, [ueF(a) CX]},

-
aprp(X) = {ueU:3Ja€ A ucF(a),Fla)NX # 2]},
71
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assigning to every subset X C U two sets apr ,(X) and aprp(X), which are called the
soft P-lower approzximation and the soft P-upper approzimation of X, respectively.
In general, we refer to @P(X) and aprp(X) as soft rough approzimations of X
with respect to P. Moreover, the sets

Posp(X) = apr,(X),
Negp(X) = U—aprp(X)
Bndp(X) = aprp(X) —apr,(X)

are called the soft P-positive region, the soft P-negative region and the soft P-
boundary region of X, respectively. If apr,(X) = aprp(X), X is said to be soft
P-definable; otherwise X is called a soft P-rough set.

By Definition 3.1, we immediately have that X C U is a soft P-definable set if the
soft P-boundary region Bndp(X) of X is empty. Also, it is clear that apr ,(X) C X
and apr ,(X) C aprp(X) for all X C U. Nevertheless, it is worth noticing that
X Caprp(X) does not hold in general.

The following result is easily obtained from the definition of soft rough approxi-
mations.

Proposition 3.2. Let S = (F,A) be a soft set over U and P = (U,S) a soft
approximation space. Then we have

apr,(X) = |J{F(a) : F(a) € X}

a€A
and
aprp(X) = | J{F(a): Fla)n X # 2}
acA
forall X CU.

Suppose that S = (F, A) is a soft set over U and P = (U, S) is the corresponding
soft approximation space. One can verify that soft rough approximations satisfy the
following properties:

(1) apr (@) = aprp(2) = 2;

(2) apr,(U) = aprp(U) = Ugea f(a);
(3) apr (X NY) C apr ,(X) Napr ,(Y);
(4) apr (X UY) 2 apr(X) Uapr (Y);
(5) aprp(X UY) =aprp(X) Uaprp(Y);
(6) aprp(X NY) Caprp(X) Naprp(Y);
(7) X CY = apr(X) C apr,(Y);
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(8) X CY = aprp(X) Caprp(Y);
(9) apr,(@prp(X)) = aprp(X);
(10) apr p(apr (X)) 2 apr ,(X);
(11) apr,(apr (X)) = apr ,(X);

(12) aprp(aprp(X)) 2 aprp(X).

Definition 3.3. Let S = (F, A) be a soft set over U. If |J
said to be a full soft set.

wca F(a) =U, then S is

Definition 3.4. A soft set S = (F, A) over U is call a partition soft set if {F(a) :
a € A} forms a partition of U.

To show the relationship between soft rough sets and Pawlak’s rough sets, we
first observe that soft sets and binary relations are closely related [3, 4].

Theorem 3.5. Let S = (F, A) be a soft set over U. Then S induces a binary
relation ps C A x U, which is defined by

(z,y) € ps &y € F(x)

forallz € A andy e U.

Conwversely, let p be a binary relation from A to U. Define a set-valued mapping
F,: A— 2{U) by

Fp(z) ={y € U: (z,y) € p}

for all x € A. Then S, = (F,, A) is a soft set over U. Moreover, we have that
Sps =S and ps, = p.

The following results show that Pawlak’s rough set model can be viewed as a
special case of soft rough sets [4].

Theorem 3.6. Let R be an equivalence relation on U, Sg = (Fgr,U) the canonical
soft set of R and P = (U, Sgr) a soft approzimation space. Then for all X C U,

R.X =apr (X) and R*X =aprp(X),

where R. X and R*X are the Pawlak rough approximations of X. Thus in this case,
X CU is a (Pawlak) rough set if and only if X is a soft P-rough set.

Theorem 3.7. Let S = (F, A) be a partition soft set over U and P = (U, S) a soft
approximation space. Define an equivalence relation R on U by

(z,y) e R Fa € A, {z,y} C F(a)
for all x,y € U. Then, for all X C U,

R.X =apr (X) and R*X =aprp(X).
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4. MULTICRITERIA GROUP DECISION MAKING USING SOFT ROUGH SETS

One of the most important applications of rough sets is to induce useful decision
or classification rules [18]. Both soft sets and fuzzy soft sets have been also applied
by many authors to solving decision making problems [5, 6, 15, 19]. In this section,
we simply illustrate the use of soft sets, soft rough sets and related notions in object
evaluation and group decision making.

Let U = {01,092, -+ ,0;} be a set of objects and E a set of related parameters.
Let A= {ej, ez, - ,em} C Eand S = (F, A) be an original description soft set over
U. For real-life applications, we can always require that S is a full soft set over U.

Assume that we have an expert group G = {T1,T», - ,T,} consisting of n spe-
cialists to evaluate the objects in U. Each specialist need to examine all the objects
in U and will be requested to only point out “the optimal alternatives” as his/her
evaluation result. Hence each specialist’s primary evaluation result is a subset of U.
For simplicity, we assume that the evaluations of these specialists in G are of the
same importance. Let X; denote the primary evaluation result of the specialist T;.
It is easy to see that the primary evaluation result of the whole expert group G can
be represented as an evaluation soft set S1 = (¥, G) over U, where ¥ : G — Z(U)
is given by ¥(T;) = X; (i=1,2,--- ,n).

Clearly, the soft set S1 = (¥, G) only provides us with an initial data set of eval-
uation. We may expect to gain much more useful information with the help of soft
rough approximations. Specifically, we can consider the soft rough approximations
of the specialist T;’s primary evaluation result X; with respect to the soft approxi-
mation space P = (U, S). The soft lower approximation apr ,(X;) can be interpreted
as the set consisting of the objects which are certainly the optimum candidates ac-
cording to specialist T;’s evaluation. For instance, if 01 € @P(Xg) we can say that
the specialist T thinks with high confidence that o; is an optimal alternative. This
interpretation follows from the fact that o1 € apr ,(X2) means that there exists at
least one parameter € € A such that F'(¢) C X5, whence we deduce the parameter e
must be a very strong criterion for the specialist T5 to make the decision. Similarly,
the soft upper approximation a@prp(X;) can be interpreted as the set consisting of
the objects which are possibly the optimum candidates according to specialist T;’s
evaluation.

Using soft rough approximations, we finally obtain two other soft sets S1 = (¢, G)
and S; = (0,G) over U, where ¥ : G — 2(U) is given by 9(T}) = apr ,(X;) and
9 : G — PU) is given by J(T;) = aprp(X;) for i = 1,2,--- ,n. As mentioned
above, the soft set S; can be seen as the evaluation result of the whole expert group
G with high confidence, while S; represents the evaluation result of the whole expert
group G with low confidence. Moreover, the primary evaluation namely the soft set
S1 may be also interpreted as the evaluation result of the whole group with middle
confidence. It is easy to see that S; C S; C Sy, provided that S = (F, A) is a full
soft set over U.

It is worth noting that the evaluation result of the whole expert group G could
be also formulated in terms of fuzzy sets. For X C U, the characteristic function of
X is denoted by Cx. Based on the soft set S; = (¥,G), we can define a fuzzy set
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Hs, in U by
ps, U = [0,1], ok pg, (0x) = (1/n) > Coycry) (o),
j=1
where ¥(T;) = X, and k = 1,2,--- ,1. In a similar way, we obtain two other fuzzy

sets us, and pg-in U, which are respectively given by

ps, U = [0,1],  ox > pg, (0x) = (1/n) > Cy(ry)(ox),
j=1

and

[M]=

pgr U= (0,1, op = pgrlor) = (1/n) ) Cyr,)(0k),

<
Il
—

where 9(1};) = @P(Xj)7 E(TJ) =aprp(X;)and k=1,2,--- 1.

From S; C S; C Sy, it is easy to see that ps, < ps, < pgr- These fuzzy sets
psy, fs, and pg- can naturally be interpreted as some vague concepts like “optimal
alternatives with high confidence”, “optimal alternatives with middle confidence”
and “optimal alternatives with low confidence”, respectively.

Now, we can use the concept of fuzzy soft sets to combine the above “soft” or
“fuzzy” evaluation results. Let C' = {L, M, H} be a set of parameters, where L,
M and H represent “low confidence”, “middle confidence” and “high confidence”,
respectively. Then we can define a fuzzy soft set R = («, C') over U, where a: C' —
F(U) is give by (L) = pgr, (M) = ps, and a(H) = ps,. Given a weighting
vector W = (wp,, wpr,wy) such that wy, +wy +wy = 1, we define

v(og) = wr, * a(L)(og) + wpr * a(M) (o) + wg * a(H) (o),

which is called the weighted evaluation value of the alternative o € U. Finally we
can select the object o, such that v(o,) = max{v(og) : k =1,2,---,1}, as the most
preferred alternative.

The soft rough set based decision making method can be summarized as follows:

Step 1 Input the original description soft set S = (F, A).

Step 2 Construct the evaluation soft set S; = (¢, G) using the primary evaluation
results of the expert group G.

Step 3 Compute soft rough approximations and then obtain the soft sets S; =
(¥,G) and S; = (V,G).

Step 4 Compute the corresponding fuzzy sets ug,, ps, and pg- of the soft sets
Sy =,G), S1=(9,G) and S; = (9,G).

Step 5 Construct the fuzzy soft set R = («, C) using the fuzzy sets pug,, s, and
e

Step 6 InS};ut the weighting vector W and compute the weighted evaluation values
v(0;) of each alternative o; € U. Then rank all the alternatives according to
their weighted evaluation values; one can select any of the objects with the
largest weighted evaluation value as the most preferred alternative.
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5. AN ILLUSTRATIVE EXAMPLE WITH COMPARATIVE ANALYSIS

For a concrete example of the above idea, we revisit the house purchase problem
in Example 2.2. So let us consider the soft set & = (F, A) (see also Table 1 for
its tabular representation) in Example 2.2, which describes the “attractiveness of
the houses” that Mr. X is going to buy. Assume that we have an expert group
G = {T1,T», T3} of three specialists (say Mr. X and his family members) to evaluate
the houses in U. Let X; denote the primary evaluation result of the specialist T; for
i =1,2,3. As was stated above, the primary evaluation of the whole expert group
can be represented by the evaluation soft set &; = (¢,G) over U, whose tabular
representation is given by Table 2.

Table 2. Tabular representation of the soft set G,

hi ha hz hy hs he hr
7 0 0 0 1 1 0 1
> 1 0 1 0 0 0 1
3 0 1 1 0 1 0 O

From the tabular representation of the soft set &1, we know the primary eval-
uation results of the specialists are X; = 3(T1) = {ha, hs, hr}, Xo = (Tp) =
{hl, hg, h7} and Xg = 19(T3) = {hg, hg, h5}

Now, we show how to use soft rough sets to support this group decision making
process. Let us choose P = (U,S) as the soft approximation space. Then by
calculations using Proposition 3.2, we have

IT) = apr,(X1) = F(er) = {hs, hr},
I(Tz) = apr,(X2)=F(es) = {hi, ha},
ITs) = apr,(X3) =0,
and
IT1) = aprp(Xi) = Fle1)UF(e2) UF(eq) =U — {hs},
IT2) = aprp(Xa) = Fle1)UF(e2) U F(e3) =U — {ha},
IT3) = aprp(X3) = Fler)UF(es)UF(es) =U — {he}.

Based on the above soft rough approximations, we get two soft sets &, = (¢, G)
and &; = (J,G) over U, where 9(T;) = apr ,(X;) and HT;) = aprp(X;) for i =
1,2, 3. Tabular representations of these two soft sets are given by Table 3 and Table
4, respectively.

Table 3. Tabular representation of the soft set &

hi ha hs hs hs he hr
7w 0 0 0 0 1 0 1
7 1 0 1 0 0 0 O
7 0 0 0 0 0 0 O
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Table 4. Tabular representation of the soft set &;

hi ha hz hy hs he hr
T 1 1 0 1 1 1 1
T 1 0 1 1 1 1 1
T3 1 1 1 1 1 0 1

Now we can define the fuzzy sets ugs,, pe, and pg; as follows:

3
ne,(hk) = (1/3)) Cocxy)(hi),

j=1
3
pe () = (1/3)) Cory) (),
j=1
3
tgr(he) = (1/3)205@)(}%),
where k = 1,2,--- ,7. By calculations using the above formulae, we have
pe, = {(h1,1/3),(h2,0),(hs,1/3), (ha,0), (h5,1/3), (he,0), (h7,1/3)},
He, = {(hh 1/3)7 (h27 1/3)7 (h37 2/3)7 (h47 1/3)7 (h57 2/3)7 (h67 O)’ (h7a 2/3)}7
Ma = {<h171)7(h272/3)7(h372/3)’(h471)7(h571)’(h672/3)’(h771)}'

Let C = {L,M,H} be a set of parameters, where L, M and H represent “low
confidence”, “middle confidence” and “high confidence”, respectively. Then we ob-
tain a fuzzy soft set R = (a, C) over U by setting a(L) = pg;, a(M) = pe, and
a(H) = pe,. Assume that the weighting vector W = (0.25,0.5,0.25). We calculate
the weighted evaluation value

v(h) = 0.25 x (L) (hg) + 0.5 x a(M)(hg) + 0.25 x a(H) (hg,),

of each house hy € U (k=1,2,---,7). Tabular representation of the fuzzy soft set
R = (o, C') with evaluation values is given by Table 5. From the table, we can find
the ranking of all the alternatives with respect to their weighted evaluation values:

hs = h7 = hz = h1 > hq > hy > hg.
Hence hs or h; should be the most preferred houses for Mr. X to consider for
purchase.
Table 5. Fuzzy soft set R = («, C) with weighted evaluation values

hi  ha  hs hs ks he hr
L 1 2/3 2/3 1 1 2/3 1
M 1/3 1/3 2/3 1/3 2/3 0 2/3
H 1/3 0 1/3 0 1/3 0 1/3
v(-) 0.5 033 058 042 0.67 017 0.67

At the end of our discussion, we give a comparative analysis of several decision
making methods and point out some of the advantages of the approach based on soft
7
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rough sets. First, one can observe that there exists conflict between the members
of the expert group since ¥(T7) N ¥(T2) N H(T3) = @. Thus we cannot take out the
best alternative directly from the primary evaluation results. Also it is easy to find
that the ranking of the alternatives based on the primary evaluation results should
be as follows:

hs =~ hs =~ hy = h1 ~ ho = hy > hg,

which gives little information to support the decision making process.

It is also worth noting that this decision making problem can hardly be solved
using the traditional soft set based method initiated by Maji et al. [15]. Specifically,
using Maji’s decision scheme the final decision will be made solo by just one decision
maker according to the choice values calculated from the original description soft
set. By simple calculation, one can obtain that the choice value of the houses are
c1 =c4 =c5 =cy =2 and ¢y = c3 = ¢g = 1; hence the ranking of the alternatives
based on choice values will be the following:

hi = hgy = hs = h7 >= hy &= h3 = hg.

This means that the traditional decision making method is almost useless to the cases
of our example. However, in the soft rough set based method proposed above, the
final optimal decision is not only based on the original description soft set & = (F, A),
but also relevant to the evaluation soft set &1 = (¢, G). This is more reasonable since
decision making is closely related to object evaluation in many real-life applications.
In addition, the evaluation soft set contains the evaluation results of a group of
experts. This is also very meaningful since in the real world, many important decision
is made by an expert group, instead of only a single decision maker. For instance,
Mr. X usually need to consult his family members when he decide to buy a new
house.

Furthermore, we cannot make use of Pawlak’s rough set model in this setting
as well. Actually, it is clear that the indiscernibility relation I(A) induced by the
parameter set A is given by

(z,y) € I(A) & Cpe,)(7) = Cr(e,)(y), Vei € A,

where z,y € U, and Cp(,) denotes the characteristic function of F(e;). For the
soft set & = (F,A) in Example 2.2, we obtain that I(A) is the identity relation
A = {(z,z) | x € U}. It follows that the quotient set U/I(A) is {[z];a) | z € U},
and so every subset X C U is definable. This means that with Pawlak’s rough
approximations, we cannot further extract useful information from the collected
data of the problem. One may suggest to use a subset of A instead, but this is
not the case since A just contains all the parameters which are considered by the
decision makers in this problem, and thus any of the parameters in A should not be
ignored.

In the end, it should be noted that the use of the soft rough technique in our
new proposal also refines the primary evaluation results of the whole expert group
and thus enables us to select the optimal object in a more reliable manner. Specifi-
cally, the soft upper approximation can be used to add the optimal objects possibly
neglected by some experts in the primary evaluation, while the soft lower approxima-
tion can be used to remove the objects that are improperly selected as the optimal
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objects by some experts in the primary evaluation. Therefore, while the subjective
aspect of decision making is considered and described by the evaluation soft set in
our new proposal, the use of soft rough sets could, to some extent, automatically re-
duce the errors caused by the subjective nature of the evaluation given by an expert
group in some decision making problems.

6. CONCLUSIONS

We have proposed a soft rough set based scheme for supporting multicriteria group
decision making, illustrated by a concrete example regarding the house purchase
problem. To extend this work, one can consider to apply soft rough approximations
of fuzzy sets to multicriteria group decision making problems.
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