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ABSTRACT. In this paper we introduce the notions of fuzzy semiprime
ideals, fuzzy irreducible ideals in I'-semirings. We characterize regular I'-
semirings in terms of fuzzy semiprime ideals. We deduce that p is a fuzzy
prime ideal of a semiring if and only if x is a fuzzy semiprime and a fuzzy
irreducible ideal. Its I'-semiring analogue is obtained by using operator
semirings.
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1. INTRODUCTION

It is well known that operator semirings of a I'-semiring play an important role
in generalizing the results of semirings to I'-semirings [4, 5, 6]. Dutta and Biswas
studied semirings [2], [3] in terms of fuzzy subsets. In an attempt to transfer this
technique from semiring to the general setting of I'-semirings we have initiated the
study of I'-semirings in terms of fuzzy subsets [7], [12], [13] and [I4]. This paper
is a sequel to this study. We introduce here the notions of fuzzy semiprime ideals
and fuzzy irreducible ideals of a I'-semiring. We also introduce the notion of fuzzy
irreducible ideals in a semiring. We obtain various relationship between the fuzzy
semiprime ideals (fuzzy irreducible ideals) of a I'-semiring and the corresponding
types of ideals of the operator semirings. We obtain an inclusion preserving bijection
between the set of all fuzzy semiprime ideals(fuzzy irreducible ideals) of a I'-semiring
and that of its left operator semiring. We also obtain various results as mentioned
in the abstract.
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2. PRELIMINARIES

In this section we recall some notions and results of I'-semirings to use in the
sequel.

Definition 2.1 ([10]). Let S and T" be two additive commutative semigroups. Then
S is called a T'-semiring if there exists a mapping S x I' x S — S (images to be
denoted by aabd for a,b € S and « € T') satisfying the following conditions:

(i) (a+ b)ac = aac + bac,
(ii) aa(b+ ¢) = aadb + aac,
(iii) a(a+ B)b = aab + afb,
(iv) aa(bBc) = (aab)Be
for all a,b,c € S and for all o, 3 € T.
Further, if in a T-semiring, (S, +) and (T',4) are both monoids that satisfies:

(i) Osax = 0gs = zalg
(ii) x()py =0g = y()px
for all z,y € S and for all @ € T" then we say that S is a I'-semiring with zero.

Throughout this paper we consider I'-semirings with zero. For simplicity we write
0 instead of Og.

Definition 2.2 ([1]). Let S be a I'-semiring and F be the free additive commutative
semigroup generated by S x I'. Now we define a relation p on F as follows:

m n m

Z(xi, ai)pZ(yj,ﬁj) if and only if Zziaia = Zyjﬁja

i=1 j=1 i=1 j=1

for all @ € S(m,n € ZT). Then p is a congruence on F. We denote the congruence
m

m

class containing Z(mi,ai) by Z[wi,ai]. Then F/p is an additive commutative
i=1 i=1

semigroup. Now F'/p forms a semiring with the multiplication defined by

<Z[$i7ai]> D i B | =D lwiciy;, 85

i=1 j=1 i,J

We denote this semiring by L and call it the left operator semiring of the I'-semiring
S. Dually we define the right operator semiring R of the I'-semiring S.

Throughout this paper S denotes a I'-semiring, R denotes the right operator
semiring and L denotes the left operator semiring of the I'-semiring S.

Definition 2.3 ([1]). Let S be a I'-semiring and L be the left operator semiring
and R be the right one. If there exists an element Z[ei, 0;) €L Z['yj, fileR

i=1 j=1

34
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such that Z €;0;6 = a Z avjf; =a | for all @ € S then S is said to have the left

i=1 j=1

unity Z[ei, d;] (resp. the right unity Z[’yj, fil)-
i=1

j=1

Definition 2.4 ([1]). An additive subsemigroup I of a I'-semiring S is called a
left(right) ideal of S if ST'ICTI (II'SCI), where ST'I denotes the subset of S consisting
of all finite sums of the form Zaiaibi with a; € S,b; € I and o; € I'. If I is both

a left ideal and right ideal then I is called a two-sided ideal or simply an ideal of S.

Definition 2.5 ([7]). Let u be a non empty fuzzy subset of a I'-semiring S (i.e.
wu(x) # 0 for some © € S). Then p is called a fuzzy left ideal [resp. fuzzy right ideal]
of §'if

(i) p(@+y) = minfu(z), u(y)],

(i) p(zyy) = ply) [resp. p(zyy) = p(z)]
for all z,y € S and y €I

A fuzzy ideal of a I'-semiring S is a non empty fuzzy subset of S which is a fuzzy

left ideal as well as a fuzzy right ideal of S.

Proposition 2.6 ([7]). Let I be a left ideal (right ideal, ideal) of a T'-semiring S
and a < 8 # 0 be any two elements in [0,1]. Then the fuzzy subset p of S, defined

by

M(x):{ B if zel

«a otherwise
is a fuzzy left ideal (resp. fuzzy right ideal, fuzzy ideal) of S.
Proposition 2.7 ([7]). Let py and po be two fuzzy left ideals (fuzzy right ideals,

fuzzy ideals) of a T-semiring S. Then py N us is a fuzzy left ideal (resp. fuzzy right
ideal, fuzzy ideal) of S.

In what follows FLI(S), FRI(S), FI(S) respectively denote the set of all fuzzy
left ideals, fuzzy right ideals, fuzzy ideals of S. Similar are the meanings of FLI(L),
FRI(L), FI(L) where L is the left operator semiring of S.

Definition 2.8 ([12]). Let S be a I'-semiring and p1, ps € FLI(S) [FRI(S), FI(S)].
Then the product u1T" e and composition g o ug of py and po are defined as follows:

sup {min[p (uw), pa(v)] : u,v € S;y € T},
(rTpo) () = ¢ *=*7°
0 if for any u,v € S and for any v € T, uyv # x.

SHP{ min [min (g (u;), p2(vi)]] = ui,v; € S,y € F} if 2= ) uiyvi
(pop2)(x) = 1sis =

<n =1

0 otherwise.

Proposition 2.9 ([12]). Let 1, po, ps € FLI(S)[FRI(S), FI(S)]. Then uiTus C
s if and only if p1 o po C us.
35
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Definition 2.10 ([12]). Let u be a fuzzy subset of L, we define a fuzzy subset pu*
of S by ut(z) = ilgﬂ,u([x,'y]) where © € S. If o is a fuzzy subset of S, we define a
8!

+’ +’ o) — i e oy
fuzzy subset o™ of L by o (Z[mi, a;]) ;Ielga(;xzals) where ;[wl, a;] € L.

%

Definition 2.11 ([12]). If § be a fuzzy subset of R, we define a fuzzy subset ¢* of
S by 0*(z) = ir€1§5([% x]) where x € S. If n is a fuzzy subset of S, we define a fuzzy
8!

! of * c2.1) = inf ) wh . )
subset nx" of R by 7 (Z[al,xl]) ;gsn(gsazxz) where ;[a“xz] €ER

3

Proposition 2.12 ([12]). Let S be a I'-semiring with left and right unities and L
be its operator semiring. Suppose o,01,09 € FI(S)and p € FI(L). Then

(1) ot' € FI(L). Moreover, if o is non constant then o+ is non constant.
2) (o7)" =0,
3) o1 # oo implies that O'i’_/ # 0';_,,
1) (1 @0o)" =of @o],
5) (o1 Nog)t = Uf'/ N 0;'/,
) 01 C o9 implies that O’ii_/ C O';_/,
) ut € FI(S). Moreover, if u is non constant then u™ is non constant.
) (W) =p,
) 1 C po implies that puf C ug .

(
(
(
(
(6
(7
(8
(9

Definition 2.13 ([7]). A function f : R — S, where R and S are I'-semirings, is
said to be a I'-morphism of I'-semirings if

(i) fla+0b) = f(a)+ f(b),
(ii) f(ayb) = f(a)vf(b)

for all a,b € Rand yeT.

Lemma 2.14 ([7]). Let f: S — T be an onto I'-morphism of T'-semirings and p be
fuzzy ideal of S. Then f(u) is a fuzzy ideal of T where f(u))(x) := sup p(y) for

fly)==

all x € S.

Lemma 2.15 ([7]). Let f: S — T be a I'-morphism of I'-semirings. If o is a fuzzy
ideal of T, then f~1(0) is a fuzzy ideal of S.

Definition 2.16 ([5]). Let S be a I'-semiring. A proper ideal I of S is said to be
semiprime if for any ideal H of S, HI'H C I implies that H C I.

Definition 2.17 ([4]). Let S be a I'-semiring and L be the left operator semiring
and R be the right one. For P C L (C R), PT :={a € S: [a,'] C P} (respectively
P*:={aeS:[I'a] C P}). For Q C S,

QJF/ = {Z[xl,az] e€L: <Z[ZL’Z,OZ1]> S - Q}
36
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m
where (Z[zl, ai]> S denotes the set of all finite sums inaisk, sk € .S and
i=1 ik
m

Q*' = {Z[OLHIA S RC <ZS[OZZ,Z‘Z]> Q Q}

=1

where S (Z[x“ ai]> denotes the set of all finite sums Zskaimi, sp€S.

i=1 ik

Proposition 2.18 ([1]). A fuzzy ideal u of a semiring S is fuzzy semiprime if and
only if each level ideal py is semiprime fort € Im p.

Proposition 2.19 ([1]). Let p be a fuzzy semiprime ideal of a semiring S. Then
o ={z €S :pu(x) =pn0)} is a semiprime ideal of S.

Definition 2.20 ([9]). A proper ideal I of a semiring S is said to be strongly
irreducible if for any two ideals H and K of S, H N K C I implies that H C I or
KClI.

Proposition 2.21 ([9]). An ideal I of a semiring S is prime if and only if it is
semiprime and strongly irreducible.

Definition 2.22 ([13]). A fuzzy ideal p of a I'-semiring S is said to be fuzzy prime
if pu is not a constant function and for any two fuzzy ideals o and 6 of S, cI'0 C
implies that either o C y or 6 C p.

The set of fuzzy prime ideals of a I'-semiring S and the set of fuzzy prime ideals
of its left operator semiring L are denoted by FPI(S), FPI(L) respectively.

Proposition 2.23 ([14]). If o € FPI(S) and p € FPI(L) then

[
(1) u* € FPI(S),

(2) ot € FPI(L),
(3) (W) =,
(4) (") =o0.

Definition 2.24 ([7]). A fuzzy left ideal (fuzzy right ideal, fuzzy ideal) of a I'-
semiring S is said to be a fuzzy left semi k-ideal (resp. fuzzy right semi k-ideal,
fuzzy semi k-ideal) of S if for any element a of S there exists a unique element b of
S such that a + b = 0 then p(a) = u(b) .

3. Fuzzy SEMIPRIME IDEALS OF I'-SEMIRINGS.

In this section we define fuzzy semiprime ideals in a I'-semiring and obtain its
various characterizations. We obtain an inclusion preserving bijection between the
fuzzy semiprime ideals of a I'-semiring and that of its operator semirings. We also
obtain a characterization of a regular I'-semiring in terms of fuzzy semiprime ideals.

Definition 3.1. A fuzzy ideal p of a I'-semiring S is said to be a fuzzy semiprime
ideal if p is non constant and for any fuzzy ideal 8 of S, 6T'0 C p implies 8 C p.

The following result follows easily.
37
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Proposition 3.2. Fvery fuzzy prime ideal of S is a fuzzy semiprime ideal of S.

Proposition 3.3. A fuzzy ideal p of S is fuzzy semiprime if and only if p is non
constant and for any fuzzy ideal 6 of S, 006 C u implies 0 C .

Proof. Let 6 € FI(S). By Proposition 2.9 we have 6 0§ C p if and only if 00 C p.
Hence the proposition holds. O

Proposition 3.4. Let p be a fuzzy semiprime ideal of S. Then for any fuzzy ideal
0 of S, 0™ C u, m € ZT implies that 0 C p where 8™ denotes that oo ---0 in
which 0 appears m times.

Proof. The result is true for m = 1 and m = 2. Now suppose the result is true
for m = n i.e., for any fuzzy ideal 6 of S, 6" C u = 0 C p. Let 6"*! C p. Then
(0™)2 = 0™ 0 ™ C 0™ o f(using definition of o)= "1 C u which together with
the above proposition (applied for ™) implies that 6" C p. Hence by induction
hypothesis # C u. Consequently, the result follows by the principle mathematical
induction. g

Proposition 3.5. Let I be an ideal of S. Then I is a semiprime ideal of S if and
only if the characteristic function A\; of I is a fuzzy semiprime ideal of S.

Proof. Let I be a semiprime ideal of S. Since I # S, A; is a non constant fuzzy
ideal of S. Let € be a fuzzy ideal of S such that 0T'0 C A\; and 0 € A\;. Then there
exists an element x € S such that 6(z) > A\;(z). Since 0(x) # 1, Ar(x) = 0. Hence
0(z) # 0 and = ¢ I. Since I is a semiprime ideal of S, xy1sy2x ¢ I for some s € S,
7,72 €. Let a = zy18y22. Now Ar(a) = 0. Thus (6T'0)(a) = 0. But
(6T0)(a) = sup [min[0(y),0(2)]] > min[6(z), 6(sy22)]
a=yvyz

> min[f(z),0(x)] = 0(z) # 0

a contradiction. Thus A; is a fuzzy semiprime ideal of S.

Conversely, let A\; be a fuzzy semiprime ideal of S. Clearly I # S. Let H be an
ideal of S such that HT'TH C I. Let z € S. If (AgT'Ag)(x) =0 then (AgT'Ag)(z) <
Ar(x). I AgTAg)(z) # 0 then (AgT'Ag)(x) = sup [min[Ag(y), Ag(2)]] # 0. Thus

r=yyz
there exist y,z € S such that © = yyz and Ag(y) # 0 and Ag(z) #0. Soy € H
and z € H. Hence © = yyz € HT'H C I. Thus A;(x) = 1. Therefore (AgTAg)(z) <
Ar(z) for all © € S. Therefore AgI'’A\y C A;. Consequently, Ay C A7, as A is a
fuzzy semiprime ideal of S. So H C I. Hence [ is a semiprime ideal of S. O

Proposition 3.6. Let p be a non constant fuzzy ideal of S. Then the following
conditions are equivalent:

(1) w is a fuzzy semiprime ideal of S.

(2) For any x € S, inf{u(zy15727) : s € S, 71,72 € '} = p(x).
Proof. (1) = (2) Let u be a fuzzy semiprime ideal of S. Then p is a fuzzy ideal of
S. Hence p(zvy18vy2x > p(x) for all x € S and ~1,7v2 € . Thus

inf{u(xy18722) : s € S, 11,72 € T'} > p(x).

If possible, let inf{u(zy1s722) : s € S,m,72 € T'} > p(x). Let ¢t € [0,1) be so

chosen that p(x) < t < inf{u(xy1872x) : s € S,71,72 € T'}. Let 6 be the fuzzy
38
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ideal of S defined by 0 = tA.,~ where < x > is the principal ideal generated by
x. Also let y be an element of S which cannot be expressed in the form y = uyv
where u,v €< x >. Then (T'0)(y) = 0 and hence (0T'0)(y) < p(y). Otherwise

(0T0)(y) = sup [min[f(u),0(v)] : u,v €< x >] =t. Now u €< x > is of the form
y=uyv

P

7 ’ 1" 1"

u= Z ST S

i=1
A ’ ” L.
where s;,s; €5, v;,7; € and p € ZT. Similarly
q

nr " ey

v= Zsj Vi TV Sy

=1

where s;”, s;»m €S, ’y;-”,'y;m €Tl and g€ ZT. Now

p ’ ! n"or q 1" 2 ey
uyv = E S$iVilYi Si | Y E S Y5 TV; S;
i=1 j=1

Since p is a fuzzy ideal of S, it follows that, for some s! € S and &;,& €T,

1(y) = pluyw) > p(xéys' o)
> inf{p(zy18727) : s €S, 71,72 €'}
> ¢ = (0T9)(y).

Therefore (0T'0)(y) < u(y) for all y € S and so 6T'¢ C p which implies that § C p,
as p is a fuzzy semiprime ideal of S. Hence ¢t = 0(x) < u(x), a contradiction. Thus
inf{p(zy1872x) : s € S, v1,72 € T'} = p(x).

(2) = (1) Let p be a fuzzy ideal of S satisfying

inf{p(zy1s722) 1 s € S, 71,72 € T'} = p(x)
for any = € S. Let 0 be a fuzzy ideal of S such that 01'0 C p and 6 Z . Then there
exists y € S such that 6(y) > u(y). Now
plymsrzy) = (000)(ymsrey) = sup  [minff(u), 6(v)]] > 6(y).
(yrisy2y)=uyv
Thus p(y) = inf{u(yyisyey) : s € S, 71,72 € T'} > 0(y) > p(y), a contradiction.
Hence p is a fuzzy semiprime ideal of S. O

Proposition 3.7. FEvery fuzzy semiprime ideal of an additively cancellative T'-
semiring is a fuzzy semi k-ideal.

Proof. Let p be a fuzzy semiprime ideal of an additively cancellative I'-semiring .S.
Assume that for some a € S there exists unique b € S such that a +b = 0. Let
s € S and v1,7v2 € T'. Then by;sy2b + ay15720 = 0. Also avyisy2a + ay15720 = 0.
Since S is additively cancellative, we have, a7y;svy2a = by;1sy2b for all s € S and for
all 71,72 € I'. Then by using Proposition 3.6 we obtain

p(a) = inf{u(ayisy2a) : s € S,71,72 €T}

= inf{u(by1572b) : s € S, 71,72 € T'} = pu(b).
39
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Hence p is a fuzzy semi k-ideal of S. O
Proposition 3.8. Let I be a semiprime ideal of S. Then the fuzzy subset u of S

defined by
1 if zel
u(x)z{ a if veS\I, a€0,1)

is a fuzzy semiprime ideal of S.

Proof. By Proposition 2.6, i is a fuzzy ideal of S. Let 6 be a fuzzy ideal of S such
that 8 € p. Then there exists € S such that 8(x) > u(x). So by definition of pu,
w(x) = a. ie, x ¢ I. So by Theorem 3.6 of [5], there exist s € S and 71,72 € I" such
that xy18v2x ¢ I. Thus p(zyi1sy22) = a = p(r) < 0(x) < (0I'0)(zy1sy22). Thus
09 € p. Hence p is a fuzzy semiprime ideal of S. O

Proposition 3.9. A fuzzy ideal p of S is fuzzy semiprime if and only if each level
ideal g is a semiprime ideal of S.

Proof. Let u be a fuzzy semiprime ideal of S. Let x € S, t € Im p be such that
2l'STx C py. Then p(xzyisyex) > ¢ for all s € S and for all 41,72 € I'. Hence
inf{u(xy18722) : s € S, 71,72 € T'} > t. ie, u(x) > t, by Proposition 3.6. So
T € u¢. Hence iy is a semiprime ideal of S.

Conversely, let each level ideal p; be a semiprime ideal of S. Also let

inf{p(zyis722) 1 s €8S, m,72 €T} =t for z € S.

Now

wlxyrsyex) > inf{u(xyisyz) :s €S, 71,12 €} =t
which implies that zvy;sy.x € g for all s € S and for all v1,v9 € I'. ie., 2I'STx C py.
Since . is semiprime, it follows that € y;. Thus

(3.1) p(x) >t =inf{u(zy1syex) : s €S, 11,72 €'}
Again p(zyisvex) > p(z) for all s € S and for all y1,v2 € I'. So
(3.2) inf{u(xy18722) : s € S, y1,7 € T} > p(x).

Combining (3.1) and (3.2) we obtain inf{u(zyi1s722) : s € S, 71,7 € I'} = p(x).
Consequently, by Proposition 3.6, u is a fuzzy semiprime ideal of S. O

Corollary 3.10. Let u be a fuzzy semiprime ideal of S. Then
o ={z € S+ p(x) = p(0)}
is a semiprime ideal of S.
Lemma 3.11. If p € FI(L) then (u)* = (u*); where t € Im p.
Proof. We have
s € (u)" < [s,7] € py, forall yeT
<~ u([s,y]) >t, forall yeT
= infu(ls,7]) 2t & u'(s) 2t

—se(uh).
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Hence (pg)™ = (s O

Theorem 3.12. Let i1 be a fuzzy semiprime ideal of L. Then u™ is a fuzzy semiprime
ideal of S.

Proof. By Proposition 3.9, p; is semiprime ideal of L for all t € I'm p. Then by
Lemma 3.3 of [5], (1¢)™ is semiprime ideal of S for all ¢ € I'm p and so by Lemma
3.11, (u*); is semiprime ideal of S for all ¢ € I'm u. Consequently, by Proposition
3.9, ut is a fuzzy semiprime ideal of S. O

Lemma 3.13. If o € FI(S) then (o,)* = (o) where t € Im 0.
Proof. We have
Z[mi,ai} € (at)+/ — Zmiais €o; forall s€ S

= U(Z x;o;8) >t forall s€ S

(2

— Slrelga(z xi;8) >t
= U+I(Z[xi,ai]) >t
= [z o] € (07 ).

Hence (oy)t = (01),. 0

Theorem 3.14. Let o be a fuzzy semiprime ideal of S. Then ot is a fuzzy semiprime
ideal of L.

Proof. By Proposition 3.9, g; is a semiprime ideal of S for all ¢t € Im o. Again from

Lemma 3.4 of [5], (at)J’/ is a semiprime ideal of L for all ¢ € Im o. Therefore, by
Lemma 3.13, (0+/)t is a semiprime ideal of L for all ¢ € Im o. By Proposition 2.18,
ot is a fuzzy semiprime ideal of L. O

Theorem 3.15. Let S be a I'-semiring with left and right unities and L be its left
operator semiring. The mapping p — ,u+/ defines a one-one correspondence between
the set of all fuzzy semiprime ideals of S and the set of all fuzzy semiprime ideals of
L where p is a fuzzy semiprime ideal of L.

Proof. Let pu be a fuzzy semiprime ideal of S. Then by Theorem 3.14, u"‘/ is fuzzy
semiprime ideal of L and hence by Theorem 3.12, (,u"’/)"r is a fuzzy semiprime ideal
of S. Now by Proposition 2.12(2), u = (u')*. Again, let ¢ be a fuzzy semiprime
ideal of L. Then o is a fuzzy semiprime ideal of S and (o) is a fuzzy semiprime
ideal of L by Theorem 3.12 and Theorem 3.14 respectively. Also by Proposition
2.12(8), o = (¢7)*". Hence the theorem holds. O

Definition 3.16. Let S and T be two I'-semirings and f be a mapping from .S onto
T.Let € FI(S). pissaid to be f-invariant if f(z) = f(y) implies that u(x) = p(y)
for all z,y € S.
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Proposition 3.17. Let f: S — T be an onto I'-morphism of I'-semirings and let p
and 0 be fuzzy semiprime ideals of S and T respectively and p be f-invariant. Then
(1) f(p) is a fuzzy semiprime ideal of T.
(2) f71(0) is a fuzzy semiprime ideal of S.
(3) The mapping pn — f(u) establishes a one-one correspondence between the
set of all f-invariant fuzzy semiprime ideals of S and the set of all fuzzy
semiprime ideals of T.

Proof. By Lemma 2.14 and Lemma 2.15, we see that f(u) and f~1(0) are fuzzy
ideals of T" and S respectively.

(1) Let t € T. Then there exists s € S such that f(s) = t. Since since p is both
f-invariant and fuzzy semiprime, we have

inf{f(p)(tyit1y2t) i t1 € T,y1,72 € '}

—inf{ sup u(z):t1€T,'yl,”yg€F}
[

z)=tvyi1t1v2t

= sup {inf u(sy181728) : s1 € S, 71,72 € T'}
f(z)=tyit1v2t=Ff(sv151725)

= sup pu(s) = F(u)(0):

)=t

Hence f(u) is a fuzzy semiprime ideal of T.
(2) Let s € S. Then

inf{f~ 1(9)(3’)’181723) 151 € 8,7,72 €T}
= inf{0(f(s7151725)) : 51 € S, 71,72 € '}

(
= inf{0(f(s)y1f(s1)72f(s)) : 51 € S,71,72 € I'}
( (s)), as 0 is a fuzzy semiprime ideal

~HO)(s)-

Hence f~1(0) is a fuzzy semiprime ideal of S

(3) We shall first prove that f~!(f(u)) = p and f(f~1(0)) = 6. Let s € S. Then
(FHF))(s) = (F()(f(s)) = sup )u( ) = p(s), as p is f-invariant. Thus

Y (f(n)) = p and so the mapping p — f(u) is well defined. Again, let t € T.
Then (f(f~1(0)))(t) = sup (f1(0))(z) = sup O(f(z)) = 0(t) for all t € T. Hence
Fz)=t

(z)=t
f(f~1(0)) = 0 and consequently the mapping p — f(u) is onto. Next, let u; and
po be two f-invariant fuzzy semiprime ideals of S such that py # po. If possible, let

F(i1) = f(2). Then f=1(f (1)) = S~ (f(t2)). i.e., 1 = piz, a contradiction. So
the mapping pu — f(u) is one-one. Hence the theorem holds. O

Now in order to obtain a characterization of regular I'-semirings in terms of fuzzy
subsets we recall the following two results.

Theorem 3.18 ([8]). A T'-semiring S is multiplicatively reqular ([10]) if and only
if tilps = w1 N o for every fuzzy right ideal py and every fuzzy left ideal pus of S.
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Proposition 3.19 ([8]). Let u1,pu2 € FI(S). Then

il e € pyope Cpg Npe C pa, po.
In view of Theorem 3.18 and Proposition 3.19 we obtain the following.

Theorem 3.20. A I'-semiring S is multiplicatively reqular if and only if p1 o ps =
w1 N o for every fuzzy right ideal 11 and every fuzzy left ideal ps of S.

Theorem 3.21. A commutative I'-semiring S is multiplicatively regular if and only
if for every fuzzy ideal u of S, po p = .

Proof. Let S be a regular commutative I'-semiring and p be a fuzzy ideal of S. Then
by Theorem 3.20, oy = p.

Conversely, assume that o o 0 = o for every fuzzy ideal o of a commutative I'-
semiring S. Let pu; and ps be two fuzzy ideals of S. Then py N ps is a fuzzy ideal of
S, by Proposition 2.7. Now

((p1 N pz) o (a1 N p2)) ()

= _sw  [minfmin( 0 pe) (i), (o 0 e2) (0]

— n 7
T=0 0 UYivs

= _ ?szup' | ‘[miin[min[min[ul(ui),Mz(ui)],min[ﬂl(vi)aM2(Ui)”ﬂ
< sup {miin [min (g (u;), pa(vi)]]

=30 WiYivi
= (k1 0 p2) ().

So ((u1Np2)o (1 Np2)) C prope. Hence py Npg € pyope. Again pyopiz © pa Npa,
by Proposition 3.19. Thus g o o = p1 N pe. Hence by Theorem 3.20, we conclude
that S is regular. O

Proposition 3.22. Let S be a commutative I'-semiring. Then p is a fuzzy semiprime

ideal of S if and only if p(zyx) = p(z) for all x € S and for ally € T.

Proof. Let p(xvyzx) = p(x) for all x € S and for all v € T'. Let 6 be a fuzzy ideal of
S such that 070 C p and let 6 Z . Then there exists y € S such that 6(y) > u(y).

Now (61'0)(yvy) = 0(y) > p(y). Again u(y) = p(yyy) = (0I'0)(yyy), which is a
contradiction and hence 6 C p. Thus p is a fuzzy semiprime ideal of S.

Conversely, let u be a fuzzy semiprime ideal of a commutative I'-semiring S. Let
x € S. It follows from Proposition 3.6 that

w(z) = inf{u(zysdx) : s € S, 7,6 € T} > p(xyx) > p(x).
Thus p(axyz) = p(x) for all s € S and 7,6 € T O

Theorem 3.23. A commutative I'-semiring S is multiplicatively reqular if and only
if every non-constant fuzzy ideal of S is fuzzy semiprime.
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Proof. Let p be a non-constant fuzzy ideal of a commutative regular I'-semiring S
and 6 be a fuzzy ideal of S such that # 0§ C u. Since S is regular, it follows from
Theorem 3.21 that § = 6 0 0 C . Hence p is fuzzy semiprime.

Conversely, let every non-constant fuzzy ideal of the commutative I'-semiring S be
fuzzy semiprime. So Ac,rz> is a fuzzy semiprime ideal of S. Then from Proposition
3.22) Acare>(878) = Acares(s) for all s € S and v € T Thus Acyres(zyz) =
1 = Acares(2) for all z € S and v € T'. Therefore €< zT'z >C a2T'STx as S is
commutative. Hence S is regular. O

4. Fuzzy IRREDUCIBLE IDEALS.

In this section we introduce the notion of a fuzzy irreducible ideal in semirings
as well as in I'-semirings. We obtain various results on fuzzy irreducible ideals of
semirings. We then obtain their analogues in I'-semirings. The proof of these I'-
semiring analogues are obtained by using the interplay between a I'-semiring and its
operator semirings which are established in Lemmas 4.2, 4.3, 4.4 and Theorem 4.5.
This method of proof once again illustrates the efficacy of operator semirings in the
study of I'-semiring in terms of fuzzy subsets.

Definition 4.1. A fuzzy ideal p of a(semiring) I'-semiring S is said to be fuzzy
irreducible if it is not an intersection of two fuzzy ideals of S properly containing pu.
Otherwise, p is called fuzzy reducible.

Throughout this section S denotes a I'-semiring with left and right unities.

Lemma 4.2. Suppose p is a fuzzy irreducible ideal of L. Then u™ is also fuzzy
irreducible ideal of S.

Proof. If possible, let u* be not irreducible. Then there exist 61,0, € FI(S) such
that ut = 01 N6y and 0; D pt, 6 D pt. Now (ut)t = (61 N6y)T implies that
= 01+/ N 0;/ and OIF, Dy 0;/ D p, by Proposition 2.12, which contradicts that
is a fuzzy irreducible ideal. Thus p™ is a fuzzy irreducible ideal. O

Lemma 4.3. If y,0 € FI(S) then (uNo)t =ptNnot.
Proof. Let s € S. Then by definition 2.10,
(N o)*(s) = inf (nNo)([s,7]) = inf [min[u([s,]), o ([s, )]
yer el

= min | inf u([s,]), info([s, 7))
— minf* (s), 0 (5)] = (5" N0 )(s).
Hence (uNno)t =ptNot. .

Lemma 4.4. If u is a fuzzy irreducible ideal of S then /ﬁ‘l is a fuzzy irreducible
ideal of L.

Proof. If possible, let " be reducible. Then there exist 0,6 € FI(L) such that
pt =on6and o > pt’, 6> ut. Then ()t = (6 NO)T, ie., p=ot N, by
Proposition 2.12 and Lemma 4.3 with o+ D pu, 07 D u which contradicts the fact

that p is irreducible. Hence the lemma is true. O
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Combining Lemma 4.2 and 4.4 we deduce the following theorem.

Theorem 4.5. The mapping p — ;ﬁ' define a one-one correspondence between the
set of all fuzzy irreducible ideals of S and the set of all fuzzy irreducible ideals of L
where p is a fuzzy irreducible ideal of L.

Theorem 4.6. Suppose p is a fuzzy prime ideal of a semiring M. Then u is a fuzzy
wrreducible ideal.

Proof. Let us suppose that there exist fuzzy ideals ¢ and 6 of M such that u =
onNb, 0 Ou, 8O pu Then

(4.1) o(z) > p(x) and 0(y) > p(y)

for all z,y € S. Since p is fuzzy prime we have from Theorem 4.7 of [3],

(a) Imp = {1,a}, where a € [0,1),

(b) o is a prime ideal of S.
Clearly in view of (4.1) and (a), z ¢ po and y ¢ po. Hence zy ¢ po and so
w(@) = wly) = p(zy) = a. Now

(0N 0)(xy) = (o0)(xy) = minfo(x), 0(y)] > minfu(z), u(y)] = p(zy)

which is untenable. This completes the proof. O

If v is a fuzzy prime ideal of a I'-semiring S then by Proposition 2.23, ;ﬁl is fuzzy
prime ideal of L. Hence by Theorem 4.6, ,u"', is a fuzzy irreducible ideal of L. Hence
by Theorem 4.5, p = (/1+/)+ is a fuzzy irreducible ideal of S. Hence we obtain the
following analogue of Theorem 4.6.

Theorem 4.7. Suppose p is a fuzzy prime ideal of a I'-semiring S. Then u is a
fuzzy irreducible ideal.

Theorem 4.8. If i is a fuzzy irreducible ideal of a semiring M then there exists
a € [0,1) such that

(1) Im = {1,a},
(2) po={x e M : u(x)=wu(0)} is irreducible.

Proof. (1) Let u(0) = ¢. If possible, let 1 ¢ Im p. Then t < 1. Let us define fuzzy
subsets ¢ and 0 of M by

1 if ze€u
o(z) = { w(x) otherwise
and 6(z) = ¢ for all x € M. Then o and 6 are fuzzy ideals of M and y=0nN¥0, 0 D
t, 0 O p which contradicts the fact that p is fuzzy irreducible. Hence 1 € Im p
and consequently u(0) = 1. We shall now show that p; is the only proper level
ideal of M. To prove this by contradiction, we assume that there exists a level ideal
ts, 8 €10,1) of p such that uy C us C M. Then for some 5 € [0,1), we have

1 if zewm
plr) =q s ifrep\m
B ifxe M\ us.
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Now we define fuzzy subsets o and 0 of M by

U/(.’L'):{ 1 ifx e
plx) ifze M\
and
1 ifzx e
0(x)=< s ifzep\m
roifxe M\ ps
where § < r < s. Then o and 6 are fuzzy ideals of M and p = o N 0/, o D W,
0 > 1, which contradicts the fact that p is fuzzy irreducible. Thus p; is the only
proper level ideal of M. So there exists a € [0, 1) such that Im p = {1, a}.
(2) If possible, let pg be not irreducible. Then there exist ideals H and K of M
such that pug = HN K, H D pg, K D po. Clearly, neither H is contained in K nor
K is contained in H and (H \ o) N (K \ uo) is an empty set. Also p is given by

1 ifxep
u(x)—{ a ifzeM\

for some o < 1. Next define fuzzy subsets o* and 6* of M by

1 ifxe g 1 ifxe g
o (x)=< t* fxeH\pu and 6*(x)=<¢ t* ifxe K\ p
a fee M\ H a ifzeM\K.
Then o* and 6* are fuzzy ideals of M and u = o* N O*, ¢* D u, 8% O p—which
contradicts the fact that p is fuzzy irreducible. Hence pg is irreducible. g

Note 1. What Golan[9] called a strongly irreducible ideal we call it here an irre-
ducible ideal.
Now we obtain below the I'-semiring analogue of the above result.

Theorem 4.9. Suppose p is a fuzzy irreducible ideal of a I'-semiring S. Then there
exists o € [0,1) such that

(1) Im p={1,a}
(2) po={x € S:pu(x)=p0)} is irreducible.

Proof. Let pu be a fuzzy irreducible ideal of a I-semiring S. By Theorem 4.5, put’
is a fuzzy irreducible ideal of the left operator semiring L. Then by Theorem 4.8,
Im pt' = {0,1} and (ut')o is irreducible ideal of L whence I'm pu = {0,1} and
(o)1 is an irreducible ideal of L. Now by Theorem 2.2.31 of [11], we deduce that
o is an irreducible ideal of S. 0

Theorem 4.10. If p is a fuzzy ideal of a semiring M which is both fuzzy semiprime
and fuzzy irreducible then p is fuzzy prime.

Proof. Tt follows from Theorem 4.8 that

(i) there exists a € [0, 1) such that Im p = {1,a}

(i) po is irreducible.
Also since p is fuzzy semiprime, by Proposition 2.19 pg is a semiprime ideal of M.
Hence by Proposition 2.21 and in view of Note 1 we deduce that pg is prime. Then

by Theorem 4.7 of [3], p is fuzzy prime. O
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Now combining Theorem 4.6 and 4.10 we obtain the following theorem.

Theorem 4.11. Let p be a fuzzy ideal of a semiring M. Then u is fuzzy prime if
and only if it is both fuzzy semiprime and fuzzy irreducible ideal of M.

The following is the I'-semiring analogue of the above result which is obtained by
the correspondence between the prime (irreducible) ideals of a I'-semiring and that
of its operator semirings.

Theorem 4.12. Let p be a fuzzy ideal of a I'-semiring S. Then p is fuzzy prime if
and only if it is both fuzzy semiprime and fuzzy irreducible ideal of S.

Proof. Let pu be a fuzzy prime ideal of a I'-semiring S. Then from Proposition 3.2,
1 is fuzzy semiprime. Again since p is fuzzy prime, then by Proposition 2.23, ,u+l is
a fuzzy prime ideal of L. By Theorem 4.6, /ﬁ'/ is a fuzzy irreducible ideal of L. Now
by Lemma 4.2, (ut') = p is fuzzy irreducible.

Conversely, let i be a fuzzy ideal of a I'-semiring .S which is both fuzzy semiprime
and fuzzy irreducible. Then it follows from Theorem 3.14 and Lemma 4.4 that ;ﬁ/
is fuzzy semiprime and fuzzy irreducible ideal of L. Hence by Theorem 4.10, ;ﬁ'/ is
fuzzy prime ideal of L. Thus (,u+/)+ = p is fuzzy prime ideal of S. Hence the theorem
holds. O

Combining Theorems 3.23 and 4.12 we obtain the following theorem which is a
partial converse of Theorem 4.7.

Theorem 4.13. In a multiplicatively regular I'-semiring, every non-constant fuzzy
irreducible ideal is fuzzy prime.

Remark 4.14. Theorem 4.12 can be proved directly by using Theorem 4.7 and
Theorem 4.9.

Acknowledgements. We are thankful to the learned referee for making valu-
able comments in order to improve the paper.
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