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ABSTRACT. The fuzzy sets were introduced by Zadeh in 1965 and were
extended to intuitionistic fuzzy sets by Atanassov (1986). A notion of a
fuzzy topological group was proposed by Foster in 1979 especially he took
a group and furnished it with a fuzzy topological structure. An equivalent
notion of a fuzzy topological group was introduced by Ma and Yu (1984)
by replacing points by fuzzy points. In this paper we extend the notion of
strong fuzzy topological group by Lakshmana (2008) to strong intuitionistic
fuzzy topological groups for a given group using the induced topology. We
study properties of strong intuitionistic fuzzy topological groups, analyzing
such entities as its connection with the previous notions, subgroups, images
and products of strong fuzzy topological groups.
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1. INTRODUCTION

The concept of fuzzy sets was first introduced by Zadeh [22]. The study of fuzzy
algebraic structures was started with the introduction of the concept of fuzzy sub-
groups by Rosenfeld [20] as a natural generalization of the concept of subgroup.
Anthony and Sherwood [1] redefined a fuzzy subgroup of a group using the concept
of triangular norm. Several mathematicians have followed the Rosenfeld-Anthony-
Sherwood approach in investigating the fuzzy subgroup theory. Fuzzy subgroups and
anti-fuzzy subgroups were studied by Biswas [3]. Foster [5] introduced the concept
of a fuzzy topological group using the Lowen’s [17] definition of a fuzzy topologi-
cal space. Ma and Yu [18] changed the definition of a fuzzy topological group in
order to make sure that an ordinary topological group is a special case of a fuzzy
topological group. Also Yu and Ma [18], [19], [21] characterized fuzzy topological
groups, fuzzy normal subgroups, fuzzy quotient groups and the direct group of a
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finite family of fuzzy topological groups. Coker [4] and Hur et al. [10] studied the
concept of intuitionistic fuzzy topological spaces using intuitionistic fuzzy sets and
investigated some of its properties. In particular, Hur et.al [11] applied the notion of
intuitionistic fuzzy set to topological group. Hur et al. [6], [7], [3], [9] studied various
properties of intuitionistic fuzzy subgroupoids, intuitionistic fuzzy subgroups, intu-
itionistic fuzzy sub-rings and intuitionistic fuzzy topological groups. The induced
topology on fuzzy singletons was introduced in [14] and extended to the induced
topology on intuitionistic fuzzy singletons by Lakshmana et al. [15]. The properties
of fuzzy translation invariant spaces and intuitionistic fuzzy translation invariant
spaces were studied by Lakshmana et al.[12], [I6]. This paper is organized as fol-
lows: In section 2, the preliminaries are discussed. In section 3, we introduce few
definitions, lemmas, theorems on the strong intuitionistic fuzzy topological groups.
Finally the conclusions are drawn in section 4.

2. PRELIMINARIES
Here we give a brief review of some preliminaries.

Definition 2.1 ([2]). Let X be a nonempty set. An intuitionistic fuzzy set (IFS) A
of X is defined by A = (pa,v4), where pg : X — [0, 1] and vy : X — [0, 1] with
the condition pa(x) + va(z) < 1. The numbers pa(z), va(z) € [0, 1] denote the
degree of membership and non-membership of x to lie in A respectively.

Definition 2.2 ([2]). Let X be a nonempty set and let A = (ua,v4) and B =
(1B,vB) be two IFSs of X. Then

(i) AN B (z) = (min(pa(2), pp (2)), max(va(z), vs(z)))

(ii) AUB (z) = (max(pa(x), pp (x)), min(va(z),vs(x)))

(iii) (A x B)(z,y) = (min{pa (@), up(y)} max{va(x),vs(y)}).
Definition 2.3 ([4]). Let {4; = (pa,,va,))t
X. Then (a) ey Ai = (Niespa,, Viesva,); (b) Uses Ai = (Viespa,, Niesva,).
Definition 2.4 ([1]). Let f : X — Y be any function. Let A = (ua,va) and
B = (up,vp) be intuitionistic fuzzy subsets of X and Y respectively. Then

(i) The image f(A) = (tf(a),Vfa)) of A under f is given by
sup pa(x) if f71(2) # 2,
ppay(z) =9 @& .
0 otherwise,

inf  wva(z) if f71(2) # 2,
v z) = z€f~1(z)
f(2) { 1 otherwise,
(i) The inverse image f~1(B) = (p-1(By , Vg-1(p)) of B under f is given by
Hy-1(B) () = pp(f(z)) and Vi-1(B) () = vB(f(x)).

Definition 2.5 ([7]). An intuitionistic fuzzy set (IFS) A = (pua,va) of a group
G is called an intuitionistic fuzzy subgroup of G if, for all z,y € G, the following
conditions are satisfied:

(i) pa(zy) > min (pa(z),pa(y)) and va(ry) < max (va(z),va(y));

(i) pale™) > pa(z) and va(z~!) < va(z).
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Example 2.6 ([9]). Let A be an intuitionistic fuzzy subgroup of G and let = € G.
The intuitionisitic fuzzy left coset A of G determined by x and A, is given by
pea(z) = pa(e=1z) and vea(2) = va(z~12), for every z € G.

The notion of intuitionistic fuzzy points (Gallego (2003)) can be generalized to
intuitionistic fuzzy singletons as follows

Definition 2.7 ([15]). Let X be a non empty set. An intuitionistic fuzzy singleton
p = {(tp,,Vp,)} defined on z is defined as

a if z=u=x, g if z ==,
,upx(z):{o if 24z, and Vp”(z):{ 1 if 2z # =,
such that 0 < a, <1 and a+ (8 < 1.

Note 2.8. If p, = {(14p,,Vp, )} defined on z is an intuitionistic fuzzy singleton, then
support u,, = {z}, 0 < pp,(z) <1, v, (2) = 1, for every z # x and pp, (x) +
vp, () < 1.

Definition 2.9 ([15]). Let X be any nonempty set. An intuitionistic fuzzy singleton
p defined on z is said to lie in an intuitionistic fuzzy set A = (pa,v4) (p € A) if
tp, <paand vg <vp .

Definition 2.10 ([4]). Let X be any nonempty set. An intuitionistic fuzzy topology
on X is a collection § of intuitionistic fuzzy subsets of X satisfying
1. 0=(0, 1), 1=(1, 0) €6.
2. Intersection of members of any finite sub-collection o C § is also a member
of §.
3. Union of members of any sub-collection o, C § is again a member of 4.

The pair (X, 0) is called an intuitionistic fuzzy topological space. Elements of § are
called intuitionisitic fuzzy open sets.

Definition 2.11 ([15]). Let (G,d) be an intuitionistic fuzzy topological space. The
induced topology 7s on the collection ©(G) of all intuitionistic fuzzy singletons of G
is defined as the topology generated by B = {V4 | A € §}, where

Va={p: € p(G) | p. € A}

and hence (p(G),7s) is called an induced topological space on intuitionistic fuzzy
singleton.

Definition 2.12 ([12]). Let (G;,0;), (i € I) be an indexed family of intuitionistic
fuzzy topological spaces. The product intuitionistic fuzzy topology [[d; on [[G;
is defined as the smallest intuitionistic fuzzy topology in which all projection maps
m; : [[ Gi — G, Vi, are intuitionistic fuzzy continuous.

Theorem 2.13 ([15]). Let (G1,61), (G, d2) be intuitionistic fuzzy topological spaces.
Then the induced topological space on p(G1 x Ga) by the product intuitionistic fuzzy
topological space (G1 x Ga,81 X 02) is imbedded in the product topological space
(p(G1) x p(G2),7s, X 75,)
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Definition 2.14 ([41]). An intuitionistic fuzzy topological space (G, d) is said to be
intuitionistic fuzzy hausdorff if for every pair of points x,y € X such that x # y,
there exists intuitionistic fuzzy open sets A = (ua,v4),B = (up,vp) € § such that
pa(r) =1, pup(y) =1, va(z) =0 and vp(y) =0 and A B =0.

Definition 2.15 ([13]). Let G be any group. A fuzzy hausdorff space (G, ) is said
to be a strong fuzzy topological group if
(i) M : p(G) x p(G) — (G) defined by M(ps,qy) = pray, for every (pa,qy) €
p(G) x p(@), is continuous.
(ii) I: p(G) — p(G) defined by I(p) = p~!, for every p € p(G), is continuous.

3. STRONG INTUITIONISTIC FUZZY TOPOLOGICAL GROUPS

In this section, a new notion of strong intuitionistic fuzzy topological group is
introduced and studied.

Definition 3.1. Let G be any group. An intuitionistic fuzzy hausdorff space (G, ¢)
is said to be a strong intuitionistic fuzzy topological group if

(i) M : p(G) x p(G) — p(G) defined by M(ps,qy) = pzqy, for every (ps,qy) €
p(G) X p(G) is continuous where

Pey(2y) = (tip,q, (TY), Vp,q, (2y)) = (min(pup, (2), pg, (1), max(vp, (z),vg, (1)))-
(i) I:p(G) — p(G) defined by I(p,) = p; *, for every p, € p(G), is continuous.

Example 3.2. Let G = {e, z,y,zy} be a Klein’s four group. Let a > % Let § be

the collection of intuitionistic fuzzy sets A = (ua, va) where pa (2) € [0,a] U {1},

va(z) € {0}U[1 —a, 1] respectively for every z € G. Clearly (G,d) is an intu-

itionistic fuzzy topological space. We claim that M : o (G) X p (G) — p (G) defined

by M (p,q) = (tpq, Vpq) (trt2) = (min (uy (t1), pg (t2)) ;max (vp (t1) , v (t2))), for

every (ip,f1q) » (p, ) € (G) x p(G) is continuous. Let (py,p3) € (G) x  (G)

where supp p1 = {t1} and supp ps = {t2}. Let V4 € o such that M (p1,p2) =

(Hpipss Vpips) € Va and o is a base for the induced topology 75. Clearly supp

pip2 = {tita}.

Case 1: Intuitionistic Fuzzy value pp,5, < a and vp,,, > 1 —a.

To prove this case, there arise the following subcases to prove

(1) pp, (1) < a, pp, (t2) >aand v, (t1) > 1 —a, vp, (t2) <1 —a.

(il) pp, (t1) > @, pp, (t2) < aand vy, (t1) <1 —a, vy, (t2) 21 —a.

(i) pp, (t1) < @, pp, (t2) <aand vp, (t1) > 1 —a, vp, (t2) >1—a

(iV) Hpy (tl) <a, Hps (tQ) < a and Vp, (tl) >1l-a, Vp,y (tQ) <l-a.

Now we shall prove subcase (i). The other subcases are similar. Now we have

tp, (t1) < a, vp, (t1) > 1 —a and pp, (t2) > a, vp, (t2) < 1 —a. Let pa, = pyp,,

va, = vp,. Clearly A; € §. Let pa, (t) = 1if t = to and pa, (t) = 0 if ¢ # to.

let va,(t) = 0if t =ty and vga, (t) = 1 if t # to. Clearly Ao € ¢ and hence

Va,, Va, € 0 and clearly p; € V4, for ¢ = 1, 2. Now we claim that V4, Va, C Va.

Let p € V4,, g € Va4, and hence p € A; and g € A,. Clearly the only possibility of

supports of p, ¢ are t, ts respectively. Now pg = (pq, Vpq) is a intuitionistic fuzzy

singleton defined on t1te with value ppq (t1,t2) < min {p, (t1), fq (t2)} < pp, (t1)

and vy (t1,2) > max {v, (1), v, (t2)} > max {va, (1), va, ()} = va, (0) =
120
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Vp, (t1). Since pips € Va, pa(tite) = ppip, (Bit2) = pp, (L) = ppg (tit2) and
va (t1t2) < vpyp, (t1t2) = vy, (t1) < vpg (t1t2) and hence pg € A and hence pg € V4.
Case 2 : Intuitionistic fuzzy value p,,,, > a and vp,,, <1 —a.

Here g (t1t2) > min{p1 (t1), p2 (t2)} > a and so pa (t1t2) =1 and va (t1t2) <
1—pa (t1t2) < 1—a and hence v (t1t2) = 0. Let pa, (t) =1ift =¢1 and pa, (() =0
ift#t and pa, (t) =1ift =t; and pa, (1) =0if t #to. Let vy, (1) =0if t =14
and va, (1) =11ift #t; and va, (t) =0if t =t5 and va, (¢) =1 if t # to . Clearly
Ay, Ay € §dand Va,, Va, € 0 and clearly p; € Vy, for ¢ = 1, 2. Now we claim that
Va,Va, € Va. Let p € Va,, g € Va,. Now pp, (t1) < 1 and pg, (t2) < 1 and hence
fipg (t1t2) < min (up (t1), pg (t2)) <1 = pa(tatz). Now vy (t1) 2 0 and vy (t2) > 0
and hence vpq (t1t2) > max (v, (t1) ,v4 (t2)) > 0 = v (t1t2) and hence V4, Va, C V4.
Hence M is continuous.

Now we prove I is continuous. In Klein’s group, the inverse 2~ 'of every element
x is itself. Hence p~! = p. So I is the identity map, which is continuous. Clearly
(G, ) is a Hausdorfl intuitionistisc fuzzy topological space and hence (G,9) is a
strong intuitionistic fuzzy topological group.

Theorem 3.3. If M : p(G) x p(G) — p(G) defined by M (ps, qy) = pzqy, for every
(P2, qy) € 9(G) x p(Q) is continuous, then m : G x G — G defined by m(z,y) = zy
is intuitionistic fuzzy continuous.

Proof. Let M be continuous. To prove that m is an intuitionistic fuzzy continuous,
let r = (uyr, V) be an intuitionistic fuzzy point in G x G with support {(z,y)}. Let
wr(z,y) € (0,1) and v.(x,y) € (0,1). Let A = (ua,v4) be an intuitionistic fuzzy

open set in G containing m(r) = (K (r), Vm(r)). We have fi,,y (2) = sup r(z1,22)
Z122=2Z2
and Vp,(ry (2) = inf 7(21,22). Som(r) is an intuitionistic fuzzy point defined on zy
Z122=2Z2

with value r(z,y). Now define intuitionistic fuzzy singletons r1 = (ur,, v, ) and ro =
(try, Vry) ON ,y respectively. An intuitionistic fuzzy singleton (u.,, vy, ) has intu-
itionistic fuzzy values pa(zy) and v4(2y). An intuitionistic fuzzy singleton (g, , vy, )
has intuitionistic fuzzy values 1 and 0. Now rire(xy) = (tryry (TY) Vpyry (2y)) =
(i, (2) 17, (3)), MAX(v, (), ¥y (9))}= (14 (29), va(2y)). Hence riry € A
and riry € V4. Since M is continuous and 71,70 € Va4 € 74, there exists Ay =
(A, ,va,) € 7s and As = (pa,,va,) € 75 such that ry € Va,, ro € Vy, and
Va,Va, € Va. Since r1 = (firy,Vry) € A1, 72 = (firy, Vr,) € Aa, we have to prove
that 7 € Ay X Ay i.e., (fr,Vr) € (A xAss VA, x A, ). NOW
MT(xvy) = Hm(r) (xy) < /’LA('ry) = min(:uﬁ (Z‘), Hory (y))
S min(/”‘x‘h (l‘), KAy (y)) = HA;xAy (‘Ta y)

and

Vr(xv y) = Vm(r)(xy) > Z/A(ij) = max(yh (1‘), VUrgy (y))
> maX(VAl (:L’) VA, (y)) = VA1 xAs (LE, y)'

Therefore r € A; x As. Now we prove that m(A; x As) C A and by definition

pm (A1 x Az) (t) = tStUptmin(MAl(tl)» pa,(ta)) = pa, xa,(ti, ta).
1l2=
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Um(A1 X Ag) (t) = infy ¢,—¢ max(va, (t1), va,(t2)) = va,xa,(t1,t2) . Va,Va, C
Vy implies min{ pia, (), pa,(y) } < palzy) and max{va, (v), va,(y)} = valay)
Va,y € G. S0 piga, xa,) (t1,t2) < pa(tite) = pa(t) and v, xa,) (t1,t2) > va(titz) =
va(t). Hence p (A1 x Ag) (t) < pa(t) and vy, (A1 x Ag) (t) > va(t). Hence by the
definition of intuitionistic fuzzy continuous, m is an intuitionistic fuzzy continu-
ous. 0

The proof of following theorem is easy.

Theorem 3.4. If M : p(G) X p(G) — p(G) defined by M (ps,qy) = pzqy, for every
(P2, qy) € p(G) x p(G) is intuitionistic fuzzy continuous, then m : G x G — G
defined by m(z,y) = xy is fuzzy continuous.

Definition 3.5 ([15]). Let X and Y be two nonempty sets. Let f : X — Y be
any map. For any intuitionistic fuzzy singleton p, defined on x € X if the function
if + p(X) — p(Y) is defined by if(ps) = gy, where g, is an intuitionistic fuzzy
singleton defined on f(z) € Y with ¢,(f(x)) = p(z), then i; is called the induced
function of f.

Theorem 3.6 ([15]). Let (X,0) and (Y,o) be an intuitionistic fuzzy topological
spaces. A function f : (X,8) — (Y,0) is a intuitionistic fuzzy continuous function
if and only if the induced function iy : (p(X), 75) — (p(Y), 7o) is continuous.

Theorem 3.7. The continuity of I : p(G) — o(G) defined by I(p) = p~* for every
p € (G) and the intuitionistic fuzzy continuity of i : G — G defined by i(z) = v71
are equivalent.

Proof. Since I is the induced function of 4, then by the above theorem, the continuity
of I and the intuitionistic fuzzy continuity i are equivalent. O

Theorem 3.8. If (G,0) is a strong intuitionistic fuzzy topological group, then it is
a intuitionistic fuzzy topological group.

Proof. By Theorem 3.3, the continuity of M implies the intuitionistic fuzzy conti-
nuity of m, the condition of Definition 3.1. By Theorem 3.7, the continuity of I and
the intuitionistic fuzzy continuity of i , the condition (ii) of the Definition 3.1 are
equivalent. O

But the converse need not be true as seen in the following remark.

Remark 3.9. By Theorem 3.6, the intuitionistic fuzzy continuity of m and the
continuity of 4,, are equivalent. But i,, is defined on p(G x G) — p(G). By
Theorem 2.13, p(G X G) — p(G) is intuitionistic fuzzy homeomorphic to a subspace
of p(G) x p(G). So continuity of M : p(G) x p(G) — p(G) need not be equivalent
to the continuity of i,, which is equivalent to the intuitionistic fuzzy continuity of
m.

Theorem 3.10. Let (G,d) be an intuitionistic fuzzy topological space on a group G.

Then (G, d) is a strong intuitionistic fuzzy topological group iff Mt : p(G) X p(G) —

©(G) defined by M1(ps,qy) = pacqy_l, for every (pz,qy) € p(G) x p(G) is continuous.
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Proof. First we prove = part. Let (G, ) be a strong intuitionistic fuzzy topological
group. Let p, = (tp,,vp,) and g, = (pq,,Vq,) be an intuitionistic fuzzy singletons
defined on z and y respectively. Let f1, fo : p(G) — p(G) defined by f1(ps) = pa,
f2(qy) = g ', respectively. Clearly f and fy are continuous. Hence the function

f i p(G) x p(G) — p(G) x p(G) defined by f(pz,qy) = (pa,q,") for every
(Pzsqy) € p(G) x p(G) is continuous. Now My (ps,qy) = P2y = M(f(ps,qy)) =
(M o f) (ps,qy) and hence M; is continuous.

<« part. Let us assume that M;(p,,qy) = pmqgl, for every (psz,qy) € p(G) X
©(G) is continuous. Clearly the function g : p(G) — p(G) x p(G) defined by
9(pz) = (1¢,pz) is continuous and hence I(p,) = p;* = M1(9(ps)) = (M7og) (p.) is
continuous. If f1 : p(G) — p(G) is defined by fi(py) = ps, then b : p(G) x p(G) —
p(G) x p(G) defined by h(ps,qy) = (f1,1) (pa,qy) = (pz,q, ") is continuous. Now
M (pz,qy) = Mi(h(psz,qy)) = M; o h and hence M is continuous. O

Theorem 3.11. Let (G,§) be a strong intuitionistic fuzzy topological group. FEv-
ery subgroup of G is a strong intuitionistic fuzzy topological subgroup of G with its
subspace topology.

Proof. Let H be a subgroup of G. We have to prove that (H,d|H) is also a strong
intuitionistic fuzzy topological group. By hypothesis, Mg : p(G) % p(G) — p(G)
defined by Mg (pe,qy) = paqy for every (pz,qy) € p(G) x @(G) is continuous.
We have to prove that My : p(H) x p(H) — p(H) defined by My(ps,qy) =
Dzqy, for every (pz,qy) € p(H) x p(H) is continuous . Let p,,q, € p(H) ie.,
Pe = (Mp,,Vp,) € 9(H) and q, = (q,,V,) € @(H) are the intuitionistic fuzzy
singleton and let Va € 75 be a basic intuitionistic fuzzy open set in the subspace
(H,7s5\m) such that p, q < pa and vp,4, > va. So A = (pua,va) € §|H, there
exists an intuitionistic fuzzy open set B = (up,vp) € 6 such that pup|g = pa
and vg\g = va . Let p;,q; € o(@) such that p,|H = p, and q;|H = ¢y and so

Vi € 15 with By g < B and Vy o 2 VB and hence p;q; € Vp. By the continuity
2y z 9y

of Mg, there exists Vp,, Vi, € 75 such that Mg (Vp, x Vp,) C Vg and p; € Vg, and
q?; € Vb, ie., py < pp, and fg < BB, implies min(pp;,uq;) < min(up,, pus,) and
vy 2 VB, and vg, > vp, implies max(v,,,v,,) > max(vp,,vp,) hence (p;,q;/) €
By X Ba. pp, < pB\H 5 He, < By H and vp, > vp g and vy, > vp, p implies
pe € Vg, and g, € Vg, |z and hence (ps,q,) € (Bi|H x By|H). To prove that
Mg (Ve g X Ve, ) € Veia. Let (r,s) € p(H) ie., r = (ur,v,) € p(H) and
s = (us,vs) € p(H) be a intuitionistic fuzzy singleton defined on z and y such
that r € Vg, |z and s € Vg, g. Now extend r and s to r e p(G) and s € p(@)
where r'|H = r and s'|H = s and hence Mg(r',s') C Vg. Hence r € Vg, and
s € Vp,. Now (r',s) € By x By implies r € Vi, g and s € Vp, g and hence
My (Vp, iz X Ve, jg) € VB |u - Hence My is continuous. Clearly Iy = Ig|p(H) is
continuous. Hence the theorem holds. 0

Theorem 3.12. Let (G1,%1,01) and (Ga, *2,02) be strong intuitionistic fuzzy topo-
logical groups. Then (G1 x Ga, *,01 X 02) is a strong intuitionistic fuzzy topological
group.
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Proof. We note that *((z1,22), (y1,%2)) = (21 *1 y1,T2 *2 y2) . Clearly (G; X
G, 01 X d2) is intuitionistic fuzzy Hausdorff in the product topology. By Theorem
7.3 of Foster and Theorem 3.7, i is continuous.

Now to prove that (G1 X Ga, x,d1 X d3) is a strong intuitionistic fuzzy topological
group, it is enough to prove that M : p(G1xG2) x p(G1xG2) — p(G1xG3) defined
by M (pz,qy) = P=qy is continuous, where p, and g, is intuitionistic fuzzy singletons
defined on (z1,x2) and (y1,y2) respectively. To prove that M is continuous, let
((tposVp,)s (tg,>vq,)) € 9(G1 X Go) x (G1 x G2) and Vi € 75,x5, with A =
(pa,va) € 61 X g such that M (py,qy) = pzqy € Va . So

Ppg (T1 %1 Y1, T2 *2 Y2) < pra(T1 %1 Y1, T2 *2 Y2)
and
Vpq(T1 %1 Y1, T2 %2 Y2) > va(T1 *1 Y1, T2 %2 Y2).

Since A = (pta,va) € §1 X 02, pa = V(pua, X up,) and vg4 = A(va, x vg,) . Hence

Ppaq, (T1 %1 Y1, T2 %2 y2) < min(Via, (z1 %1 y1), Vs, (T2 *2 Y2))

and vy, q, (21 %1 Y1, T2 *2 y2) > max(Ava, (z1 %1 Y1), AvB, (T2 *2 y2)). Let VA, = Ay
and VB, = As. We note that A; € §;. Hence

Ppaay (T1 %1 Y1, T2 %2 y2) < min (pa, (v1 %1 Y1), fa, (T2 *2 Y2))

and vy, q, (71 %1 Y1, 2 *2 y2) > max (va, (21 *1 Y1), Va, (22 *2 ¥2)). Now we define
intuitionistic fuzzy singletons pi = (tp,, Vp, )02 = (Up,s Vp,) ON 21, o with intu-
itionistic fuzzy value p,(x1,22) and v,(x1,22). We also define intuitionistic fuzzy
singletons ¢1 = (g, Vq,), 42 = (Wgs»Vgy) ON Y1, Y2 With intuitionistic fuzzy value
pq(x1,z2) and vy(x1,z2). Here we note that p1,q1 € p(G1) and pa, g2 € p(G2).
Clearly pip, q, (21 %1 Y1) = ppg(21 %1 Y1, T2 %2 y2) < pa, (1 *1y1) and vy g, (21 %1 Y1) =
Upg (1 %1 Y1, T2 *2 y2) > va, (x1 %1 y1) and pp,q, < pa, and vpq > va, and so
hence p1q1 € Vy4,. So we have (p;,q;) € (G;i) x p(G;) and p;q; € Vi, € 75,. Let
M : p(G;) x p(G;) — p(G;) be defined by M;(a;,b;) = a; *; b; where a;,b; € p(G;).
Since (G}, *;, 0;) are strong intuitionistic fuzzy topological groups, M; are continuous.
Hence by continuity of M;, there exists Vp, x V¢, such that (p;,q;) € Vp, x V¢, and
M;(Vp, x Vi,) C Va,. Hence p; < B; and ¢; < C;. Hence p = p1 X p2 < By X By and
q=q1 Xqa < C1xC5y. Let B= B; x By and C = Cy x Cs. Clearly (p,q) e Ve xVe.
To prove M is continuous, it is enough to prove that M (Vp x Vi) C V4. Let r € Vp
and s € Vi, where r and s are intuitionistic fuzzy points defined on (z1, 2z3) and
(t1,t2). We have to prove that rs € V4. Now

prs(21 1 t1, 22 %2 t2) = min{p, (21, 22), ps(t1,t2)} < min{pp (21, 22), pe(ty,t2)}
= min{up, X pp,(21,22), ey X pe, (tst2)}
=min{up, X pe, (21,t1), wB, X po,(22,t2)}
< min{pa, (21 %1 t1), pa,(z2 *2t2)}

= A, X pa, (21 %1 t1, 22 %9 to)
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and
Ups(21 %1 t1, 22 %9 t2) = max{v, (21, 22), vs(t1,t2)} > max{vp(z1,22), vo(ti,ta)}
= max{vp, X vp,(21,22), Vo, X Vo, (t1,t2)}
= max{vp, X v, (21,t1), VB, X Ve, (22,t2)}
> max{va(z1 %1 t1), va,(22 %2 t2)}
=va, X Va,(21 %1 t1, 22 %2 lo)

Hence 7s € V4, x4, € V4 and so the theorem is true.
O

Theorem 3.13. Let f : (G,8) — (G, 0) be an injective intuitionistic fuzzy con-
tinuous intuitionistic fuzzy open homomorphism. Then the image of a strong intu-
itionistic fuzzy topological subgroup H of (G, 9) is again a strong intuitionistic fuzzy
topological subgroup of (G/, o).

Proof. Let f: (G,0) — (G',a) be an injective intuitionistic fuzzy continuous intu-
itionistic fuzzy open homomorphism. We have to prove that (f(H), o|f(H)) is a
strong intuitionistic fuzzy topological subgroup of (G/, o). By Theorem 3.10, it suf-
fices to prove that My, . o(f(H))xp(f(H)) — o(f(H)) defined by M, (q1,92)
= qugy*, for every (q1,q2) € p(f(H)) x p(f(H)), is continuous. Let intuition-
istic fuzsy singletons (q1,42) € 9(F(H)) X p(F()) 1€ (ig0s ) (tass ) €
p(f(H)) x p(f(H)) whose supports are y; and ys respectively. Let A = (ua,v4) be
an intuitionistic fuzzy open set in G’ |f(H) and Va € 7, ¢ be a basic intuitionistic
fuzzy open set in f(H) with fggrt < HA and Vargs! 2 VA and hence ¢1¢, * € V4. By
definition, there exists B = (up,vp) € o such that A = B|f(H) i.e., ua = pp|f(H)
and v4 = vg|f(H) . Since f is an intuitionistic fuzzy continuous, f~*(B) € 6. Now
we define intuitionistic fuzzy singletons p1 = (lp,, Vp, )s P2 = (Lpy, Vp,) O T1, T2 TE-
spectively where 1,29 € H with f(z1) = y1 and f(23) = y2. An intuitionistic fuzzy
singleton p1 = (pp,,Vp,) has an intuitionistic fuzzy values fig, (,) and vy, ;). An
intuitionistic fuzzy singleton py = (fp,, v, ) has an intuitionistic fuzzy values fig, (y,)
and v, (y,)- Since H is a subgroup and f is intuitionistic fuzzy homomorphism,

Ppupst (@123 1) = min (pp, (1), 1,21 (2371)) = minpg, (y1), s (02 1))
= Hggs 1 (12 ) < a(yiyz ')
= ppa(Wiys ') = ppos) mlEey ),

(%21))

Uy (@17 ) = max (v, (1), v, (23™) = max(vy, (1), v,

= Vqlqgl(ylyz_l) >valyys ') = ve (v )

=vi1m) 1 m(1Ys )
Now 1011)2_1 € Vi-1y(p) | g Since H is a strong intuitionistic fuzzy topological group,
there exists By, By € §|H such that (p1,p2) € Vg, x Vg, and My, (Vp, x VB,) C
Vi) |m- Clearly there exists A;, Ao € ¢ such that Ai|H = By, A3|H = Bs.
Since f is intuitionistic fuzzy open, f(A1), f(A2) € o with f(A1)|f(H) = f(B1),

f(A2)|f(H) = f(Bz2). f(A2)|f(H) = f(Bz). Since py € By implies p,, < pp, =
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pajg and vy, > vp, = va g Here pg, (y1) = pp, (21) < pp, (21) = py(p,)(y1) and
Vg, (1) = vp, (21) > v, (21) = vy (y1). Clearly (q1,92) € Vip,) X Vi(B,). Now
we claim that MIf(H)(Vf(Bl) X Vf(BQ)) C Vy. Let (ql,q2) € Vi) X Vi(B,)- Since f
is an intuitionistic fuzzy injective, there exists (p, . D) € Vi, X Vi, with f(p}) = ¢,
f(pa) = qo. Since My, (Vp, x VB,) C Vi-1(py | g and Hy =1 < pg-1(py | g and

v /1p/271 > Vi-1(B) | H- So

Pyt Wz ) = gy o1 (@123 ) < pupea s (g
= up(f(x1) f(z2)™") = palyryy )
and
vy pr s ) = vy (@123 h) 2 vy a0 )

= vp(f(x1)f(22) ™) = valyrys )

Hence the theorem is true. O

Theorem 3.14. Let f : (G,8) — (G ,0) be a intuitionistic fuzzy continuous in-
tuitionistic fuzzy open homomorphism such that every intuitionistic fuzzy open set
of (G, 9) is f- invariant. Then the image of a strong intuitionistic fuzzy topological
subgroup H of (G,9) is again a strong intuitionistic fuzzy topological subgroup of

(G, o).

Proof. Let f : (G,8) — (G',0) be a intuitionistic fuzzy continuous intuitionistic
fuzzy open homomorphism such that every intuitionistic fuzzy open set of (G,?)
is f- invariant. We have to prove that (f(H), o|f(H)) is a strong intuitionistic
fuzzy topological subgroup of (GI,(T). By theorem 3.10, it suffices to prove that
My, ., : o(f(H)) x (f(H)) — o(f(H)) defined by M;,,, (q1,42) = q1g5 ", for
every (q1,q2) € p(f(H))x p(f(H)), is continuous. Let intuitionistic fuzzy singletons
(a1, 2) € 9(f (H)) X 9(F (H)) .03 (s Var)s (s Var)) € 9(F(H)) x ol F(H)) whose
supports are y; and yo respectively. Let A = (ua,v4) be an intuitionistic fuzzy
open set in G'|f(H) and V4 € To|f(7r) e a basic intuitionistic fuzzy open set in
f(H) with Fhg gt < pa and Varas! > v, and hence q1q2_1 € V4. By definition,
there exists B = (up,vp) € o such that A = B|f(H) i.e., pa = pup|f(H) and
va = vg|f(H). Since f is an intuitionistic fuzzy continuous, f~'(B) € J. Now
we define intuitionistic fuzzy singletons p1 = (tp,, Vp,), P2 = (Up,, Vp,) O T1,Z2
respectively where x1, 29 € Hwith f(z1) = 31 and f(22) = y2. An intuitionistic
fuzzy singleton p1 = (pp, , v, ) has intuitionistic fuzzy values fiq, () and vy, () - An
intuitionistic fuzzy singleton ps = (ip,,Vp,) has intuitionistic fuzzy values g, (y,)
and vy, (y,)- Since H is a subgroup and f is intuitionistic fuzzy homomorphism,

Hpypst (Trewy ) = min (pp, (21), 1 (23 )) = min(ug, (1), pg1(yz 1))
= Mqlqgl(yw{l) <palyiys ') = peip@ays ") = wp-1py  u(zizy ),

Dyt (@107 ) = max (v, (21), v, (031)) = max(ve, (92), v, (v ))

= Vqlqgl(ylyz_l) >valyiys ') =ve iy ') = Vi-1(B) |H(y1y2_1)7
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plpgl € Vi-yp) g Since H is a strong intuitionistic fuzzy topological group,
there exists By, By € §|H such that (p1,p2) € Vg, x Vg, and My, (Vp, X VB,) C
Vi-1(gy|a- Clearly there exists Ay, Ay € § such that A,|H = By, Az|H = Bs.
Since f is intuitionistic fuzzy open, f(41), f(As) € o with f(A1)|f(H) = f(By),
f(A2)|f(H) = f(B2). Since p; € By implies p,, < pp, = pag and vy,
ve, = vaig. Here pg (y1) = pp,(x1) < pp,(x1) = ppes,)(y1) and vy, (y1)
Up,(21) = v, (®1) = vyy)(y1). Cleatly (q1,42) € Vi) x Vi(p,). Now we
claim that My, .. (Vi) X Vi(B,)) € Va. Since By and By are f— invariant, then
f(B1) = By and f(B3) = By. Since My, (Vp, xVp,) € Vi-1(p)y |z and f— invariant,
Mi; ) (Vi) X Vi(By)) € Va and hence the theorem holds. O

v

The following theorem is easy to prove.

Theorem 3.15. Let f : (G,0) — G’ be an intuitionistic fuzzy homomorphism on
a fuzzy topological space (G,0). Let o = {f(u)|p € }. Then the image of a strong
intuitionistic fuzzy topological subgroup H of (G,4) is again a strong intuitionistic
fuzzy topological subgroup of (G', 0).

Theorem 3.16. Let [ : (G,§) — (G/7 o) be an injective intuitionistic fuzzy contin-
wous intuitionistic fuzzy open homomorphism. Then the inverse image of a strong
intuitionistic fuzzy topological subgroup H of (G', o) is again a strong intuitionistic
fuzzy topological subgroup of (G, 9).

Proof. Let f : (G,8) — (G',0) be an injective intuitionistic fuzzy continuous intu-
itionistic fuzzy open homomorphism. We have to prove that (f~1(H), §|f~1(H))
is a strong intuitionistic fuzzy topological subgroup of (G,d). By theorem 3.10,
it suffices to prove that My _, . o(f~'(H)) x o(f7'(H)) — @(f '(H)) de-
fined by My _,, (p1.p2) = pipy ", for every (p1.p2) € o(f~'(H)) x o(f~"(H)),
is continuous. Let intuitionistic fuzzy singletons (p1,p2) € p(f~1(H)) x p(f~1(H))

.0y ((pyVpy )+ (tpas ) € 9(F1(H)) x o(f~(H)) whose supports are a; and
x9 respectively. Let A = (pa,v4) be an intuitionistic fuzzy open set in G and

Va € 75/4-1(z) be a basic intuitionistic fuzzy open set in f~Y(H) with Fhp, pst <pa
and Vpipy ! > v4 and hence plpgl € V4. By definition, there exists B = (up,vp) € ¢
such that A = B|f~'(H) ie., pa = pp|f ' (H) and v4 = vp|f~'(H). Since
f is intuitionistic fuzzy open, f(B) € o. Now we define intuitionistic fuzzy sin-
gletons @1 = (jigr,vg,)s @2 = (Hass V) ON Y1, 2 respectively where yy,ys € H
with f(z1) = y1 and f(x2) = y2. An intuitionistic fuzzy singleton ¢1 = (1q,,vq,)
has intuitionistic fuzzy values py, (z,) and v}, (z,). An intuitionistic fuzzy single-
ton ga = (ig,,Vq,) has intuitionistic fuzzy values ji,,(z,) and vp,(4,). Since H is a
subgroup and f is intuitionistic fuzzy homomorphism,

Horgs W1y 1) = min (ug, (1), g1 (y 1)) = min(pup, (21), -1 (237))

= ot (@123) S palerzy’) = pp ymy(@ez ') < ppesy  a(ivs )
and

Vgt (192 1) = max (vg, (y1), v-1(yz 1)) 2 max(vy, (21), v,-1(231))

= v, o1y ) 2 valniay ') = vias my(@es ) 2 vie) ey ).
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So qlqg1 € Vygy|m - Since H is a strong intuitionistic fuzzy topological group,
there exists By, By € o|H such that (q1,¢2) € Vg, x Vp, and My, (Vp, X Vp,) C
Vi) | m- Clearly there exists A, A2 € o such that Aq|H = By, As|H = Bs. Since
f is intuitionistic fuzzy continuous, f=(A;), f~1(Az) € § with f=1(Ay)|f~1(H) =
fﬁl(Bl), fﬁl(Ag)‘fil(H) = fﬁl(Bg). Clearly (p17p2) S Vf—1(31) X Vf71(32). Now
we claim that M[fil(H)(fol(Bl)Xfol(BQ)) C V4. Let (p,l,p;) S fol(Bl)XVf—l(B2).
Hence there exists (q;,q;) € Vi, xVp, with f(p}) = q, f(py) = qy. Since My, (Vg, x
Vi) © Vi) 115 By ot < Bysy | o and vy o > vpepy | - Now

F—1 F—1 F—1
Py @1y ) =gy (@ixy ) < ppsy (Y192 )
r—1 r—1
= pp(T12y ) = palzizy )
and
!’ 71 7 71 7 71
V-t @1y ) =v (@ ) <vep) iy )
r —1 r=1 r—1
=va(f(y1)f(y2) ) =ve(zrzy ) =valzrzy )
by intuitionistic fuzzy injectiveness of f and hence the theorem holds. O

The proof of the following theorems is easy.

Theorem 3.17. Let f : (G,8) — (G',0) be an intuitionistic fuzzy continuous in-
tuitionistic fuzzy open homomorphism such that every fuzzy open set of (G,0) is f-
invariant. Then the inverse image of a strong intuitionistic fuzzy topological subgroup
H of (G/,O') s again a strong intuitionistic fuzzy topological subgroup of (G/, J).

Theorem 3.18. Let f : G — G be a homomorphism. Let (G/, o) be an intuitionistic
fuzzy topological space. Let § = {f~1(v)|v € o}. Then the inverse image of a
strong intuitionistic fuzzy topological subgroup H of (G/7U) is again a strong fuzzy
intuitionistic topological subgroup of (G, 6).

Note 3.19. If (G, ) is an intuitionistic fuzzy topological space, then (G,d7) is a
fuzzy topological space, where §; = {(ua, 1 — pa)|A € 6}

Theorem 3.20. If (G,0) is a strong intuitionistic fuzzy topological group, then
(G, 01) is a strong fuzzy topological group.

Proof. Let (G, ) be a strong intuitionistic fuzzy topological group. So M : (p(G) x
p(G), 15 x15) — (p(G),75) and I : (p(G), 75) — (p(G), 7s) are continuous. To prove
that My : (fp(G) x fe(G), 15, x 75,) — (fp(G),Ts,) is continuous, let p,g be fuzzy
singletons such that (p,q) € fp(G) x fp(G) and let A = (pa, 1 — pa) be a fuzzy
open set in §; and pg € V4. Now we have to prove that there exist A;, Ay € 1
such that p € V4, and ¢ € Va, and M¢(Va, x Va,) = Va,Va, C Va. Clearly
(p,q) € (p(G),7s5) x (p(G), 7s) such that pg € (p(G), 7s). Since A € &y, there exists
A = (tar,var) € § such that par = pa. Since pg € Va4 we have p,q < pa. Now
Upg =1—pipg > 1 —pa=1—p, >v,. Hence pg € A = (ar,vas). Since M is
continuous and pg € Vu/ € 75 we have VAfl, VA; € 75 such that p € VA; ,q € VA; and
VA;VA; CVy. Let Ay = (nay, 1—pay) € 01 and Ag = (pay, 1 —pay) € 61. Clearly
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p € Ay and g € As. Hence p € Vy, and g € Vy,. To prove that Vy,Va, C Vg,
let p1 € Va4, and pa € V4, . By the choice of p; and ps, p1 € VA/I and py € VA;.

So pip2 € V. By definition of A', pips € V4 and hence p € Vy, and ¢ € Vy,,
My(Va, x Va,) CVa.
Now to prove I : (fp(G),7s) — (fo(G), 75) is continuous, let p be fuzzy singleton

such that p € fp(G) and let A = (ua, 1 — pa) be a fuzzy open set in §; and

p~t € V4. Now we have to prove that there exist A; € §; such that p € Va,

and I(Vy,) C Vu. Clearly (p7') € (p(G),7s5) . Since A € &), there exists A =
(par,var) € § such that pas = pa . Since p~t € V4 we have pp-1 < pra. Now
Vprr =1 —pp1 >1—pa=1—p, >v,. Hence p~t € A" = (par,var). Since
I is continuous and p~' € Vi € 75 we have V; € 75 such that p € V,, and
I(VA;) CVy. Let Ay = (pay, 1 — pay) € 61. Clearly p € A;. Hence p € Va,. To
prove that I(Va,) C Vy, let p; € Va,. By the choice of p1, p1 € Vi Sop;tevV,.
By definition of A", p7! € V4 and hence p € Va, , I(Va,) C V4. Hence the theorem
is true. g

4. CONCLUSIONS

In this paper, the definitions, lemma and theorems of the strong intuitionistic
fuzzy topological groups are introduced and discussed.
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