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ABSTRACT. The notion of cubic g-ideals in BCI-algebras is introduced.
Relationship between a cubic ideal and a cubic g-ideal is discussed. Condi-
tions for a cubic ideal to be a cubic g-ideal are provided. Characterizations
of a cubic g-ideal are established. The cubic extension property for a cubic
g-ideal is considered.
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1. INTRODUCTION

The study of BCK/BClI-algebras was initiated by K. Iséki in 1966 as a generaliza-
tion of the concept of set-theoretic difference and propositional calculus. Since then
a great deal of literature has been produced on the theory of BCK/BCl-algebras,
in particular, emphasis seems to have been put on the ideal theory of BCK/BCI-
algebras. Fuzzy sets, which were introduced by Zadeh [7], deal with possibilistic un-
certainty, connected with imprecision of states, perceptions and preferences. Based
on the (interval-valued) fuzzy sets, Jun et al. [3] introduced the notion of cubic sub-
algebras/ideals in BCK/BCl-algebras, and then they investigated several properties.
They discussed relationship between a cubic subalgebra and a cubic ideal. Also, they
provided characterizations of a cubic subalgebra/ideal, and considered a method to
make a new cubic subalgebra from old one. Jun et al. [4] introduced the notion
of cubic o-subalgebras and closed cubic ideals in BCK/BClI-algebras, and then they
investigated several properties. They provided relations between a cubic ideal and a
cubic o-subalgebra in a BCK-algebra, and the relation between a closed cubic ideal
and a cubic subalgebra in a BCI-algebra. They also investigated a condition for a
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cubic set in a BCK-algebra with condition (S) to be a cubic ideal. Finally, they
dealt with a characterization of cubic ideal in a BCK/BCl-algebra.

In this paper, we introduce the notion of cubic ¢-ideals in BCI-algebras. We
discuss relationship between a cubic ideal and a cubic ¢-ideal, and provide conditions
for a cubic ideal to be a cubic g-ideal. We establish characterizations of a cubic ¢-
ideal, and consider the cubic extension property for a cubic g-ideal.

2. PRELIMINARIES

In this section we include some elementary aspects that are necessary for this
paper.

An algebra (X; x,0) of type (2,0) is called a BCT-algebra if it satisfies the following
axioms:

(1) (Vz,y,z € X) ((x*y) * (x*2)) *

(I) (Va,y € X) ((z* (zxy))xy =0),

(II) (Vz € X) (z*x =0),

(IV) Ve,ye X) (xxy=0,yxx=0 = z=1y).
If a BCl-algebra X satisfies the following identity:

(V) VzeX) (0xx=0),

then X is called a BCK -algebra. Any BCK/BCI-algebra X satisfies the following
conditions:

(al) (Vz € X) (%0 =),
(a2) (Vo,y,2€ X) (xxy=0 = (zx2)x(yx2)=0, (z*xy)*(z*xz) =0),
(a3) (Vx,y,z€ X) ((z*xy)*z=(x*2)*y),
(ad) (Va,y,z€ X) (((xx2)* (y*2)) *(xxy) =0).
We can define a partial ordering < by x < y if and only if x*xy = 0. A BCK-algebra
X is said to be with condition (S) if, for all x,y € X, the set {z € X | zxx < y}
has a greatest element, written x o y. A BCl-algebra X is said to be associative if
(rxy)*xz=uax(yxz) for all z,y,z € X. A nonempty subset S of a BCK/BCI-
algebra X is called a subalgebra of X if x xy € S for all x,y € S. A subset [ of a
BCK/BCl-algebra X is called an ideal of X if it satisfies the following conditions:
(bl) 0 €1,
b2) Ve,ye X) (zxyel, yel = xel).
A subset I of a BCI-algebra X is called a g-ideal of X (see [5]) if it satisfies (b1) and

(b3) (Vz,y,2€ X) (zx(y*xz)el, yel = x*xz€l).

(zxy) =0),

Let I be a closed unit interval, i.e., I = [0,1]. By an interval number we mean
a closed subinterval @ = [a~,a™] of I, where 0 < a~ < a* < 1. Denote by D[0,1]
the set of all interval numbers. Let us define what is known as refined minimum
(briefly, rmin) of two elements in D[0, 1]. We also define the symbols “>7, “<7 “="
in case of two elements in D[0,1]. Consider two interval numbers @1 := [a],a] ]
and @ := [a3, a3 | . Then

rmin {@, @} = [min {a;,a; } ,min{af, a3 }],

a; = ay if and only if a] > a; and af > a;,
26
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and similarly we may have @1 < @2 and @3 = @2. To say @1 > a2 (resp. a; < da)
we mean a; = Gz and Gy # @y (resp. @1 = G and @y # az2). Let @; € D[0,1] where
1 € A. We define

rinfa; = |inf a; , inf aj' and rsupa; = [supa; ,sup a;" .
€A 1€A €A €A i€EA €A

An interval-valued fuzzy set (briefly, IVF set) A defined on X is given by

A= {(z, [px(2), 1} (2)])}, Vo € X (briefly, denoted by A = [pu, ph]),

where p; and p¥ are two fuzzy sets in X such that p (z) < pfk(z) for all x € X.

Let fia(z) = [py(z), ph(z)], Vo € X If py(z) = pl(z) = ¢ (say) where 0 < ¢ <
1, then we have fi4(x) = [c,c] which we also assume, for the sake of convenience,
to belong to D[0,1]. Thus fia(z) € D[0,1], V& € X, and therefore the IVF set A is
given by

A={(z,pa(x))}, Ve € X, where ig:X — DJ0,1].

We refer the reader to the books [1}, [6] and the paper [2] for further information

regarding BCK/BCl-algebras.

3. CUBIC ¢-IDEALS
Definition 3.1. [3] Let X be a nonempty set. A cubic set </ in a set X is a structure
o = {{x, A(x),\(z)) : x € X}
which is briefly denoted by o/ = (A, \) where A = [, u}] is an IVF set in X and

A is a fuzzy set in X.

Definition 3.2. [3] A cubic set &7 = (A, \) in X is called a cubic subalgebra of a
BCK/BCl-algebra X if it satisfies: for all z,y € X,

(a) pa(z*y) = rmin{jia(z), pay)}-

(b) Az *y) < max{A(z),\(y)}.
Definition 3.3. [3] A cubic set & = (A, ) in a BCK/BCl-algebra X is called a
cubic ideal of X if it satisfies: for all z,y € X,

(a) 2a(0) = fa(x).

(b) A(0) < A().

)
(c) pa(z) = rmin{fia(z *y), fa(y)}.
(d) A(z) < max{\(z *y), \(y)}
(

Definition 3.4. A cubic set & = (A, \) in a BClI-algebra X is called a cubic g-ideal
of X if it satisfies conditions (a) and (b Definition 3.3/ and for all z,y € X,

) in
(a) fia(z*z) = rmin{fig(z * (y * 2)), fa(y)}-
(b) Az *z) < max{A(z* (y*2)),A(y)}.

Example 3.5. Consider a BCI-algebra X = {0, a, b, ¢, d, e} in which the %-operation
is given by the Table[l. We define A = [u, u}] and X by

0 a b c d e
A= ([0.4,0.8] [0.4,0.8] [0.1,0.3] [0.1,0.3] [0.1,0.3] [0.1,0.3])
27
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TABLE 1. x-operation

*1 0 a b ¢ d e
0,0 0O O ¢ ¢ ¢
ala 0 a d ¢ d
bl b b 0 e e c
clec ¢ ¢ 0 0 O
did ¢ d a 0 a
el e e ¢ b b O

TABLE 2. *-operation

W~ Q O

wNo—RQ OO
W= OO
= O W W =
= O W NN
SO W = =W

and
\— 0 a b c d e
~\02 02 06 06 06 06/
Then o/ = (A, )\) is a cubic g-ideal of X.

Note that every cubic g-ideal of a BCI-algebra X is a cubic ideal of X by taking
z = 0 in Definition [3.4] and using (al). But, the converse is not true as seen in the
following example.

Example 3.6. Let X = {0,a,1,2,3} be a BCI-algebra with the %-operation given
by Table 2. We define A = [u, 1] and A by

0 a 1 2 3
A_<[0.5,o.9] 0.3,0.7] [0.2,0.6] [0.2,0.6] [0.2,0.6]>

\— 0 a 1 2 3
~\02 02 06 04 06)’

respectively. Then &/ = (A, \) is a cubic ideal of X (see [3]). But, & = (A, \) is
not a cubic g-ideal of X since

ga(3%1)=10.2,0.6] <[0.5,0.9] = rmin{fa(3* (0% 1)), 74(0)}
and/or A(3x1) =04 > 0.2 = max{A(3* (0% 1)), (0)}.

and

We provide a condition for a cubic ideal to be a cubic g-ideal.

Theorem 3.7. In an associative BCI-algebra, every cubic ideal is a cubic g-ideal.

28
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Proof. Let &/ = (A, \) be a cubic ideal of an associative BCI-algebra X. For any
x,y,z € X, we have

b S
—~~
<
~
—

fia(z*z) = rmin{ia((z* z) * ), i

= rmin{fia(x * (y*Z)),ﬂA(Z/)}
Mz * 2) < max{A((z * 2) *y), My)}
=max{A((z *y) *2), \(y)}
= max{A((E * (y * Z)), )‘(y)}
Hence of = (A, ) is a cubic g-ideal of X. 0

Corollary 3.8. Let X be a BCl-algebra which satisfies any one of the following
assertions:

(1) (Vz e X) (0xz =x).
(2) Vo,ye X) (zxy=yx*x).
Then every cubic ideal is a cubic q-ideal.

Corollary 3.9. Let X be a quasi-associative BCIl-algebra, that is, X is a BCI-
algebra which satisfies the following inequality:

(Va,y.2 € X) (2 +y) * 2 < @ % (y * 2)).
If X satisfies one of the following conditions:

(1) (Vz e X) (0% (0*z) =x),

(2) Vr,ye X) (0 (yxx) =x*xy),

(3) Ve,yeX) (xxy=0 = xz=y),

(4) (Vo ,y,z€ X) (zxz=y*xz = x=y),

(5) (Vo,y,2€ X) (zxx=2%xy = x=1y),

(6) (Vo,y,2 € X) ((y*x) * (2 x2) =y *2),

(7) (Vo,y,z€ X) ((xxy)* (z*2) =2%xy),

(8) (Vx,y,z€ X) ((xxy) x(x*x2) =0x*(yx*2z2)),

(9) (Vo,y,z,u € X) ((xxy) x (zxu) = (xx2)* (y*u)),

(10) X ={0}u{z € X |0z #£ 0},

then every cubic ideal is a cubic g-ideal.

Theorem 3.10. Let of = (A, \) be a cubic ideal of a BCI-algebra X in which the
following inequalities are valid:

(3.1) (Vz,y € X) (ha(z *y) = pa(@), Mz *+y) < AMa)).
Then of = (A, ) is a cubic g-ideal of X.
Proof. Let z,y,z € X. Using (c¢) and (d) in Definition 3.3|, (a3) and (3.1)), we have
fia(z* 2) >rm1n{p,4(:c>kz (y*2)), maly*z)}
=rmin{jia((z * (y*2)) * 2), fia(y * 2) }
( y*Z ): a(y)}

= rmm{uA
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(y*2)}
(y*2)}

Az z) < max{A((z * 2) * (y * 2)),
= max{A((z * (y * 2)) * 2),
< max{A(z * (y * 2)),A(y)}.
Therefore &/ = (A, \) is a cubic g-ideal of X. O

A
A

Proposition 3.11. Fvery cubic g-ideal o = (A, \) of a BCI-algebra X satisfies the
following inequalities:
(1) fia(@+y) = foa(a+ (0+y)) and Az +y) <
(2) ia(0xz) = A (0% (0% 2)) and M0 z) <
forall x,y € X.

Proof. Straightforward. g

Let &7 = (A, \) be a cubic set in X. For any r € [0,1] and [s,¢] € DI0,1], we
define U (<7 [s,t],r) as follows:

U(;[s,t],r) ={z € X | pa(x) = [s,t], AMz) <7},
and we say it is a cubic level set of &7 = (A, \).

Theorem 3.12. For a cubic set o = (A, \) in a BCl-algebra X, the following are
equivalent:

(1) o = (A, ) is a cubic g-ideal of X.

(2) Every nonempty cubic level set of o = (A, \) is a g-ideal of X.

Proof. Assume that o7 = (A, ) is a cubic ¢-ideal of X. Let z,y € X, r € [0,1] an
[s,t] € D[0,1].Ifz € U(;[s,t],7), then ia(0) = fia(x) = [s,t] and A(0) < A(z) <
Thus 0 € U(«; [s,t],7). Let x,y,z € X be such that x x (y * z) € U(; [s,t],7) and
y € U(e;[s,t],7). Then jia(z* (y*2)) = [s,t], Mx* (y*2)) <7, galy ) = [s,t] and
Ay) < r. It follows that

fia(e x z) = rmin{fia (2 * (y * 2)), pa(y) } = rmin{[s, ¢}, [s, 1]} = [s, 1]

and A(z*z) < max{A(z*(y*z)), \(y)} < max{r,r} =rso that zxz € U(;[s,t],r).
Hence U(#7; [s,t],r) is a g-ideal of X. Conversely, suppose that any nonempty cubic
level set of & = (A, ) is a ¢-ideal of X, that is, U(«/;[s,t],7) # @ and it is a
g-ideal of X for all r € [0,1] and [s,t] € D[0,1]. Assume that fia(0) < fia(a), that
is, [u5(0), 1% (0)] < [ux(a),ul(a)], or A(0) > A(b) for some a,b € X. If we take
sa = 5(pa(0) + px(a)), ta = 3(u}(0) + pi(a)) and rp = F(A(0) + A(D)), then
4(0) = [13(0), 15 (0)] < [sastal < 3 (@), (@) = Fia(a) or AQ) > 1 > AB).
Hence 0 ¢ U(;[Sa,tal, 7). This is a contradiction, and so fis(0) > fa(z) and
A(0) < A(x) for all x € X. Now suppose there exist a,b,c € X such that

fia(axc) <rmin{fia(ax* (bxc)),aa(b)}

or A(axc) > max{\(ax(bxc)), \(b)}. Let ia(axc) = [(axc)™, (axc)T], pa(b) = [b~,b7]
and fia(ax (bxc)) = [(ax(bxc))™,(ax*(bxc))T]. Take

(
s0=$((ax )" +minf(ax (bxc)~,b7}),
30
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to = 3((axc)* +min{(ax(bxc))*,b"}) and ro = £ (A(a) +max{A(a* (bxc)), A(b)}).
Then (axc)™ < sg < min{(a*(bxc))™,b} and (axc)* < tg < min{(a*(bxc))*, b7},
which imply that

Faaxc) = [(ax )™, (%] < [so,to
< [min{(a * (b*c))",b" },min{(a* (bxc))",bT}]
=rmin{ja(a* (b*c)),na(b)}.

Also, A(axc) > ro > max{A(ax(bxc)), A(b)}. Thus ax(bxc) € U(; [s0, to], 7o) and b €
U(;[s0,t0],70), but axc ¢ U(;[so,to],70). This is a contradiction, and therefore
fa(z*z) = rmin{fia(z*(y*2)),04(y)} and M(x *2) < max{\(x* (y*2)), A(y)} for
all x,y,z € X. Hence & = (A, \) is a cubic g-ideal of X. O

Theorem 3.13. If o = (A, \) is a cubic g-ideal of a BCI-algebra X, then the set
I= {2 € X | ia(e) = (0), Ax) = A(0)}
is a q-ideal of X.
Proof. Obviously, 0 € I. Let x,y, 2 € X be such that  x (y*2) € I and y € I. Then
fa(z* (yx2)) =pa(0) = fia(y) and A(z  (y * z)) = A(0) = A(y), and so
fia(z * 2) = rmin{fia (2 * (y % 2)), fia(y) } = pa(0)

and A(z * z) < max{A(z * (y * 2)),A(y)} = A(0). It follows from (a) and (b) in
Definition 3.3/ that fia(x*2) = fi4(0) and A(z*2z) = A(0) so that xxz € I. Therefore
I is a g-ideal of X. O

Lemma 3.14. A cubic q-ideal of = (A, \) in a BCI-algebra X satisfies the following
implication:

(32) (Vo,y € X) (z <y = fa(z) = fa(y), Mz) < Ay)).
Proof. If x <y, then x * y = 0 and hence

fia(x) = pa(x +0) = rmin{fia(z * (y * 0)), a(y)}
= rmin{fia(z * y), fa(y)} = rmin{7ia(0), fa(y)} = fia(y)

and
A(@) = Mz 0) < max{A(z * (y +0)), A(y)}
= max{A(z * y), My)} = max{A(0), A(y)} = A(y).
This completes the proof. O

Theorem 3.15. If o7 = (A, \) is a cubic ideal of a BCI-algebra X, then the following
assertions are equivalent:
(1) o = (A, ) is a cubic g-ideal of X.
(2) (Vz,y € X) (fa(z *y) = pa(z * (0xy), Mz xy) < Ma* (0%y))).
(3) (V.2 € X) (a((zsy) £2) = falo s (y2), M(@ry)*2) < Az (yx2))).
31



Y. B. Jun et al./Annals of Fuzzy Mathematics and Informatics 1 (2011), No. 1, 25-34

Proof. (1) = (2) follows from Proposition [3.11(1). Assume that (2) is valid. Note
that

((zxy) * (0 2)) * (2 (yx 2)) = ((xxy) * (xx(y2)))* (0% 2)
<(lyxz)*xy)*(0x2)=0x2)*(0x2)=0
for all z,y, z € X. It follows from Lemma [3.14 that

pa(((zxy) (0 2)) « (z (y* 2))) = 24(0)
a}rlld AM((x*y) * (0% 2)) * (x*(y* 2))) < A(0) so from (a) and (b) in Definition [3.3
that

pa(((@*y) * (0% 2)) (25 (y * 2))) = 1a(0)
and A(((z*y)* (0% 2)) * (x* (y*2))) = A(0). Using (2) and Definition 3.3, we have

pa((zxy) *z) = pa((z+y) * (0% 2))

rmin{fia(((z +y) * (0% 2)) * (x + (y * 2))), pa(z * (y * 2))}
rmin{fi4(0), fa(@ * (y * 2))}
= fa(z * (y * 2))

Iy

and
Az xy) *2) < A(z *y) * (0% 2))
< max{A(((z * y) * (0% 2))
= max{A(0), A(z * (y * 2))}
= Mx x (y * 2)).
Therefore (3) is valid. Now suppose that (3) holds. Then

*(z* (y*2))), M (y*2))}

Az s z) = rmin{fia((z * 2) xy), ia(y)}

(
= rmin{fia((w * y) * 2), pa(y)}
(z

= mmin{fia(z * (y * 2)), ha(y)}
and
Az * z) <max{A((z *2) *y), A\(y)}
= max{A((z *y) * 2), A(y)}
< max{A(z x (y * 2)), A(y) }
for all ,y, 2z € X. Hence & = (A, )) is a cubic g-ideal of X. O

Theorem 3.16. For a cubic ideal of = (A, \) of a BCI-algebra X, the following are
equivalent:
(1) o = (A, \) is a cubic q-ideal of X.
(2) fa((z*z)*y) = pa((z * 2) * (0xy)) and A((z * 2) xy) < A((z*2)* (0% y))
forall x,y,z € X.

(3) pa(z +y) = rmin{ria((x + 2) * (0 +y)), a(2)} and
Az *y) <max{A((z * z) * (0xy)),\(2)} for all z,y,z € X.

32



Y. B. Jun et al./Annals of Fuzzy Mathematics and Informatics 1 (2011), No. 1, 25-34

Proof. (1) = (2). It is straightforward by Theorem 3.15.
(2) = (3). For any z,y,z € X, we have

and
Az *y) < max{A((z * y) * 2),
= max{A((z * z) * y),
< max{A((z x 2) x (0 xy)), \(2)}.

Hence (3) is valid.
(3) = (1). Assume that (3

)

fia(z xy) = rmin{fia((z x 0) * (0% y)), £ (0)}
= rmin{jia(z = (0 xy)), 1a(0)}
= pua(z * (0% y))

is true. If we take z = 0 in (3), then

and
Mz *y) < max{\((xx0)* (0*y)),A\(0)}
= max{\(z * (0 xy)), \(0)}
A (0+y))
for all z,y € X. Tt follows from Theorem [3.15 that o/ = (A, ) is a cubic g-ideal of
X. 0

Theorem 3.17. (Cubic extension property for a cubic g-ideal) Let o = (A, \) and
P = (B, k) be cubic ideals of a BCI-algebra X such that o < % and fia(0) = fp(0)
and A(0) = k(0). If & = (A, \) is a cubic q-ideal of X, then so is B = (B, k).

Proof. Let z,y € X. If we take a = x * (0 % y), then
(xxa)*(0xy)=(x*(0xy))*xa=0.
Using Theorem [3.15, we have

fia((@xa) v y) = fial(e xa) * (0% y)) = ia(0) = i (0)

and
AM(z xa) xy) < AM(zxa) = (0xy)) = A0) = £(0).
Thus fip((«  a) * y) = fia((@ * a) # y) = fip(0) = fin(a) and
£((x % a) xy) < AM(zxa) xy) < K(0) < r(a)

Since # = (B, k) is a cubic ideal, it follows that

pp(xxy) = rmin{fip((z x y) * a), ip(a)} = fip(a) = fp(z + (0 + y))

and k(z*xy) < max{k((z*y)=*a),x(a)} = k(a) = k(x* (0xy)). Using Theorem [3.15]
we conclude that £ = (B, k) is a cubic g-ideal of X. O
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