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1. INTRODUCTION

Associative rings have many generalizations. Semirings are one of them. In
1934, Vandiver [15] introduced semirings. Recently semirings have been intensely
studied, especially in relations with applications [8]. Semirings is widely used in
perusing in theory of graphs, discrete events in dynamical systems, computational
mathematics, matrix theory, fuzzy computation, automata structures, coding theory
and in developing computer programmes (See [3, 4, 7, 8]). Hemiring is a structure
constructed with an additional property of commutativeness with respect to addition
in semiring together with zero element. Its applications involves in understanding
the concepts in automata theory, formal languages and in information sciences (See
[9, 11]). Fuzzy set was first initiated by Zadeh [16] which was very useful development
and is remarkably applicable to some basic notions of algebra. Zadeh [17, 18, 19]
proposed the definition of interval valued set which was the generalization of fuzzy
set. Fuzzy semirings were first investigated in [1]. Triangular norms were introduced
by Schweizer and Sklar [141] and generalization of t-norm for interval values were
proposed by Bedregal and Takahashi [5]. Ealier fuzzy bi ideals [6], fuzzy quasi ideals
[2], fuzzy interior ideals [10] and fuzzy generalized bi ideals [12] were defined for semi
groups. In this note we are able to define Interval t-norm fuzzy ideals, Interval ¢-
norm fuzzy interior ideal, Interval t-norm fuzzy quasi ideal, Interval ¢-norm fuzzy bi
ideal and generalized fuzzy bi ideal for hemirings. Ideals of hemirings and semirings
are helpful in discussing the concepts of structure theory.
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2. PRELIMINARIES

A set R # @ with binary operations of ” +” and ” - ” is a semiring [13], if 7 -”
distributes over ” 4+ 7, i.e. V r,s,t € R,

r(s+t) =rs+rt,
(r+s)t =rt+ st.

An element '0’ is called a zero of R, if it satisfies the conditions:
0-r=r-0=0and0+r=r+0=0VreR.

An element ‘1’ is taken as of R, if 1-r =r-1 =17, Vr € R. A semiring R is
commutative iff Vr,s € R, r-s = s-r. A commutative semiring w.r.t addition
having zero element is said to be a hemiring. Let ¢ # S C R. Then S be a
subhemiring of R if V s,t € S implies s + ¢, st € S also 0 € S.

For @ # I C R, I is called a left (right) ideal of R, if V r,s € [ and t € R,

(i) r+sel,

()trel(rtel).

Note 0 € I, clearly. I is called an ideal, if it is both a left ideal and a right ideal
of R.

If I and J are ideals of R then I N J, IJ are ideals of R such that IJ CINJ. A
non-empty subset @ of R is quasi ideal if ) acquires the closure property of addition,
and QRN RQ C Q. A non-empty subset B of R is a bi ideal if B acquires the closure
property of + and - together with BRB C B. @ # A C R is an interior ideal if it
acquires the closure property of + and - together with RAR C A. @ # G C Ris a
generalized bi ideal, if GRG C G. An interval number ¢ (See [17]) means an interval
[t!,t%], where 0 < #! < ¢* < 1. For interval numbers #; = [t!, %] € DI[0,1] (set of all
interval numbers),i € I, we define

inffj = [/\ti,/\tf] ,supfj = [\/ti,\/tf]

i€l iel el iel

(v) kf; = [kt!, kt*], whenever 0 < k < 1.
An interval valued fuzzy set F' [6] on X is:

F = {(a, [ (@), p*(a)]) la € X},

where u! and p* are fuzzy subsets on X s.t p'(a) < p*(a) for all a € X. Putting
i(a) = [pt(a), u*(a)], shows F = {(x, i(a))|a € X}, where fi is defined from X to
DJ0, 1]. The set operations of U, N of A and [i are, V s € R

AUa)(s) = () Va ()M (s) vt (s)],

Gnie) = 6 AR (A6 Aol
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For a class of 5\1 the union and intersection V s € R. are defined as:

(Uidi)(s) = [_\/ A; (s), \/ AL (5)]
(NiXi)(s) = [/\ A7 (s), /\)\f(s)]

The sum and product of A and iV r € R are defined as: Vr € R,

A+ )=\ () Apm (0.2 () Apt ()]

r=s+t

Vo A (o) Ap™ (1), A (s) A (8)]}
r=y 1 sil;

i=1

Ca termed as characteristic/membership(interval valued) functions of the set A
C R and is defined from R to DI[0,1]: ¥ r € R,

(AR)(r)

. I=01,1 ifred
C _ " )
alr) { O =10,0] ifré¢A.
T :[0,1] x [0,1] — [0,1] is called a t-norm [14], if it satisfies the following
conditions: for all p, ¢, r, t €[0,1],

(i) T(1,p) = p,

(i) T(p, q) = T(q,p),

(i) T(p,T(q,r)) = T(T(p. q), ),

(iv) if t <p and g < r, then T(¢,q) < T(p,r).

The first, second and fourth conditions give T'(0,p) < 7'(0,1) = 0.
Every t-norm 7T has a useful property:

T(p,q) < min(p,q) for all p,q € [0,1].

A mapping A defined from DI0, 1] x D[0, 1] to D[0, 1] is called an interval trian-
gular norm [5], if A satisfies the following conditions:

(i) for each i,7 € D[0,1],{ A7 =7 A1,

(i) for each £,7,5 € D[0, 1], A (F A §) = (E AF) A 3,

(iii) for each ty,71,%s,79 € D[0,1], if £, C fo (f; < t3) and 7, C 7 (7, < 72) then
tl A’I’l CtQATQ (tl Arl <t2A7‘2)

(iv) for each £ € D[0,1],1 A [1,1] = £.

Let 77 and T, be t -norms. If 77 < Ty, then A : DJ[0,1] x D[0,1] — DJ[0,1]
defined by

A(E7) = [Ty (Erh) T (¢, )]

is an interval t-norm [5] derived from T and 5.

On the other hand from each interval ¢-norm, two t-norms can always be obtained.

Let A be interval t-norm, the function A! : [0,1] x [0,1] — [0,1] and AY :
[0,1] x [0,1] — [0, 1] defined by

A pr,q1) = 71 (Alpr,pil, (a1, 1))
3
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and
AN"(p1,q1) = ma (Alp1, p1l, (1, ¢1])
are t-norms and 71, o are projection maps.
Let T be a t-norm and ¢, # € D[0, 1]. If the interval ¢-norm derived from 7' is de-
noted by A, then A (£, ) is the smallest interval containing {T'(z,y) : €  and y € 7} .
The following distributive laws hold:
(1) A ({EVH) = (AL V(5AT),
(2) 8A(EAF)=(BAHAGBAT).

3. INTERVAL ¢{-NORM FUZZY IDEALS

A fuzzy subset i (interval valued) in R is specified as an interval ¢-norm fuzzy
subhemiring, if V r, s € R,

(i) 2(0) = p(r),

(i) fu(r + ) = fu(r) & i(s),
(i) fu(rs) > A(r) & jus)
il

is specified as an interval ¢-norm fuzzy left (right) ideal in R iff
ilr +5) > () & jls), ¥r, s € R,
and
alks) > i(s)  (ilks) > k), ke R
An interval t-norm fuzzy left and right ideal of R is called an ideal of R.

4. INTERVAL t-NORM FUZZY BI IDEALS

Definition 4.1. An interval t-norm fuzzy subhemiring ) is called an interval ¢-norm
fuzzy biideal, if Vs, r, t € R

A(rst) > A(r) AXt)  for every s € R
Example 4.2. Let R = {0,d,e, f}. Then R be a hemiring w.r.t following addition

(4) and multiplication (-):
+10|d|e|f ~loldlel|f
010|d|e]|f 0/0[0|0|O
d|d|d|e]|f and d|0|d|d]|d
e lelel|el|f e|0|d|d|d
FAlf1ffle flold|d|d

\ is defined as
A(0) = [0.6,0.9], \(d) = [0.4,0.5], A(e) = [0.4,0.5], \(f) = [0.4,0.5].
Corresponding to the Lukasiewicz t-norm
T(p,q)=(p+q—-1)VO0.
Interval t-norm A is defined as
toF =] +rt=1)VO0,(t" +r*—1)v0] V&7 e D01

Lemma 4.3. Let ¢ # A C R is a bi ideal iff C 4 is interval t-norm fuzzy bi ideal.
4
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Proof. Follows from Theorem 2.13 in [13]. O

Lemma 4.4. An interval t-norm fuzzy subhemiring \ is an interval t-norm Sfuzzy bi
ideal iff

ACRA C A
Proof. Consider A is an interval t-norm fuzzy bi ideal. Let a in R.

P
Case-1 Suppose a is not expressible as a = > y;2; for all y;,2; € R and p € N.
i=1
Then

ACRA (a) = 0 < Aa).

P
Case-2 Suppose a is expressible, there exist z;, y;, ¥/, 2; of Rsuch that a = )" z;y;
i=1

and z; = 23:1 1;%5. Since \ is an interval t-norm-fuzzy bi ideal of R,

A(pgy) > Mp) & My), for every p,q,y € R.

Then

(i) @ =V {a[(3) @) aim)]}

a:Zf:1miyi
=V a8 (e 2 Cai)] 8w
=57,z 5= i

_\a -
_Iz—zj:1 Yizj

_ V {o ]2 (Ao 2 Aw) |}

a=Y"_, (zi:Z;Ll EES )yz

< \/ {Ai {AJS‘(%ZJ%)”
a=Y20_ (@i=30_, vi %) )vi
< V A0 ) — Aa)

a:Z$:1(zi:Z§:1 y'72'])y1 i=1j=1

Thus we have S\CA'RS\ C A
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Conversely, suppose A RS\ C A. Assume x,y, z are elements in R. Then we have
AMzyz) > 9

=V {a](R) e ake])

zyz=>_"_, bic;

z (S‘GR) (zy) A A(2)

- \/ {Aj [5‘(5]) A éR(tj):| } A Xz)
Ty=321_, s;t;

> [M2) 2 Caly)] AAG)
{A(:c) AL 1]} AX(2)
O

Proposition 4.5. FEvery interval t-norm fuzzy left ideal is an interval t-norm fuzzy

bt ideal.

Proof. Consider M is an interval ¢-norm fuzzy left ideal and r,s,w € R. Then
Ars) > A(s) = A(r) A X(s)
and R R R R R
Alrws) = A((rw) s) > A(s) > A(r) & A(s),
since [1,1] > A(r) and A(s) = [1,1] A X(s) > A(r) A A(s). O

A counter example for the converse is as under:
Consider R = {0, @, 1} w.r.t the operations given below:

+ 10 |all - 0]all
010 |all 0[0|0|O
al|lalala al|ll0]lal|«a
1 |11]all 1|10|a|l

\ is defined as:
A(0) = [0.6,0.8], A(e) = [0.4,0.6], A(1) = [0.5,0.7].
Corresponding to the t-norm

| pnqifpveg=1
pTq = { 0 otherwise.

Interval t-norm A is defined as: for any £, # € D[0, 1],
o AT AVl v =1
LAT = { [0,0] otherwise.

Routine calculations shows that A is an interval t-norm fuzzy bi ideal of R but,
neither left nor right interval ¢-norm fuzzy ideal of R, because
6
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0.4,0.6] = A(a) = A(al) # A(1) = [0.5,0.7]
and
0.4,0.6] = M) = A(la) # A(1) = [0.5,0.7].
5. INTERVAL ¢{-NORM FUZZY INTERIOR IDEALS

Definition 5.1. Interval {-norm fuzzy subhemiring N is specified as interval t-norm
fuzzy interior ideal, if V r,s,t € R,

Arst) > A(s).
The following is an immediate result of Theorem 2.13 in [13].

Lemma 5.2. @ # A C R is an interior ideal iff C4 is an interval t-norm Sfuzzy
interior ideal.

The following is an immediate result of Lemma 2.12 in [13].

Lemma 5.3. Interval t-norm fuzzy subhemiring \ is termed as interval t-norm Sfuzzy
interior ideal iff
CrACR C A
Note that every interval t-norm fuzzy two-sided ideal is an interval t-norm fuzzy

interior ideal. A counter example of the converse is as under:
Let R ={0,1,r,s,t}. Then R be a hemiring w.r.t the operations given below:

+ (0|1 |r|s|t Oj1|r|s|t
0O [0|1|r|s|t 0010|100/ 0
1 |1|s|1|r|1 1101 |r|s|t
rlr|l|{r|s|r and r|O0|r|r|r|t
s |s|r|s|l]s s|0|s|r|1]t
t |t|1]|r|s|t t|0|t|t|t]|O0

A is defined as:
A(0) = [0.8,0.9], A(1) = [0.3,0.4], \(r) = [0.6,0.7], A\(s) = [0.5,0.6], A(t) = [0.4,0.5].
Corresponding to the t-norm
_J phgitpvg=1
pTq = { 0 otherwise.
Interval t-norm A is defined as: for any £, # € D[0, 1],
o AT ATVl v =1
bAT= { [0,0] otherwise.

Routine calculations shows that A is an interior ideal(interval t-norm fuzzy), how-
ever neither left nor right interval t-norm fuzzy ideal of R as:

[0.3,0.4] = A(1) = A(ss) # A(s) = [0.5,0.6] and [0.4,0.5] = A(t) = A(ts) # A(s) = [0.5,0.6].
7
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6. INTERVAL t-NORM FUZZY QUASI IDEALS

Definition 6.1. A fuzzy subset A(interval valued) is called an interval t-norm fuzzy
quasi iAdeal, if V u,v € R,A

(1) Alu +v) > Alu) & AMuw),

(ii) ((XC*R) A (CRX)) (1) < A (u).

Let R = {0, , 8},be a hemiring w.r.t the operations below:
0 0 B

| @@
s}

o|lolo|o

SEIEIEE

0 0
0 0
0 B

L[|

0
o
g

| L

\ is defined as:
M0) = [1,1], A(a) = [0.6,0.9], \(8) = [0.4,0.7].
Corresponding to the t-norm

T(p,q) = pq.
Interval t-norm A is defined as

t A= [th!, t4rY], for all £,7 € DI0,1].
Lemma 6.2. Let p # A C R is a quasi ideal iff C4 is an interval t-norm fuzzy

quast ideal.

Proof.A Suppose A is a guasi—ideal of R.
If Ca(r) =10,0] or Ca(s) =10,0], then

C’A(T +s) > [0,0]

= Ca(r)A[0,0]
= Ca(r) A Ca(s).
If for r,s € A, Ca(r) = [1,1] and Ca(s) = [1,1], then 7 + s € A and
Calr+s) = [1,1]
= [1,1]A[1,1]
= Ca(r) A Ca(s)

Now let r € A. Then
((CaCr) & (CrCa)) () < [1,1] = Calr).
If r ¢ A, then Ca(r) = [0,0]. On the other way, if
((€aCr) & (CnCa)) () = 11,11,

(CaCr) )=\ {AICH(s0) A& Crts), CH(s0) & CH(E)]} = [1,1]

8
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and
(CrCa) )=\ A&MICR(s:) & CH k), Chis:) A CE (1]} = [1.1)
r=y.1_, sit;
Thus there exist u;, v;, w;, z; € R with r = Y0 wjv; = Y i wiz; s. t.
Ca(w) = [1,1],Ca(z) = [1,1],
Sou;,z € A. Hencer = >0 wv; = > wiz; € ARNRA C A. Which contradicts
that r ¢ A. Therefore, we have
((C’AOR) A (éRC'A)) - C’A.

Conversely, consider C4 is an interval t-norm fuzzy quasi ideal. Let r,s € A.
Then

CA(’I") = CA(S) = [1, 1].
Since
Ca(r+s) > Ca(r)ACa(s)
— LAY
= [1’1]7

r+se A
Now let r € ARN RA. Then there exist u;,v; € R and w;, z; € A, such that

n n
r = Zwiui = Zvizi.
i=1 i=1
Thus we have

(CaCr) ) =V {AICI () A CRla). Ch(p) A CHa)]}
r=3_1_1 Pigi

{405 (w) & O (), CF (we) & O (wi)])

(1,1] A [1,1].

So (C4CR)(r) = [1,1]. Similarly, (C’RC'A) (r) = [1,1]. This implies that
((C*ACR) A (OROA)) (r) = [L1] A[L,1) =[1,1].
Since Cy4 is an interval ¢-norm fuzzy quasi-ideal,

Ca(r) > ((CACR) AN (C'RC'A)) (r) = [1,1].

%

This implies that C4(r) = [1,1]. Hence r € A. Therefore ARN RA C A. O
Lemma 6.3. A fuzzy subset X(mterval valued) is interval t-norm fuzzy quasi ideal
iff

(1) A+ ACA,

@ () & (nd)) €
Proof. The proof is obvious. O



Sanaa et al./Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

Proposition 6.4. Every interval t-norm fuzzy left ideal is interval t-norm fuzzy
quasi ideal.

Proof. Let A be interval ¢-norm fuzzy left ideal. Then A+ A C A Cg\ C A Thus
((S\C”R> A (CRS\>) C CrAC A O

A counter example for the converse is as under:

Consider R = {0, a, f} w.r.t the following addition (4) and multiplication (-):
+10|a|p -0 ]lal|p
010 ]|alp 01000
alalalf al0]0|0
B1BIBIB Bl1OJ0 |8

)\ is defined as:
A(0) = [0.2,0.8], A(e) = [0.6,0.9], A\(8) = [0.4,0.7].
Corresponding to the t-norm

T(p,q)=(p+qg—1)VO0.
Interval t-norm A is defined as
tAF=[{t"+rt=1)vO0,(t“ +r*—1) V0] V¢ e D[01].

Routine calculations shows that \ is an interval ¢t-norm fuzzy quasi ideal, however
it is neither a left nor a right interval t-norm fuzzy of R as:

0.2,0.8] = A(0) = A(a0) # (@) = [0.6,0.9]

and
0.2,0.8] = A(0) = A(0a) # A(a) = [0.6,0.9].

Proposition 6.5. FEvery interval t-norm fuzzy quasi ideal is interval t-norm fuzzy
bi ideal.

Proof. Let A be an interval ¢-norm fuzzy quasi-ideal and r € R. If v # Y1 | sit;,
then A2(r) = [0,0] < A(r). Otherwise, since X is a quasi-ideal,
A%(r)
= (AN)(r)
=V AN () AAT (), AT (1) A AT (8:)]}
T=317o Siti
Z\/ {27 (s0), AT (s3)] & A7 (#2), AT (8)]}
rT= :7'=1 Siti
= ZV {A(AGs:)) & ()]}
r=220 siti

= VAN A L) A M) A L]}

=31 sty
=V Anl(As0 A Crt) & (As) 5 Cr(t) 1}
A {Ai (}(si) A C‘R(ti))}

r=317_1 siti

A
Vo {ai(Aes) 2 Cat) }

r=XT, sits

IN
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() & (eni)) o

2 C ). So A is an interval ¢-norm fuzzy subhemiring.
Let A be an interval ¢t-norm fuzzy quasi ideal and r € R. If r # ZZ 1 Yi%i, then
0

IN
0T

—

=

(XARX) (r)

= Vo ANIACR) (yi) & Mz}
=3 " | Yiz; i

-V Ai{ V [Ajd(pj)AéR(qj)}M(z»}]
r=Y00 YiZi L Yi=>_7L 1 Pjdy

-V Ai{ v [Ajijmu,u}A[[mmx(m}}]
r=Xii vz | Yi=3_711Pjd;
:z\iy yl_z;mq] A [A (Ap )Au,u}A[[LuAMzi)m

V [A{ )AL A 1] AN ]

=00 YiZi Y=oy Pidy

V [ {A 11]&[11&)\21}}}

=X (X pigs) 2
- (Zv [ {0 ann}]
Ar:Z:;l(z\{ ) [AJ{U 1]AA(,ZZ)H
:T:ZL(% [J{ Enlare)]
A v [AJ {é (quJ)AA(Zi)H

( 11’qu)

IN

7. INTERVAL {-NORM GENERALIZED FUZZY BI IDEALS

Definition 7.1. An interval ¢-norm fuzzy subset A is called an interval t-norm
generalized fuzzy bi ideal, if V r;s € R

Mrws) > Ar) AXs), YV weR.

Remark 7.2. Note that every interval t-norm fuzzy bi ideal is an interval t-norm
generalized fuzzy bi ideal, however following example shows that converse is not
true.

11
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Consider R = {0, a, 3,7} w.r.t the operations:

+10|a|pB|y Olal|fB |y
0|0 |a|B|y 0(0[{0|0]O
alalal|pB|ly and all|lalal|«a
B1B|B|B|Y BlO0lala|a
Yyl |B Y|0jajaa

\ is defined as:
A0) = [0.4,0.5], A(@) = [0.5,0.6], A(3) = [0.4,0.7], \(v) = [0.3,0.7].
Corresponding to the t-norm

T(z,y) = zy.
Interval t-norm A is defined as

tAF = [t tvrv] Vi, 7 € D0, 1].

Routine calculations shows that A is an interval t-norm generalized fuzzy bi ideal,
however it is not an interval t-norm fuzzy bi ideal as:

[0.4,0.5] = A(0) # A(a) = [0.5,0.6].
The following is an immediate result of Theorem 2.13 in [13].

Lemma 7.3. ¢ # A C R is a generalized bi ideal iff C4 is interval t-norm Sfuzzy
generalized bi ideal.

The following is an immediate result of Lemma 2.12 in [13].

Lemma 7.4. Azz iAntAerval Avalued fuzzy subset \ is an interval t-norm fuzzy general-
ized bi ideal iff CRACRr C .

8. CONCLUSION

In present discussion we gave a concept of Interval t-norm fuzzy interior ideal,
Interval ¢t-norm fuzzy bi ideal and generalized bi ideal, Interval t-norm fuzzy quasi
ideal of hemirings w.r.t interval valued characteristic functions and discuss some
properties and suitable counter examples of them.
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