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1. INTRODUCTION

T'he notion of fuzzy subset of a set was introduced by Zadeh[22]. Rosenfeld
[18] applied this concept to the theory of groups and groupoids. Since then, so
many have been applied these ideas to various algebraic structures. Swamy and
Swamy studied Fuzzy Prime ideals of rings[21]. For further study see [3, 12, 14, 17].
Goguen [8linitiated a more abstract study of fuzzy sets by replacing the values set
[0,1], by a complete lattice in an attempt to make a generalized study of fuzzy set
theory by studying L-fuzzy sets. Most of the authors considered fuzzy subsets by
taking values in a complete lattice. Fuzzy algebra is now a well developed part
of algebra. Partially ordered algebraic systems play an important role in algebra.
Especially [-groups, [-rings, Vector lattices, and f-rings are important concepts in
algebra [2, 4, 5, 6, 7, 9, 16]. we introduced L-fuzzy sub Il-groups and L-fuzzy l-ideals
in [19] and we introduced the concepts of L-fuzzy convex sub I-groups, L-fuzzy prime
convex sub [-groups and L-fuzzy maximal convex sub I-groups in[20].

A study of prime spectrum or the topological space obtained by introducing
Zariski topology, on the set of prime I-ideals of a commutative [-group with strong
order unit, plays an important role in the field of commutative algebra, algebraic
geometry and lattice theory. In the last few years a considerable amount of work
has been done on fuzzy ideals in general and prime fuzzy ideals. Also a considerable
amount of work has been done on L-fuzzy prime spectrum on prime ideals of a
commutative ring with unity [10, 11, 13, 15, 23]. Now, it is natural to attempt
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to introduce a topology on the set of L-fuzzy prime convex sub [-groups of an I-
group. In this paper, G is a lattice ordered group (not necessarily abelian) and
LSpec(G) = X be the set of all L-fuzzy prime convex sub I-groups of G. The space
LSpec(G) = X has many interesting properties. The topological space Spec(G) is
the spectrum of (non fuzzy) prime convex l-subgroups of G. we prove that X (x,),
x € G, a € L is a basis of X. When L is regular, we show that (i)X(x,) = &, then
x =0 and (ii) For any a € L — {0}, X(0,) = @. Also, we characterize X in terms
of X(z,) as, X(z,) = X where x € GT if and only if z is a strong order unit in
G and a is not contained in any prime element in L. If a is contained in a prime
element in L, the above result is not true as in example. Throughout this paper
X, ={N€ X | ImA = {1,a}}, where a € L — {1} is prime. We show that X, is
compact, when G has a strong order unit e and X, is homeomorphic to Spec(G).
We have a characterization of X, as ,X, is 77 if and only if every element of X,
is a L-fuzzy maximal convex sub Il-group of G. Also, we prove that as a subset
the space Spec(G) is a dense subspace of LSpec(G) = X. We prove that whenever
l-groups G and G’ are homomorphic, LSpec(G) and LSpec(G’) are homeomorphic.
If f: G — G is a homomorphism of I-groups, then LSpec(G’) is homeomorphic to
the subspace of LSpec(G) consisting of L-fuzzy prime convex Il-groups, which are
constant on Kerf. Also, we prove that LSpec(G) is Tp and X is compact if and
only if G has a strong order unit. But, the compactness of LSpec(G) is depends on
the space I(L) set of all irreducible elements of L.

Throughout this paper, let G # 0 be an [-group and L stands for a nontrivial
complete lattice in which the infinite meet distributive law, aA(Vsegs) = Vses(aAs)
for any S C L and a € L holds. Throughout the paper we consider meet irreducible
elements of L only.

2. PRELIMINARIES

Definition 2.1 ([5]). A lattice ordered group is a system G = (G, +, <), where

(i) (G,+) is a group,

(i) (G, <) is a lattice and

(iii) the inclusion is invariant under all translations x — a+z +bie, z <y =
at+zrz+b<a+y+b, forallabecdG.

Definition 2.2 ([5]). If a is an element of I-group G, then a V (—a) is called the
absolute value of a and is denoted by |a|. Any element a of an I-group G can be
written asa =aV0+aA0,ie., a=a" +a", where a™ is called positive part of a
and a~ is called negative part of a.

Theorem 2.3 ([5]). In any l-group G, for all a € G, (i) |a] > 0, moreover |a| > 0
unless a =0, (i) a* A (—at) =0, (i) |a| =at —a™.

Theorem 2.4 ([2]). If G is an l-group and M € C(G), then the following are
equivalent :
(1)If A,B € C(G) and M 2 ANB, then M 2 A or M 2 B.
(2)If A,BeC(G), ADM and BD M, then ANB D M.
(8)If a,b e Gt — M, thenaNbe Gt — M.
(4)If a,b € Gt — M, then a Ab > 0.
2
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(5)The lattice of right cosets of M is totally ordered.
(6){C € C(G) | C 2 M} is chain.
(7)M s the intersection of a chain of regular convex l-subgroups.

Definition 2.5 ([2]). A convex [-subgroup that satisfies any one of the conditions
of above theorem will be called prime.

Lemma 2.6 ([7]). If G is a l-group and g € G, then (9) = {f € G| |f| < nlg|,n €
Zt}.

Corollary 2.7 ([7]). If G is a l-group and f,g € G, then (f Ag) = (f) A (g) and
(Fvg)=(fHvig)

Corollary 2.8 ([7]). Let g € G. Then, (|g]) = (g).

Definition 2.9 ([7]). Let e € G be called a strong unit if for any a € G, |a| < nle|,
for some n € Z*. Clearly (e) = G.

Definition 2.10 ([17]). An L-Fuzzy subset A of X is a mapping from X into L,
where L is a complete lattice satisfying the infinite meet distributive law. If L is
the unit interval [0,1] of real numbers, there are the usual fuzzy subsets of X. A
L-fuzzy subset A : G — L is said to be a nonempty, if it is not the constant map
which assumes the values 0 of L.

Definition 2.11 ([17]). Let A : X — L be a L-fuzzy sub set of X. Then the set
{A(z) | x € X} is called the image of A and is denoted by A(x) or Im(A). The set
{z |z € X, \(x) > 0} is called the support of A and is denoted by Supp(A). The set
Xa={zeX | Az)=X0)}. Fort € L, \y = {x € X | M) >t} is called a t-cut or
t-level set of .

Definition 2.12 ([17]). Let A, u be two L-fuzzy subsets of X. If A(z) < p(z) for
all x € X, then we say that A is contained in p and we write A C p. Define AU p
and A N p are L-fuzzy subsets of X by for all z € X, (AU u)(x) = A(z) V p(z),
(AN u)(x) = A(x) Ap(x). Then AU p and ANy are called the union and intersection
of A\ and pu, respectively.

Definition 2.13 ([17]). Let f be a mapping from X into Y, and let A\ and p be
L-fuzzy subsets of X and Y respectively. The L-fuzzy subsets f()\) of Y and f~!(p)
of X, defined by

s = { RO IrE X = B 7o

Where y € Y, and f~(u)(x) = u(f(z)), for all z € X, are called the image of A
under f and the pre-image of p under f, respectively.

Definition 2.14 ([17]). A L-fuzzy subset A of X is said to have sup property if, for
any subset A of X, there exists ag € A such that A(ag) = VaecaA(a).

Definition 2.15 ([17]). Let f be any function from a set X to a set Y, and let
A be any L-fuzzy subset of X. Then X is called f-invariant if f(z) = f(y) implies
Az) = AMy), where x,y € X.

3
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Definition 2.16 ([17]). Let X be nonempty set. Let Y C X and a € Y. We define,
a L-fuzzy set ay is defined as follows :

{a ifxeY

(@) =10 ifrex_v.

In particular, if Y is a singleton, say, {y}, then a, is called as L-fuzzy point.

Definition 2.17 ([19]). A L-fuzzy subset A of an I-group (G, +,V,A) is said to be
a L-fuzzy sub [-group of G, if
(1) X is a L-fuzzy subgroup of (G, +), i.e,
1) Mz +y) > Az) AM(y), for all x,y € G and ii) A(—z) = A(z), for all z € G,
(2) X is a L-fuzzy sublattice of (G, V, A), i.e,
i) Az Vy) > Az) AMy), and ii) Mz Ay) > A(z) A A(y), for all z,y € G.

Theorem 2.18 ([19]). If A is a L-fuzzy sub l-group of G, then
i) M(0) > A(z), for all x € G,
i) AMat) > XNz),M(z7) > Mx) and X(|z|) > A(z), for all x € G.

Definition 2.19 ([20]). A L-fuzzy sub [-group A of G is said to be a L-fuzzy convex
sub l-group of G if z,a € G, 0 <z < a = Ax) > Aa) (Convezxity condition)

Definition 2.20 ([20]). Let A be a L-fuzzy convex sub l-group of G. Then, A is
called a L-fuzzy maximal convex sub l-group of G, if A is a maximal element in the
set of all non constant L-fuzzy convex sub [-groups of G under point wise partial
ordering.

Theorem 2.21 ([20]). Let A be a L-fuzzy subset of an l-group G. Then X is a L-
fuzzy mazimal convex sub l-group of G if and only if there exist, a mazximal convex
l-subgroup M of G and maximal element « in L such that

|1, ifzxeM
Az) { «, otherwise.

Definition 2.22 ([20]). A non constant L-fuzzy convex sub l-group of an I-group
G is called L-fuzzy prime convex sub [-group if and only if for any L-fuzzy convex
sub l-groups p and v, uNv C XA = either y C Aor v C A

Lemma 2.23 ([20]). If X is a L-fuzzy prime convex sub l-group of G, then A\(0) = 1.

Theorem 2.24 ([20]). Let A be a L-fuzzy subset of G. Then, X is a L-fuzzy prime
convex sub l-group of G if and only if there exists a pair (P,«), where P is a prime
convez l-subgroup and « is an irreducible element of L, such that

)\(x){ 1, ifxeP

«, otherwise,

Corollary 2.25 ([20]). Each L-fuzzy mazimal convex sub l-group is L-fuzzy prime
convex sub l-group.

Definition 2.26 ([19]). A L-fuzzy subgroup A of a I-group G is said to be a L-fuzzy
l-ideal of G if i) Mz +y) = Ay +z) for all z,y € G and ii) z,a € G, |z| < |a|] =
Az) > Ma).

4
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3. THE SPECTRUM OF G

Prime spectrum of an [-ring is studied in [9] by Keimel. The Prime spectrum
concerning the prime [-ideals of an abelian lattice ordered group is studied in [1, 7].
In this section, following the notion of a prime convex [-subgroup of an [-group
presented by Conrad in [2], and we study, the spectrum of a lattice ordered group G
(not necessarily abelian) as the set of all prime convex l-subgroups of G which is a
larger space than the Spec(G) considered earlier by Bigard, Keimel and Wolfenstein
[1] and the spectrum of an abelian I-group presented in [7]. Now, we prove the
following results in [-groups, which are useful in the further study of this paper.

Lemma 3.1. Let G be an l-group with strong order unit e. Then, the following
hold.

(i) If H is a convex l-subgroup of G containing e, then H = G.

(ii) Every proper convex l-subgroup is contained in a mazimal convex l-subgroup.

(#ii) If A C G such that A is not contained in any prime convex l-subgroup of G,
then (A) = G, where (A) is a convex l-subgroup generated by A.

Proof. (i) Let H be a convex l-subgroup of G containing e. Let g € G. Since e is a
strong order unit, there exists n € Z% such that ne > g™ > 0. Since, H is convex
I-subgroup of G, g* € H. Similarly, we have g~ € H. Thus g = gt — ¢~ € H. So
G C H. Hence G = H.

(ii) Let I be a proper convex l-subgroup of G. By (i), e € I, so I # G. Write
F = {J | J is a proper convex l-subgroup of G,e & J, I C J}. Clearly, I € F.
Then F # @. Clearly, F is a poset under set inclusion. Let {J, | a € A} be a
chain in F. Put J = Ugendn. By(i), e & Jo,a € A. Thus e &€ J. Clearly, J is a
convex [-subgroup of G. So J € F, i.e, J, C J, for all @« € A. Hence J is an upper
bound of {J, | @« € A} in F. Thus every chain in F has an upper bound in F.
By Zorn’s lemma, F contains a maximal element-M say. Clearly, M is a maximal
convex [-subgroup of G. Therefore every proper convex [-subgroup is contained in
a maximal convex [-subgroup.

(iii) Let A C G such that A is not contained in any prime convex [-subgroup of G.
Suppose, (A) # G. By(ii), (A) is contained in a maximal convex [-subgroup M of
G. We know that every maximal convex [-subgroup is prime. Thus A C (A) C M,
which is contradiction to our assumption. So (4) = G. O

Theorem 3.2. Let G be an l-group and x € GT. Then the following are equivalent

(i) x is a strong order unit.
(i) = is not in any proper convex l-subgroup of G.
(#i) x is not in any prime convex l-subgroup of G.

Proof. (1)=-(ii) and (ii)=-(iii) are clear.

(iii)=-(i) Assume that z is not in any prime convex l-subgroup of G. Suppose z
is not a strong order unit. Then there exists y € G such that nz % y, for alln € ZT.
Thus nz # |y|, for all n € Z*, since |y| > y. Let H = (z)={z | |2| < n|z| = nz, for
some n € ZT} be the convex I-subgroup generated by x. Clearly, y € H. So, H # G.
Write F={K | K is a convex l-subgroup of G, H C K,y ¢ K}. Clearly, H € F. So,
F # @. Clearly, F is a poset under set inclusion. Let {K,}aea be a chain in F.

)
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Put K = Ugen K, . Clearly, K is a convex [-subgroup of G and y ¢ K. Therefore,
K € F. Clearly, K is an upper bound of {K,}aea in F. Thus every chain in F
has an upper bound in F. By Zorn’s lemma, F contains a maximal element, say M.
Now, we prove that M is a value of y. Let N be a convex [-subgroup of G such that
M C N and y ¢ N. Then, H C M C N, so that N € F and thus, M = N, since
M is a maximal element in F. So M is a value of y, i.e, M is regular and hence,
M is prime. Clearly, x € H C M, a contradiction to x is not in any prime convex
l-subgroup of G. Hence x is a strong unit. O

Let G be a lattice ordered group (not necessarily abelian). The spectrum of G,
denoted by Spec(G) is the set of all prime convex [-subgroups of G. If A C G, let
S(A) = {P € Spec(G) | A € P} and H(A) = Spec(G) — S(A) = {P € Spec(G) |
A C P}. We write for g € G, S(9) = S{g}) = {P € Spec(G) | g ¢ P} and
H(g) = H({g}) = {P € Spec(G) | g € P} respectively.

Theorem 3.3. Let A,BCG.
(i) If A C B, then H(B) C H(A) and S(A) C S(B).
(ii) HHA)UH(B) C H(AN B).

Theorem 3.4. If A and B are convex l-subgroups of G, then H(A) U H(B) =
H(ANB).

Theorem 3.5. Let A C G and (A) be a convex l-subgroup generated by A. Then,
H(A) = H((4)) and S(A) = S((A)).
|

Theorem 3.6. Let T = {S(A) | A C G}. Then the pair (Spec(G),T) is a topolog-
ical space.

Theorem 3.7. {S(a) | a € G} is a base for T.

Proof. Let S(A) € 7 and let P € S(A). Then A ¢ P. Thus there exists a € A
such that a € P. So P € S(a). Now, we prove that S(a) C S(A). Since a € A, i.e,
{a} C A, we have S(a) C S(A4). Thus S(a) C S(A4). So P € S(a) C S(A). Hence
{S(a) | a € G} is a base for 7. O

Theorem 3.8. Ifa,b € G, then,
(i) S(aVb) = S(a)US(D),
(i1) S(a Ab) = S(a) N S(b).

Theorem 3.9. To each a € G, S(a) is compact.

Proof. Let {S(a;)}ica be an open cover for S(a). Then S(a) C UieaS(a;)
S(Uiea{ai}). Thus H(a) 2 H(Uica{as}), ie, Npen@)P S Noen(uicala:))
ie, {a) C (Uiea{a;}). So there exists 41,42, -, in € A such that |a| < |a;, ]|
lai,| + -+ + |a;,|. Hence (a) C ({ai,,aiy, -+ ,0a;,}) and thus H(a) = H({(a))
H({({ai,,aiy, - ,ai, 1)) = H{ai,, a5y, yai,}) = ﬂ?:lH(aij). Therefore, S(a)
Uj_15(ai;). Therefore S(a) is compact.

)

OnNiu+ <L

Theorem 3.10. Let e be a strong order unit in G. Then, S(e) = Spec(G).

Theorem 3.11. Spec(G) is compact if and only if G has a strong order unit.
6
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Proof. Assume that Spec(G) is compact. Then Spec(G) C UgegS(a). Let a € G.
We know that a = a* — (—a)*. Now, S(a) C S(at) U S((—a)™) (since, P ¢
Sa™)uS((—a)T)=at € P,(—a)tT e P=a=a" - (—a)t € P= P ¢ S(a)). So,
Spec(G) = Ugeq+S(a). Since Spec(G) is compact, there exists a1,az, -+ ,a, € GT
such that Spec(G) = U1S(a;) = S(a1 Vaga V---Va,)=5(b), where b=1a3 Vaz V
-++Va, € GT. Suppose b is not a strong order unit. So, there exists an element
a € G such that nb # a for all positive integers n. Then a & (b). So, there exists a
value P of a such that (b) C P. Thus P is prime. So, P € Spec(G) and P ¢ S(b)
(since, b € (b) C P), a contradiction. Hence b is a strong order unit. Converse is
clear. 0

4. TOPOLOGICAL SPACE LSpec(G)

In this section, we introduce a topology on the set of all L-fuzzy prime convex
sub [-groups of a lattice ordered group G (not necessarily abelian) i.e, L-fuzzy prime
spectrum of a [-group G (not necessarily abelian) as set of L-fuzzy prime convex sub
l-groups of G. Let G be an [-group and 0 : G — L be any L-fuzzy subset of G. Let
X ={\| \is a L-fuzzy prime convex sub [-group of G};

V(O)={re X |0C\}; X(0) =X —V(0), the complement of V(6) in X.

Theorem 4.1. Let A\: G — L and p: G — L be two L-fuzzy subsets.
(i) I AC i, then V(u) € V(A) and X(\) C X (1),
(ii) V(i) UV () € V(N A).

Theorem 4.2. If u and X are L-fuzzy convex sub l-groups of G, then V (u)UV (N\) =
V(pNnA).

Corollary 4.3. V(xa)UV(xB) = V(xanp), where A and B are convex l-subgroups
of G.

Theorem 4.4. Let A\ : G — L be a L-fuzzy subset and (\) be a smallest L-fuzzy sub
l-group generated by A. Then, V() = V((\)) and X () = X((\)).

Corollary 4.5. V(z,) = V({(z,)) and X(xq) = X((z4)), for any L-fuzzy point x,
of G.

Theorem 4.6. If {)\; | i € I} is a family of L-fuzzy subsets of G, then V(U{\; | i €
I} =nV{X\|iel}).

Theorem 4.7. Let 7 = {X(0) | 0 is any L-fuzzy subset of G}. Then the pair (X, 1)
is a topological space.

Definition 4.8. The topological space (X, 7), is called L-fuzzy prime spectrum of
l-group G and is denoted by LSpec(G) or X.

5. BASE OF LSpec(G)

Theorem 5.1. Let a,b € L—{0} and z,y € GT. Then X (2,)NX (yp) = X ((xAy).),
where ¢ = a A b.

Proof. X(z4) N X (yp) = X({xa) N {(yp)) = X({(z Ay).)), where c =a A D. O

Theorem 5.2. {X(z,) |z € G,a € L—{0}} is a basis for 7.
7
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Proof. Let X () € 7 and A € X(p). Then, p € A. Then pu(x) £ A(x), for some
x € G. Let p(x) = a. Clearly, a # 0 and a £ A(z), i.e, z,(z) £ Az), ie
g £ A. Thus A € X(z,). Now, we prove that X (z,) C X (). Then v € V(u) =
wCv=pu) <vie)=a<vE) = zr) <ve) = x, <v=ve V(i)
Thus V(u) C V(z,). S00 X(z4) € X(p). Hence A € X(x,) € X(u). Therefore
{X(z,) | x € G,a € L —{0}} is a basis for 3. O

Lemma 5.3. X(z,) C X(z}) U X (x), where x~ = (—x) V0 = (—z)".

Proof. Suppose A & X (z7)UX (x;) Then A € X (z}) and A € X (x, ). Thus 2} C X
and z; C X\. Soa < A(z') and a < A(x7). Hence a < ANz — (7)) = Az ) and
thus x, < A, i.e., A € X(x,). Therefore X (z,) C X((z7)a) UX((z7)a)- O

So, we have X = UzeaX(24) C Uzea(X((21)e) U X((27)a)) = Uzear X (74).
We can easily observe that {X(z,) | x € GT,a € L — {0}} is a basic open cover of
X.

Theorem 5.4. Ifa € L — {0} such that X (z,) = X, then
(i) no prime convez l-subgroup of G contains x and
(i) a is not prime.

Proof. (i) Let a € L—{0}. Suppose X (z,) = X. Since X # @, X contains a L-fuzzy
prime convex sub l-group, say v. G, = {z € G | v(xz) = v(0) = 1} is a prime convex
l-subgroup of G and there exist a prime element b € L such that

|1, iftyeq,
v(y) = { b, otherwise,

Let P be a prime convex [-subgroup of G. Define A : G — L by,

|1, ifyeP
My) = { b, otherwise,

Then A € X = X(z,). Thus z, £ A, i.e, a £ A(z) =b. So x ¢ P (Otherwise, z € P,
and hence A(z) = 1, so that a < 1 = A(x), which is a contradiction to a € A(z)).
Hence z is not a member of any prime convex [-subgroup of G.

(ii) Suppose that a is a prime. Let I be any prime convex [-subgroup of G. Define
u: G — L by,

1, ifyel
ny) = { a, otherwise,

p is a L-fuzzy prime convex sub [-group of G, i.e, p € X. Clearly, x, < p i.e,
ué X(x,). Then X(z,) # X, a contradiction. Thus a is not a prime. O

Theorem 5.5. Suppose that L is regular.
(1) If for some a € L — {0} and x € G, X(z,) = &, then z = 0.
(ii)For any a € L — {0}, X(0,) = @.

Proof. (i) Let a € L — {0} be such that X (z,) = &. Suppose = # 0. x has a value
M (say) in G. Then M is a prime convex [-subgroup of G. Since L is regular, 0 is a
prime element in L. Thus xas € X. Since X (z,) = &, xm € X (24), i€, T < XM
So a < xar(x). Since a # 0, xar(z) must be equal to 1, i.e, 2 € M, a contradiction.
Hence z = 0.

8
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(ii) Let a € L — {0}. Let A € X. Clearly, 0, < A, i.e, A € V(0,), i.e, A & X(04).
Thus X(0,) = @. O

Theorem 5.6. Let a € L — {0} and x € G*. Then X (z,) = X if and only if x is
a strong order unit in G and a is not contained in any prime element in L.

Proof. Assume that X(z,) = X. Then x, € u, for all p € X, i.e, a £ p(z), for all
uw € X, ie, a £ b, for all prime element b in L. Thus z is not a member of every
prime convex [-subgroup of G. So, x ¢ U{P | P is a prime convex [-subgroup of G}.
Hence x is a strong order unit.

Conversely, assume that x is a strong order unit and a is not contained in any
prime element in L. Clearly, X(z,) C X. Let u € X. Then there exists a prime
element b in L such that G, is prime convex [-subgroup of G and

|1, ifyeG,
m(y) { b, otherwise,

Now, we have to prove that pu € X(z,), i.e, o € p, i.e, a £ p(x), i.e, a £ b, which
is true. Thus p € X (z,). So X C X(x,). Hence X = X (z,). O

If a is contained in a prime element in L, the above theorem does not hold. We
have, the following example.

Example 5.7. Let L = [0,1]. Let G = C(X) be the set of all bounded continuous
real valued functions on X, where X is a Hausdroff space. If all the operations
defined pointwise i.e, for f,g € C(X) and for each z € X, (f + g)(z) = f(z) +
9(2), (FVa)(x) = F(z)Vg(a), (FAg)(x) = F(x)Ag(x), then C(X) becomes an L group.
Clearly, the function f(z) =1 (z € X) is a strong unit in G. Fix € X. Clearly,
M, = {f € G| f(z) = 0} is a prime convex l-subgroup of G. Let a = 1 € (0,1).
Clearly, every element b with a < b < 1 is prime in L = [0, 1]. Define, p € LSpec(G)
as follows :
1, ifge M,
w(9) { %, otherwise,

and

ORI

otherwise,
Clearly, f, C p. Then p & X(f,). Thus X(f,) # X.

6. SUBSPACE X, OF X

Throughout this paper, X, = {A € X | ImA = {1,a}}, where a € L — {1} is
prime. If a is not prime, then X, becomes empty.

Lemma 6.1. Let a € L be prime. If b < a, then X(xp) N X, = @.

Proof. Let b € L such that b < a. Suppose X (z5) N X, # &. Let A € X(ap) N X,

ie, A € X(xp) and X € X, ie, 2, € X and X € X,, ie, b £ A(z) and X € X, ie,

b £ a (otherwise A(z) =1, and thus b < 1 = A(x) a contradiction), a contradiction.

Then X (xp) N X, = @. O
9
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Lemma 6.2. Let a,b € L — {0} and a <b. Then,

(1) X(zq) C X ().

(11) V(zp) C V(zg).
Proof. (i)Let A € X(z,). Suppose A &€ X (xp). Then zp, C A, ie., b < A(z). Thus
a<b< Ax),ie,a<A(z). Soxe <A ie, A& X(z,). Hence X (z,) C X (xp).

(i) V(zp) = X — X(zp) € X — X(z4) = V(24a) O

Lemma 6.3. Suppose a is prime and b € a. Ifb < ¢, then X (xp)NX, = X (z:)NX,.

Proof. Let b < ¢. Then X(zp) C X(x.), ie, X(zp) N Xy C X(z.) N X, Let
A€ X(z.)NX,. Then A € X, and ¢ £ A(z). Thus A(z) = a (otherwise A(z) =1 > ¢,
a contradiction). If A & X (), then b < A(z) = a, a contradiction to b £ a. So
A€ X(xp) N X,. Hence X(z.) N X, C X(xp) N X,. Therefore X () N X, =
X(20) N Xa. O

Theorem 6.4. Let G be an l-group with a strong order unit e. Then, X, is compact.

Proof. (i) {X(zp) N X, | x € G,b € L —{0},b € a} is a basis for the subspace
Xa. Let {X((x:)p,) N Xo | @i € G,b; £ a,i € A} be a basic open cover of X,. Let
K={b|icA}and c=V{b; | b; € K}. For any i € A, b; < c. Then X((x;)p,) C
X((z1)e). Thus X, = Urea(X((2:)5,) N Xa) € Uiea X ((2)6,) C Usea (X (z:).e).

(ii) {x; | ¢ € A} is not contained in any prime convex [-subgroup of G. Let P be
any prime convex [-subgroup of G. Define p: G — L by

1, ifyeP
u(y)Z{a y

, otherwise.

Then p € X,. Thus p € UjeaX((x;)c). So there exists j € A such that p €
X((:)e), i€, (xj)e € p, 1€, ¢ £ p(x;). Hence pu(z;) # 1 (otherwise ¢ < 1, which is
a contradiction) and thus x; ¢ P. Therefore {x; | i € A} is not contained in any
prime convex [-subgroup of G. Hence ({z; | i € A}) = G. Since e is a strong order
unit in G,

(6.4.1) le] <) |, | for some iy, ig,-- i,
k=1
(if) Xo C Up_, X ((21,)o)-

Assume that this is not true. Then there exists A € X, such that A € Up_; X (24, )e),
ie, () CA forallk=1,2,---,n,ie, ¢ < A(z;,), for all k =1,2,--- ,n. Thus
Ae) > Ap_iA(z4,) > c. Now, we have to show that A(z;, ) =1, forallk =1,2,--- | n.
Suppose A(x;,) # 1. Since e is a strong order unit, there exists n € Z* such that
ne > |z;,|. So A(x;;) > A(e) (since A is a convex) > c. Since A € x4, A(x;,) = a.
Which is a contradiction to b; £ a, for all i € A. Hence A(z;,) = 1. Similarly, we
can show that A(x;, ) =1, for all k =1,2,--- ;n. Then z;, € G\ (k=1,2,---,n).
Thus > |z;, | € Gx. From (6.4.1), e € Gx. So Gy = G. Hence A is constant. Which

k=1
is a contradiction to A € X,. Therefore

(6.4.2) Xo CUR_ X ((24,)e)-
From (6.4.1) and (6.4.2), X, = Up_;(za) N X (x5 )e). S0 {X((zi)e,) | k

1,2,--- ,n} is a finite subcover of X,. Hence X, is compact.
10
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Theorem 6.5. For all u € X, V(u) = The closure of i in X = {u}.

Proof. Since V(p) is a closed set in X and p € V(p), {u} € V(). Let o & {u}.
Then o € mc. Since me is open, there exists X (z,) such that o € X (z,) C {,u}c.
Thus p & X(z,), ie, p € V(z,), ie, g < p. If ¢ € V(u), ie, p < o, then
zq C p C o, and thus o € X(x,), a contradiction to ¢ € X(z,). So o & V(u).
Hence V(u) C {u}. Therefore V(i) = {u}. O

Theorem 6.6. Lel F' be a subset of X and let F denote the closure of F. Then
F CV(xum), where M = NxepGx and hence FF C V(xn).-

Proof. Clearly, xpr(x) =1 if and only if A(z) = 1, for all A € F. Now, if u € F, then
Xm C p,ie, p € V(xam). Thus F C V(xam). So V(xar) is a closed set containing
F. Hence F C V(xu)- O

Now, the following example shows that V(xas) € F need not hold.
Example 6.7. Let G = Z x Z be an Il-group with ordering (z1,y1) < (22,y2) <

x1 < Za,y1 < yo. We can easily observe that Iy = Z x {0}, I = {0} x Z are the only
prime convex [-subgroups of G. Let L = {0,a,b,1}, where 1 > a > 0,1 > b > 0 and

a || b be the lattice. Define 0,15, ,1¢,, 77, from G to L as follows :

) ={ o e
hien = { 5 e
nt, (%, y) :{ clz i)ft}(li’rgv)isee.lz
R T

Clearly, above L-fuzzy subsets are L-fuzzy prime convex [-subgroups of G. Then
X = {ng,.nj, - n,.np,}- Take F = {nf, ,ng,}. Now Gya NGpe =ILNI={(0,0)} =
M, say. Now V(xn) = X. Take (2,3) € G. Then X((2,3),) = X —V((2,3)a) =
{n}, ,n}.}. Thus X((2,3)a) is a basic open set and 1} € X((2,3),). On the other
hand X ((2,3)a) N (F —{n},}) = @. Thus X((2,3),) is a neighborhood of 7} not
containing any point of F' other than 77?2' So 7)9’2 is not a limit point of F'. Hence

Theorem 6.8. If u € X,, then {u} is closed in X, if and only if p is L-fuzzy
mazimal conver sub l-group of G in X,. In other words, X, is Ty if and only if
every element of X, is a L-fuzzy maximal convex sub l-group of G.

Proof. Let € X,. Assume that {u} is closed in X,. Then V(u)NX, = {u}NX, =
{u} N X, = {u}. Now, we prove that p is a L-fuzzy maximal convex sub [-group in
X,. Let A € X, such that g < A. Then clearly, A € V(u) N X, = {u}. Thus XA = p.
So p is a maximal element of X,,.
Conversely, assume that p is a L-fuzzy maximal convex sub I-group of G in X,,.
Then the convex I-subgroup G, = {z € G | u(x) = 1} is maximal. Now, we have to
11
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show that V(u) N X, = {u}. Clearly, {u} CV(u) N X,. Let 0 € V(u) N X,. Then
u C o and G, € G,. Thus G, = G, since G, is a maximal convex [-subgroup of
G. So p = o, since Imp = Imo = {1,a}. Hence V(p) N X, = {pu}, i.e, {u} is a
closed subset of X,. O

Theorem 6.9. If a € L — {0} is prime, then corresponding to every prime convex
l-subgroup P of G, there exists a A\ € X, such that P = Gy, vise verse. (i.e, if
A € X,, then Gy € Spec(G)).

Proof. Let a € L — {0} be prime. Let P be a prime convex [-subgroup of G. Then
there exists a L-fuzzy prime convex sub [-group A with ImA = {a,1}. Thus A € X,
with G, = P. Converse is clear. O

Theorem 6.10. X, = {\ € X | ImA = {1,a}} is homeomorphic to Spec(QG).

Proof. Define ¢ : X, — Spec(G) as ¢(\) = G.

(i) ¢ is one-one.
Let A\, € X, be such that ¢(X) = o(p), i.e, Gx = G, ie, A(z) = p(z), for all
x € G (since ImA = Imy). Then A = p. Thus, ¢ is one-one.

(ii) ¢ is onto.
Let P be any prime convex [-subgroup of G, i.e, P € Spec(G). Consider the L-fuzzy
convex sub [-group of G defined by

(@) = 1, fzeP
mr) = a, otherwise.

Then pu € X,. Thus ¢(u) = P. So ¢ is onto.

(iii) ¢ continuous.
Now consider an open set S(A) = {P € Spec(G) | A € P} in Spec(G), where
A CG. We have 71 (S(A)) ={\ € X, | G\ € S(A)i.e, AL Gy} = Ugea{) € X, |
T & Gr} =UgeaX(21) (since s € Gy & 1L ANz) & 21 € A& X e X(x)) is open.
Then ¢ is continuous.

(iv) ¢ is open.
Let X, N X (xp) be basic open set in X,, where b £ a. Now ¢(X,NX(xp)) = {¢(N) |
A E XaﬂX(CCb)} = {G)\ | Ty L AN E Xa} = {G)\ | r & Gy, \E Xa} = S{Qﬁ} Then
¢ is open.
Therefore X, is homeomorphic to Spec(G). O

Theorem 6.11. Suppose that L is regular. Then, Spec(G) is a dense subspace of
X.

Proof. Let Y = {x1 | I € Spec(G)}. Clearly, I — xr : Spec(G) — Y is a bijection.
To prove that Y is dense in X, we have to prove every non empty open sub set of X
intersects Y. To prove this it is enough to prove that every non empty basic open
subset of X intersects Y. Let X (z})(where b € L — {0}) be a non empty basic open
sub set of X. Now, we have to prove that X (x,)NY # @. Let A € X (x3) i.e, zp € A,
ie, b L A(z), i.e, x € Gy. Define u: G — L by,

1, ifyeG
u(y)Z{O Oy

otherwise.
12
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Clearly, p = x¢, € Y. Now, we have to show that u € X(x,) NY. Since = ¢ Gy,
pw(xz) =0. Thus b £ 0 = p(z), i.e, xp € p, ie, p € X(xp). So p € X(x) NY. Hence
Spec(Q) is a dense subspace of X. O

7. COMPACTNESS OF LSpec(G)

Lemma 7.1. Let f be a homomorphism of G onto G', then f(xzg) = (f(x))gs, for
allz € G, and B € L — {0}.

Proof. We have ((25)(y) = Vies-s(ys(t) = { 0 e = (@),

Thus f(zg) = (f(z))s. .

Theorem 7.2. Let f be a homomorphism of G onto G', X = LSpec(G), X' =
LSpec(G"), X* = {u € X | p is f-invariant}. Define g : X' — X*, by g(') =
7Y W), '€ X' Then

(i) g is continuous.

(ii) g is open.

(i) g is injective.

(iv) g is homoeomorphic to the closed subset V(xkers). If f is an isomorphism
of G onto G', then g : X' — X defined by g(u') = f=1(u'), for all i/ € X', is a
homeomorphic.

Proof. (i) Let X (z5) N X™ be a basic open subset of X* (where § € L — {0}, z € G).
Then p' € g~ (X (xp) ﬂX*) Sgp) e X(ap)NX* < f7Hy) € X(zg) N X* &
70 € Xlap) and £30) € X0 0 g £ 1000 & o) £ 117 10

flag) LW < f(x)pg € 1 < i € X(f(z)p). Thus inverse image of every basic open
set of X™ is open in X’. So g is continuous.

(ii) Let X'(f(xg)) be any basic open set in X’. For x € G,8 € L — {0}, let
b € g (F(wa)- Then o = g(1') for some 1 € X'(7(z)

=>u ! andf ()s € W

f(w) = ( Hu')) aﬂdf 336 Z
( Y= and f(zg) €y (since, f is onto)
zp) ¢ f
= xg ¢ ft ) = p (since p is f — invariant)

=g L p
= U €< X(mﬂ)ﬂX*.
Thus g(X'(f(25))) C X (z5) C X*.
Now let € X(xg) N X*. Then p € X(z5) and p € X*
=23 ¢ pand pe X*
= x5 ¢ pu=f"1(f(n) (since p is f—invariant)
= fwp) € () = 1’ (say)
= p' e X'(f(x)s)-
On the other hand,

xp Lp=f""(f(w)=f""w)=g)), where ' = f(u).
= f(zp) & f(f71 (') = 1 (since f is onto, and p = g(1'))
= f(zg) £ 1 and p = g(u')
=i € X'(f(x)p) and p = g(p')
13
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S e g(X'(f(2)5).
So X(zg)NX* C g(X'(f(x)s)). Hence X(xg) N X* = g(X'(f(x)s)). Therefore g is
open.

(iii) Let u/, N € X’ such that g(u') = g(\). Then g(u') = g(\) = f~1(y) =
YY) = f(FY W) = f(f7H(N)) = /= N. Thus g is injective.

(iv) Let p € V(Xkerf). Then Xierr € p and p € X. Since Xierr € p, p is
f-invariant. Thus g € X*. Now, we prove that g(X’) = V(xgerf). For this, we
have to show that p = g(A), for some A € X'. Put A = f(u). Clearly A € X'.
Now, g(A) = g(f(u)) = f~1(f(n)) = p (since f is onto). Then p € g(X’). Thus
V(Xkerf) € g(X’). Now, we prove the reverse inequality. Let ' € X’. Now, we
show that g(u') € V(Xkerf), i-€, Xkers C fH(W'). If & kerf, then it is clear. If
7 € kerf, then xpers(2) = 1 = f(F(0)) = w(F(2)) = F 1 (@) = (/= (W) ().
Thus Xgers € f7HW) = g(i'). So g(') C V(Xkers). Hence the reverse inequality
holds and thus g(X’) = V(Xkers). Therefore g is homeomorphic to the closed subset
V(Xkerf)' [

Theorem 7.3. Let f be an homomorphism of G onto G'. If each L-fuzzy prime
conver sub l-group of G is constant on kerf i.e, X* = X, then X' is homeomorphic
to X.

Theorem 7.4. Let L be such that for all a € L — {0}, there existsb € L,a <b < 1,
such that b is prime. Let A C G x (L — {1}) be such that X = Uy, 1,)eaX ((%i)¢,)-
Then, Vt; = 1.

Proof. Let Vt; = a. Suppose a < 1. By hypothesis, there exists a prime element
b € L such that a < b < 1. Let P be a prime convex [-subgroup of G. Define

uw:G — L, by
1, ifzeP
plr) = { b, otherwise, .
Then p € X. Thus g € X((x;),) (for some (z;,t;) € A), i.e, ((x;);) € p, e,
ti € p(z;). So p(x;) # 1. Hence p(z;) = b # t;. But p(z;) =b>a > t;. Which is a
contradiction. Therefore a = 1. d

Corollary 7.5. Let L be a chain.Let A = G x (L — {1}) be such that X =
U(wi,ti)eAX((xi)ti)' Then Vt; = 1.

Theorem 7.6. The space X is Tj.

Proof. Let \,u € X, A # p. Then p € XA or A Z p. Suppose p € A. Then A € X ()
and p ¢ X () and X (p) is open. Thus X is Tp. O

Let I(L) be the set of all irreducible elements of L. If « € L, then 7 = {W(a) |
a € L} is the hull kernel topology on I(L), Where W (o) = {8 € I(L) | a« £ 5}

Theorem 7.7. Let G be an l-group with a strong order unit. Then, LSpec(G) is
homeomorphic with the product space Spec(G) x I(L)

Theorem 7.8. Let G be an l-group with a strong order unit. Then, the space
LSpec(G) is compact < Spec(G) x I(L) is compact in the product topology < both
Spec(G) and I(L) are compact.

14
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Now, we note that, if we choose a lattice L such that I(L) is not compact, then
LSpec(G) is not compact. For example if we take L = [0,1], then I(L) = [0,1)
is not compact. For, U32,[0,1 — ) = [0,1) and {[0,1 — £)}22, is an open cover
of [0,1). Suppose [0, 1) is compact in this topology there exists nq,ng,- -+, ng such
that [0,1) = UF_,[0,1 — -1). Without loss of generality, we can assume that n; <

2
Ny < -+ < Ny So,;% > ;% > > i% ie, 1 — 5? < 1—-;% <o < 1——5%. So,
[0,1) = [0,1 — n%) Choose z such that 1 — rle <z < 1. Clearly, z € [0,1) and
z € [0,1— an)’ a contradiction. So, [0,1) is not compact. If we choose an I-group
G with a strong order unit e (hence Spec(G) is compact) and if we choose L such
that I(L) is not compact, then LSpec(G) is not compact. So, the compactness of

LSpec(G) depends on the space I(L) also.

Theorem 7.9. LSpec(G) is a Ti-space if and only if every prime convex l-subgroup
of G is mazximal and every irreducible element of L is dual atom.

Theorem 7.10. Let Y C X. Define F(Y) = Nueyp. Then F(Y) is a L-fuzzy
convex sub l-group of G.

Theorem 7.11. For allY C X, V(F(Y)) =Y, the closure of Y in X.

Proof. Clearly, V(F(Y)) is a closed set such that V(F(Y)) = V(Nueyp) 2 Y. Let
V(u) be a closed subset of X contains Y. Then pu C 7, for all n € V(i) and thus
pCnforallneY. Thus u C Nyeyn = F(Y). So V() 2 V(F(Y)). So V(F(Y))
is the smallest closed set contains Y. Hence V(F(Y)) =Y. O

Theorem 7.12. LetY be a closed subset of X such that F(Y') is nonconstant. Then
Y is irreducible if and only if F(Y) is an L-fuzzy prime convex sub l-group of G.

Proof. Clearly, V(F(Y)) =Y =Y (since, Y is closed). Assume that Y is irreducible.
Let A and v be a L-fuzzy convex sub l-groups of G such that ANv C F(Y), i.e,
ANv Cpuforall peY,ie toeach p €Y, either A\C porv C p,ie toeach p ey,
either y € V() or p € V(v). Wehave YNV A) ={neY | ATy}, YNV(v)={ne
Y|vCn}. Then Y = (Y NV(AN)) U (Y NV(v)), by our assumption ¥ =Y NV (})
orY =YNV(). ThusY CV(AN)orY CV(v),ie, A\C F(Y)orv CF(Y). So
F(Y) is a L-fuzzy prime convex sub [-group of G.

Conversely, assume that F(Y') is an L-fuzzy prime convex sub l-group of G. Let
A and B be closed subsets of Y such that Y = AU B. Since Y is closed in X, A and
B are closed in X. We have V(F(A)) = A=A, V(F(B))=B=Band V(F(Y)) =
Y =Y. Then F(Y) = Myeyn = NMpeauvnn = (Nyean) N (Myepn) = F(A) N F(B).
Thus F(A) C F(Y) or F(B) C F(Y), ie, F(A) = F(Y) or F(B) = F(Y), i.e,
A=Y or B=Y. SoY is irreducible. O
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