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ABSTRACT. In this paper, we have focused on Fully Fuzzy Multi-choice
Multi-Objective Linear Programming (FFMMOLP) problem in which all
the coefficients and decision variables are trapezoidal fuzzy numbers and all
the constraints are fuzzy equality or inequality. A new similarity measure
is introduced for trapezoidal fuzzy numbers. Using this similarity measure
together with magnitude of trapezoidal fuzzy numbers, a new method for
solving FFMMOLP problem is proposed. If Decision Maker (DM) fixes the
degree of similarity measure between the two side trapezoidal fuzzy num-
bers in each constraint, then the fuzzy Pareto-optimal solution of FFM-
MOLP problem is obtained. In the end, proposed method is illustrated
through a numerical example.
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1. INTRODUCTION

In real world, DM does not know precisely the exact value of decision parameters.
One of the foremost approaches to treat such situations is fuzzy linear programming
based on the concept of fuzzy set theory proposed by Zadeh [35]. In recent years,
many researchers have investigated multi-objective linear programming under fuzzy
environment [7, 13, 15, 24, 30, 30].
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In last few decades, several researchers have shifted their focus to Fully Fuzzy
Linear Programming (FFLP) problem as it is easily correlated with the real world
problems. Various methods have been proposed in the literature to solve FFLP prob-

lem. Lotfi et al. [27] approximated the parameters of FFLP problem to the nearest
symmetric triangular fuzzy numbers and found the fuzzy optimal approximate so-
lution. Amit et al. [18] applied ranking function method to convert fuzzy objective

of FFLP problem into crisp one and obtained the fuzzy optimal solution of FFLP
problem. Kumar and Singh [20] found the fuzzy optimal solution of FFLP problem
by converting the FFLP problem into crisp linear programming problem by using
ranking function. Khan et al. [22] provided a modified version of simplex method for
FFLP problem. Ezzati et al. [14] applied a new lexicographical ordering of triangu-
lar fuzzy numbers and converted the FFLP problem into crisp multi-objective linear
programming problem in order to find the exact optimal solution of FFLP problem.
Kaur and Kumar [23] introduced Mehar’s method and applied it to a FFLP problem
using L-R fuzzy numbers as parameters. Nasseri et al. [31] proposed a new method
for solving FFLP problem by using the concept of memership function. Recently,
Cheng et al. [11] solved the FFLP problem through compromise programming and
applied the similarity measure on the tolerance level of each constraint. The concept
of similarity measure between fuzzy numbers was first introduced by Zwick et al.
[37] in 1987. In the literature, several methods based on the concept of geomet-
ric distance, grade mean integration, norm, Center of Gravity (COG), height and
perimeter of fuzzy numbers for finding the similarity measure of two fuzzy numbers
have been investigated by many researchers.[, 8, 11, 16, 17, 25, 34]

When a problem has multiple objectives, a multi-criteria approach is more suit-
able by which the decision making can be more precisely captured into an opti-
mization model. Despite the flexibility offered by fuzzy optimization models in
the real world problems, to make fuzzy optimization models more realistic recently
many researchers have incorporated multi-choice in the fuzzy optimization models
as availability of resources, technological coefficients and coefficients of objective
functions changes drastically due to some fractious and inevitable circumstances
[2, 4, 5,9, 12, 26, 29, 33]. Biswal and Acharya [4] solved the linear programming
problem where the resources could take maximum of eight crisp choices. In 2011,
Biswal and Acharya [5] took & number of crisp choices in the resources and combine
them using interpolating polynomial.

Cheng et al. [10] solved the Fuzzy Multi-Objective Linear Programming (FMOLP)
problem using deviation degree of fuzzy number and obtained the d-Pareto optimal
solution. In this paper, we introduce FFMMOLP problem, in which decision pa-
rameters and decision variables are trapezoidal fuzzy numbers and resources, tech-
nological coefficients and coefficients of objective functions are multi-choice. Using
a proposed similarity measure, FFMMOLP problem is transformed into the Crisp
Non-Linear Programming (CNLP) problem and fuzzy Pareto-optimal solution of
FFMMOLP problem is obtained. The paper is structured as follows: in Section 2,
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some basic definitions and arithmetic operations of trapezoidal fuzzy numbers are
presented; in Section 3, a review of existing similarity measure is given and a new
similarity measure of two trapezoidal fuzzy numbers is defined; formulation of FFM-
MOLP problem and a new algorithm for solving this problem is given in Section 4;
Section 5 presents a numerical illustration and the paper concludes in Section 6.

2. PRELIMINARIES

In this section, some basic definitions and arithmetic operations of trapezoidal
fuzzy numbers related to fuzzy set theory are reviewed.
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Definition 2.1 ([3]). A fuzzy number A = (a1, as, as, as) is said to be a Trapezoidal
Fuzzy Number (TrFN) if its membership function is given by

r — ap
, a1 S x S az,
a2 — ay
17 az < < as,
MA(J;) = ay — X
, as S T S Gy,
a4 — asg
0, otherwise.

TrFN(R) denotes the set of all trapezoidal fuzzy numbers.

Definition 2.2 ([3]). Let A be a fuzzy set in X and a € (0,1]. The a-cut of the
fuzzy set A is the crisp set given by

Ay ={z€ X :pzx)>al.

If A= (a1,az2,a3,a4) is a TrFN then a-cut of A is given by A, = [Ga,a,] for all
0 < o <1, where @, = a1 + (a3 — a1)a and a, = ag — (a4 — a3)a.

Definition 2.3 ([19]). A TtFN A = (a1,a9,as,a4) is said to be a non-negative

TrFN if and only if a; > 0.
TrFN(R)™ denotes the set of all non-negative trapezoidal fuzzy numbers.

Definition 2.4 ([19]). Two trapezoidal fuzzy numbers A = (a1, as, a3, as) and B =
(b1, ba, b, by) are said to be equal if and only if a; = b1, as = by, az = bs and ay = by.

Definition 2.5 ([21]). The arithmetic operations on two trapezoidal fuzzy numbers
A = (a1, az2,as,a4) and B = (by, ba, bs, by) are given by
(i) A® B = (a1,a2,a3,a4) & (b1, ba,bs,bs) = (a1 + by, az + by, az + bs, as + by)
(i) A© B = (a1,az,a3,a4) © (b1,b2,b3,bs) = (a1 — by, az — bz, a3 — by, aq — by)
(iii) The multiplication of two trapezoidal fuzzy numbers is defined as

A® B = (a17a27a37a4) ® (b17b27b37b4) = (61702703704)

where C1 = min(albl, a1b4, a4b1, a4b4), Cy = min(agbg, a2b3, a3b2, a3b3),
C3 = max(agbg, ngbg7 (13[)2, a3b3) and Cq = max(albl, alb4, CL4b17 a4b4).
(iv) The scalar multiplication of TrFN is defined as
\A = (Aa1, Aag, Aas, Aag), A >0,
| (Mg, Aas, Aag, Aay), A< 0.

Definition 2.6 ([1]). Let A = (ay,as,as,as) be a TrFN then the magnitude of A

is given by

2

where f(a) is a non-negative and increasing function on [0, 1] with f(0) =0, f(1) =1
1 1
and [ f(a)da = 3.

_ 1 /1
Mag(A) = = / (ag + Ga + a2 + a3) f(a)da,
0

In this paper we use f(a) = o which gives Mag(A) =
4

ai1+5as+5az+tay
12 .
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Definition 2.7 (U) Let A and B are two trapezoidal fuzzy numbers then the
ranking of A and B is defined by magnitude over TrFN as follows
(1) Mag(A) > Mag(B ) iff A B.

(i) Mag(A) < Mag(B ) iff A< B.
(iii) Mag(A) = Mag(B) iff A =~ B.

Remark 2.1. Mag(A + B) = Mag(A) + Mag(B).

Remark 2.2. Mag(kA) = k Mag(A) for all k € R, where R is the set of real numbers

3. SIMILARITY MEASURE

In this section, firstly we have reviewed the existing similarity measures between
fuzzy numbers. Then, we have defined the new similarity measure between two
trapezoidal fuzzy numbers.

Let A = (a1,a2,as,aq) and B = (b1, b2,b3,bs) be two trapezoidal fuzzy numbers.
Chen and Lin [6] proposed the degree of similarity between two trapezoidal fuzzy
numbers based on the concept of geometric distance as follows

B z (la; — bi)
A B)=1-
S(4, B) = y

Lee [25] defined the similarity measure between two trapezoidal fuzzy numbers
using the metric as follows:

AR,
s(A,B) =
o
L 4
where ||[A—Blj;, = (> (la; —b;])? > , U is universe of discourse and ||U| =
=1
max(U) — min(U).

Hsieh and Chen |

] proposed a similarity measure between two trapezoidal num-
bers with the help of grade mean integration representation as follows

s(AB)=— 1
1+d(4, B)
where d(A, B) = |P(A) — P(B)|, P(A) =

aitastaztas 54 P(B) — bi+bo+bstby
6 6

Chen and Chen [8] used the COG of trapezoidal fuzzy number and introduced
the similarity measure between two trapezoidal numbers as follows

o Z(|az_ bil)
s(A,B)=|1—-=

S55+55 min(y%, ¥
—_— 1—WA—IQ{Asz ‘4if?%£
4 max(y%, y5)
Q% 19 ifa #as . o
Where y*A~ _ (114 ay .f ; x*A — yA(ad+a2)+(;4+al)(1 yA)7
55 if a1 = a4
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{SA;SB-‘ = 0 when {%—‘ = 0 and {%—‘ = 1 when 0 < {%—‘ <1,
S~:a4fa1andSB:b4fbl.

Wei and Chen [34] proposed a similarity measure between two trapezoidal fuzzy
numbers based on the perimeters of trapezoidal numbers as follows:

gum )
4

min(P(A), P(B)) + 1
max(P(A), P(B)) + 1

s(A,B) = |1 -

where P(A) = /(a1 — a2)? + 1++/(az — a4)? + 1+ (a3 —as)+(as—ay) and P(B) =
V(b1 —02)2 + 1+ /(b3 — bs)2 + 1+ (bg — b2) + (bs — b1).

Hejazi et. al [16] proposed a similarity measure based on the geometric distance,
the perimeter of two fuzzy numbers and the area of the two fuzzy numbers as follows:

; (la; — bi)
4

min(A(4), A(B))

, 1
max(A(4), A(B))

1

s(A,B)= |1- DB
max(P(4), P(B))

min(P(A), P(B)) +
+

where P(A) = /(a1 —a2)? + 1+ /(az — as)2 + 1 + (a3 — a2) + (a1 — a1),
P(B) = /(b1 —b2)? + 1+ /(bs — bs)?> + 1 + (b3 — b2) + (bs — b1),

A(A) = (samtztos—a) oy g(B) = (Bombotbazb)

Chen and Lin [6], Chen and Chen [8], Wei and Chen [34] and Hejazi et. al [10]
methods can calculate the similarity measure of those trapezoidal fuzzy numbers
in which a;,b; € [0,1] for all i = 1,2,3,4. Therefore, all of the above similarity
measures cannot be applied on the FFMMOLP problem as the components of TrFNs
which are used in the FFMOLP problem are coming from the real line i.e. a;,b; €
R. Hence, we present a new method to determine the similarity measure between
two trapezoidal fuzzy numbers using the magnitude of the fuzzy number as the
magnitude synthetically reflects the information on every membership degree. The
weighting function (i.e.: f(r)) in the magnitude of the fuzzy numbers provide liberty
to DM for deciding the amount of influence on the different factors which determine
similarity measure of two fuzzy numbers. The similarity measure between the two
trapezoidal fuzzy numbers is defined as follows:

Definition 3.1. Let A = (a1, ay,as3,a4) and B = (bl,bgj bs, bs) be two trapezoidal
fuzzy numbers. The similarity measure between A and B is defined by
1

1+ | Mag(A) — Mag(B)|’

where Mag(A) = @t80adbastas ang Mag(B) = %

s(A,B) =

Properties of similarity measure. Let A = (ay,as, as, ay) and B= (b1, b2, b3,b4)
be two trapezoidal fuzzy numbers.

Property 3.1. 0 < s(A,B) < 1.
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Proof. Clearly, | Mag(zzl) — Mag(B)| >0

= 1+ |Mag(A) — Mag(B)| > 1
1
= 1> - — >0
1+ | Mag(A) — Mag(B)|

= 0<s(4,B)<1. O

Property 3.2. s(A, B) = s(B, A).

—_

1

Proof. s(A,B) = = — = = — = 5(B, A)
1+ | Mag(A) — Mag(B)| 1+ | Mag(B) — Mag(A)|
O
Property 3.3. If A= B then s(A,B) = 1.
Proof. Let A=B=a; = b; ¥ i=1,2,3,4=Mag(A)=Mag(B)=s(A, B)=1. O

4. FULLY FUZZY MULTI-CHOICE MULTI-OBJECTIVE LINEAR PROGRAMMING
PROBLEM

FFLP problem can be substantially improved by incorporating multiple choices
in the resources, technological coefficients and coefficients of the objective functions
in order to provide more flexibility in decision making. FFMMOLP problem is the
generalization of all the fuzzy linear programming problems. FFMMOLP problem
is formulated as follows:

(Pl) max ZI(X) = Z[(Eljl or 51]’2 ... Or éljtgl)) ® i‘j]
=1 '

n

max Z(X) = Z[(ékﬂ OF Crjz ... OF &) @ T
J

Jj=1
subject to
n
E [(dijl or &»L'jQ ... or dijs;i)) ®If]] j bil or big ... Oor bikm 7 = 1,27 coe,Ma,
=1 ’
n
E [(&ijl or dijg ... Oor dijs(_i,)) & 53]] > bj1 or bjs... or bikia
=1 ’ :
t=m1+1,m;+2,...,mo,
n
E [(diﬂ or &ijQ ... or dijs<_i)) & If]] =~ b1 or byy... or bikm
° J
Jj=1 .
t=mo+1,mge+2,...,m,

z; € IFN(R)T, j=1,2,...,n,

where X = []ux1, Gqje. ijs, bia € TIFN(R) for all t=1,2,... .t s=1,2,...,s{",
d=1,2,...,k;,q=1,2,....k, j=1,2,....,n,and t =1,2,...,m.

Let F(X) = {X : X satisfies all the constraints of (P1)} be the set of all the
fuzzy feasible solutions of (P1).

7
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Mohanaselvi and Ganesan [28] introduced the complete fuzzy optimal solution
for fully fuzzy multi-objective linear programming problem. The complete fuzzy
optimal solution and fuzzy Pareto-optimal solution for (P1) are defined as follows:

Definition 4.1. A feasible solution X’ € F(X) is sald to be complete fuzzy

optimal solution of (P1) if there does not exist any X € F(X) such that
Mag(Z,(X)) > Mag(Z,(X')) forallg=1,2,...,k
A complete optimal solution does not always exist since the objective functions
conflict with each other. It is very difficult to maximize all the multiple objec-
tive functions simultaneously, thus fuzzy Pareto-optimal solution provide the better
compromise solution. Hence, fuzzy Pareto-optimal solution for (P1) is defined as
follows:

Definition 4.2. A feasible solution X’ € F()N(N) is said to be fuzzy Pareto-optimal
solution of (P1) if there does not exist any X € F(X) such that
Mag(Zq(X)) > Mag(Zq(X’)) forallg=1,2,...,k
and

Mag(Z,(X)) > Mag(Z,(X')) for at least one w = 1,2, ..., k.

Combining all the multi-choices by fuzzy Lagrange interpolating polynomial given
by Qian and Hou [32] and converting all the fuzzy inequality constraints into the
fuzzy equality constraints by adding fuzzy slack and subtracting fuzzy surplus vari-
ables in the fuzzy less than and fuzzy greater than inequality constraints respectively,
we get the following problem equivalent to (P1).

Let us denote (X, S,zi,ug»Q),v](-i)) by Y.

(P2) maxZ,(Y) = Xn: Raj(ul™)

max Z,(Y) = Y Ry (")
j=1

subject to

n

ZQ”(U;”)@glgpz(Zi), i:1,2,...,m1,

j=1
ZQij(U]('i))@&%]si(zi), i=mi1+1,m +2,...,mg,
j=1

ZQ”(U;Z))%E(ZZ), i=mo+1ma+2,...,m,
j=1

2z2=0,1,...,(k; — 1), i=1,2,...,m,
Wl =0,1,...,(t0 ~1), j=1,2,....n ¢=12... k
LV, =12 =12, ,m,
%;,5, e IFN(R)", p=1,...,ma, j=1,2,...,n,

8
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where

S = [Sp]m2><1, gp - (sp133p275p373p4)a b= ]-727 cee, M2,
Pi(z) = (Pi(2:), Pa(2), Pis(2:), Puu(z:)), i=1,2,...,m,

Qz‘j (vj@) = (Qijl(vj(‘i))7 Qz‘j2(vj(~i))7 QijS(v§i))a Qij4(U§i))), J=L2...n,

Raj (ul?) = (Ryja (ul?), Ryja(ul?), Ryjs(ul?), Rgja(ul™)), j=1,2,...,n,

q - 17 27 * ) kj?
are the fuzzy Lagrange interpolating polynomials.
Pir(zi) = bi1r bior
(1) —)® Dk —1)! R N TR

Zi(Zi—1>(Zi—3> S (Zi_ki+1)
(—1)==3)(k — 3)12!
zi(zi—1)(2;—2) ... (z; — k;+2)
(k—1)!

bisr +......

+

bik;r, Vr=1,2,3,4 and

_|_

i=1,2,...,m.

. @ =D -2 @ s 1)
QijT('U' ) = © - Ajj1r
J (=)D (s — 1) ’
+ UJ('Z) (UJ('Z) ~2) "(Uj(‘l) — 851) +1) v
(—1)" =2 (s 91 !
VD@ 1) = 3) . @ s 1y
+ GRS T PR
(1)t 3 (55 — 3)121
ne (vj(-l) — 1)(1)](-2) -2)... (vj(-l) - ng) +2) ,
+ (2) ai'e(i)r
(s;7 = 1) 785
where (a0, @l @y @llipg) = Gy @ &5, ¥ r = 1,2,3,4, 0 = 1,2,...,s"

i=12...,nand i =1,2,...,m,

(q) (9) (9) (a)
Ry (ul?) = (u;” = D)(u;” = 2) .. (uy” —t; +1)c/‘
qir\%j (_1)(t§q)71)(t§q) . 1)' qjlr
(—1)E" D (D —9)1
9

/
qu2r

+
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ugq)(u;q) . 1)(u54) ~3).. ( (@) t(Q) +1)

. < o A
(_1)(t§~q>_3) (tEQ) —3)!2! aty "3
+ uf? (W = D —2). (@ — 67 4 2) < @
(1~ 1) i
where (¢} ;,1Cojaras Cyjarss Cojara) = Cojar @ Tj, Vr = 1,2,3,4, ' = 1,2,...,t§-q),

j=12...,n,and ¢q=1,2,...,k
4.1. Procedure to find the fuzzy Pareto-optimal solution of (P1).

In this subsection, we introduce a new algorithm to find the fuzzy Pareto-optimal
solution of (P1). The steps of the proposed algorithm are given as follows:

Step 1: Convert (P2) into the Crisp Multi-Objective Non-Linear Programming (CMONLP)
problem by applying the similarity measure (Definition 3.1) on the constraints and
magnitude (Definition 2.6) on the objective functions. Then (P2) can be written as:

(P3) max[Mag(Z,(Y))] = Mag (Z le(u§_1>)>

max [Mag(Z(Y))] = Mag (Z Rkj(ug-k)))
j=1
subject to

s ZQij(U§i))@§ivpi(zi):| 20, i=1,2,...,m,

Jj=1
S ZQ”(UJ(”) S) 51,-’51(2@)} 2 (51'7 1= mi + 1,m1 + 2, ey Ma,

Lj=1

S ZQlj(Uj(z)),pl(Zz):l Z (51', i:m2+1,m2+2,...,m,
Lj=1

5=0,1...,(ki—1), i=12,...,m

ugq—01 LY -1, j=120n =12,k

v =01, -1), j=1,2...,n i=12...,m,

1']17 (xJQ - x]l)v (xj3 ij)v (xj4 - x]fﬁ) Z 07 j = 1727’ - N,

Spla(SpQ_Spl)a(spS 31)2)’(31)4_31)3) Zov p= 172a'~-7m2

where §; is the allowed similarity measure of ith constraint which is provided by
DM.

Step 2: Find the membership function of the gth (¢ = 1,2,...,k) crisp objective
function of (P3) as follows:

Step 2(a): Find the ideal and anti-ideal values, which are the maximum and minimum
value of the gth (¢ =1,2,...,k) crisp objective function of (P3) obtained by solving
it individually with the constraints of (P3) respectively.

10
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Let Uy(d) and L4(d) be the ideal and anti-ideal optimal values of the gth (g
1,2,...,k) crisp objective function of (P3) respectively. It is assume that L,(9)

Uy(9), forall g =1,2,... k.

Step 2(b): Define the linear membership function corresponding to gth (¢ = 1,2, ...

crisp objective function of (P3) as follow:
(Mag(Z,(Y)) — Lq(9))

1q(Mag(Zy(Y))) = Uq(8) — Lg(6)
0, otherwise,

q=1,2,... k.

Step 3: Using goal programming (GP) technique, (P3) can be written as:
k
Min =) " d
q=1
subject to

pq(Mag(Z,(Y))) +d,; — d;’ =1, ¢q=12,...,k,

V2]

ZQU Z) ) @35, P, (z):|25i7 1=1,2,...,mq,

V2]

ZQU l) 6317 ( ):|Z(5L7 Z':"77’14_17’”’7*1—i_27"'7’n/7*2a

V2]

ZQU l) ZZ):l Zéiy i:m2+17m2+27"'7m7

i—OJPHAh—D7i:1JHWm7

dfd; =0, ¢=1,2,...,k
df,d; >0, ¢=1,2,...k,
i1, (Tj2 — 1), (T3 — Tj2), (wja —253) 20, j=1,2,....n,
Sp1, (Sp2 — Sp1), (Sps — Sp2)s (Spa — Sp3) >0, p=1,2,...,mq,

L1 Ly (8) < Mag(Z,(Y)) < U, (6),

p

)

k

)

where d; and dq+ are the negative and positive deviation of gth membership function

respectively.

Step 4: Solve (P4) by LINGO 14.0 and find the optimal solution.

The FFMMOLP problem (P1) is transformed into (P4) using the similarity mea-

sure and magnitude of TrFN. The main feature of (P4) is that the constraints and

11
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objective functions are crisp by introducing the magnitude of fuzzy number and
similarity measure 8§, = (81, d2,...,d,) where §; (i = 1,2,...,m) is the similarity
measure of ith constraint specified by DM. So (P4) is called §-parametric CNLP
problem. Now, we define the -feasible solution of (P4) as follows:

Definition 4.3. The (z;,, spr,zz,uyl), ]( ), d;z", dg)(6), (r=1,2,3,4,p=1,2,...,ma,
i=12....,n,qg=1,2,...k, i =1,2,...,m) is called a d-feasible solution of (P4)
within the similarity measure §, § = (51, (52 ... 0m) if it satisfies the constraints of
(P4).

Let X (9) denote the set of all §-feasible solutions of (P4).

Definition 4.4. The solution (z jr,szr,zz,ugq)*7 ()*,d'q“*,dq_*)(é) € X(0) is the
d-optimal solution of (P4) if

Zd— <Zd_ for all (2, spr, 20, ul” 08", d¥ d)(6) € X(8).

Remark 4.1. The optimal solution obtained in Step 4 is §-optimal solution of (P4).

Now, we are going to show that the J-optimal solution of (P4) gives the fuzzy
Pareto-optimal solution of (P1).

Theorem 4.1. Let (z},,s5,, 2 ,qu)*, j(l) LA, d ) (0) € X(9), (r=1,2,3,4,p=
L2, ,me, j=1,2,...n,¢=1,2,... .k, i= 1,2,...,m) be the §-optimal solution
of (P4) then X* = o ]nxl, where T3 = (271,59, T3, 254), (J = 1,2...n) will be the

fuzzy Pareto-optimal solutwn of (P1).

Proof. Let, if possible, X * be not fuzzy Pareto-optimal solution of (P1), then there
exist a feasible solution X° € F(X), where X° = [T5]nx1, T5 = (25, 759, 253, 734)
(j=1,2,...,n) of (P1) such that

Mag(Zq(X")) > Mag(Zq(X*)) forall g =1,2,...,k
(4.1) and
Mag(Z,(X°)) > Mag(Z,(X*)) for at least one w =1,2,...,k

Since (P2) is equivalent to (P1), therefore corresponding to the feasible solu-

tion X° of (P1), there exist S° = [8p]max1, where 37 = (sp,s7,50,57), 27 ul®°

P [
and v(l)o p=12344j=12,....n,qg=1,2,....k, i = 1,2,....,m) such that
(X'O,S'O,zf,ug‘”o ](.i)o), (G=12,...,n,q=1,2,...,k, i =1,2,...,m) become the
feasible solution of (P2).

Using Definition 3.1, it can be easily observe that (z3,,s7,,2,u gq)o, ‘ O)( ) (r=

1,2,3,4, = 1,2,....,n, p = 1,2)...;ma, ¢ = 1,2,... )k, i = 1,2,...,m) is the
feasible solution of (P3) corresponding to the feasible solution (X°,8°, 2 ,ugq)o7 ]( )o)
(Gj=12,....n,g=1,2,...,k,i=1,2,...,m) of (P2).
Denote( ]T,sw,zl,ugq)", vi°)(8) by Y°(d).
Now Y*°(4) is also feasible solution of all the single objective CNLP problems
corresponding to the gth crisp objective function of (P3). U,(d) and L4(J) are ideal
12
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and anti-ideal values of gth crisp objective function of (P3) respectively. Therefore,
we have

(4.2) Uqg(0) > Mag(Z,(Y®)(0)) = Lq(9)

Mag(Z,(Y°)(9)) = Lq(9))
(Uq(9) = Ly(9))
Then 1 > D¢ > 0 and using constraints of (P4), we can observe that there exist
di°=0and 0<d,° <1 (¢=1,2,...,k) such that
(X°, So,zo(é),ugq)o,vﬁi)o dF°,d;°)(0) is the feasible solution of (P4).

i g 1%
Also (x;fr,s;‘w,zf,u§q>*,v£q)*7d;‘*,dq_*)(é) is the feasible solution of all CNLP
problems corresponding to the gth crisp objective function of (P3).
Denote (x;fr,szr,zj,u§Q)*,v§i)*)(5) by Y*(4).
Hence

(4.3) Uy(6) > Mag(Z,(Y*)(5)) > Ly(6)

Let (

=Dgforallg=1,2,... k.

(x;’-T,sfp,Zf,u;q)o,vj(-i)o dr°,d=°)(d), (x5, 8%, zF u(Q)*,vj(-i)* dT*,d=*)(8) € X () both

»7q 0 g Jro opry “i0 W 17 0 Tq
are feasible solution of (P4).

From (4.1), (4.2) and (4.3) we get
U,(8) > Mag(Z,(Y°)(8)) > Mag(Z,(Y*)(6)) > L,(8) for all ¢ = 1,2, ...,k
and
Uy (0)>Mag(Z,(Y°)(0)) >Mag(Z,(Y*)()) > L, () for at least one w=1,2,...,k
(Mag(Z,(Y*)(9)) — Lq(9))
(Uq((s) - Lq((s))
Dy > Dy for all g =1,2,...,k
= and
D; > Dy for at least one w =1,2,...,k

Let k.

=Dy forallg=1,2,...

)

D —1>D;—1forallg=1,2,...,k
= and
Dy —1> D —1 for at least one w =1,2,...,k
Using the constraints of (P4), we get

o+ o— * *— _
dgt —dg~ > dyT —dy” forallg=1,2,...,k
and
ot —do7 > dit — di for at least one w =1,2,... k.

Since dot,dit =0 forall g =1,2,...,k.

dg~ <d;” forallg=1,2,...,k
(4.4) = and
do; < dy for at least one w =1,2,... k.

13
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k k
From (4.4) we get > dg~ <> d;™.
g=1 q=1
This is a contradiction as (x;fr,s;T,z;‘,ugq)*,vﬁ-z)*,d;*,d;*)(é) (r=1,2,3,4, j =
1,2,....,n,p=1,2,....,m9,q=1,2,...,k, i =1,2,...,m) is the optimal solution
of (P4).
Hence, X* = [T7]nx1, where T} = (27, ¥}, 23, 774) (j = 1,2,...,n) will be fuzzy

Pareto-optimal solution of (P1). O

5. EXAMPLE

In this section, the proposed method is illustrated through the following exam-
ple. The same example is solved with the help of Hiseh and Chen [17] and Lee[25]
similarity measure and comparison is made.

max Z1(X)=((5,6,7,8) or (4,5,7,8))®%15(4,5,6,7)@%2 & (1,2,3,4)® &3
max Zo(X)=(6,7,8,9) ® #1D((5,6,7,8) or (5,6,8,9)®@F2 @ (2,3,4,5)® i3
max Z3(X)=(3,4,6,7) @ £#16(2,3,4,5) ® Z2 & ((2,4,5,6) or (1,3,4,5))® &3
subject to ((2,4,5,6) or (2,5,6,7)) ® Z1 ® (2,3,4,5) @ T2 @ (1,2,3,4) ® T3
(5.1) =~ (8, 16,20, 28) or (9,17,21,28) or (8,17,20,29)
(=2,-1,1,2) ® 1 ® ((1,2,3,4) or (2,4,5,6)) ® 72 @ (1,2,3,5) ® &3
< (7,15,20,29) or (6,13,17,24) or (8, 16,20, 25)
(2,3,4,5) @ %1 @ (1,2,3,5) ® T2 & ((1,2,4,5) or (2,3,4,5)) @ &3
= (10,18, 22, 30) or (11,18,23,29) or (10,18, 21,29)

T1,T2,T3 € TI‘FN(R)+,

where X = [#;]3x1, 7 = 1,2,3.
Using Definition 2.5, fuzzy Lagrange interpolating polynomial and adding or sub-
tracting fuzzy slack or surplus variable to convert fuzzy inequality constraints into
equality constraints, the problem (5.1) becomes:
Let (X,S,\;, 8;) =Y.
max Z1(Y") =((581+4(1—61))x11+4x21 +231, (681 +5(1— 1)) 212+ 5222 + 2232,
(781+7(1—pB1))x13+6223+3w33, (861 +8(1—P1))x14+ 7224 +4T34)

max Z2(Y') = (6z11+ (582+5(1—B2))z21 +2231, Tz12+ (682 +6(1—B2))x22 + 3232,
8x13+(782+8(1—P2))wes +4x33, 914+ (862 +9(1—B2)) w24 +5234)

maxZg(Y’):(3111—4-29021+(263+1(1—B3))z31,4x12+3m22+(453+3(1—53))w32,
613 +4x23+ (583 +4(1—F3)) 233, 7214 +5224 + (665 +5(1—B3))w34)

subject to

((2A142(1—=X1))z11+2221 +231, (AA1+5(1—A1))z12+ 3222 + 2232,

(5A14+6(1—=A1))r13+4w23+3233, (6A1+7(1—A1))w14+5224 +4734)

o %(8,16,20,28)-@(9,17,21,28)+@(8,17,20,29))
(2z14+ (A2 +2(1—-X2))z21+231+511,—213+ (2A2+4(1—A2) )22 + 2232+ 512,
213+ (3A2+5(1—X2))x23+3x33+ 513, 2x14+ (AX2+6(1—A2))x24+ 5234+ 514)

o~ %(7,15,20,29)—@(6,13,17,24)+Z2(Z2i1)(8,16,20,25))
(2z11 421 +(A3+2(1—=A3))x31 — 524, 3x12+2722 + (2A3+3(1—A3) ) w32 — 523,
4dx13+3223+ (4A3+4(1—X3))x33 — 522, 514 +5224 + (5A3+5(1—A3))x34 —521)

o ((s(Ea2) (10,18, 22, 30) — 28(2572) (11, 18, 23, 20) + 22571 (10, 18, 21, 29)
2 =0,1,2 Vi=1,2,3, A1,A2,A3,081,082,83=0o0r1, &,&2,%3,51,52 € TIFN(R),

where S = [3,]ax1, (p=1,2 and 4,j = 1,2,3).
14
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Step 1: Using Definition 3.1 and Definition 2.6, (5.2) is converted into CMONLP
problem as follows:

c
max[Mag(Z,(Y"))] = 75
C
max[Mag(Z2(Y"))] = 72
C
max[Mag(Zs(Y"))] = 7
subject to
(5.3) 48 > A1 + Aro + Arz + A

48 > |B11 + B2 + Biz + Bid|
48 > |Cy1 + Cr2 + C13 + C14]
4 =0,1,2 Vi=123

A1, A2, Az, B1, B2, B3 =0 or 1,

Tj1,Tjo — Tj1,T53 — Tjo,Tja —x;3 >0 Vj=1,2,3,

Sply Sp2 — Spl,Sp3 — Sp2, Spd — Sp3 >0V b= 1727
where

Cl = (551 +4(17ﬂ1))$11 +4I21 +IL’31+(3061 +25(1751))1’12+25S€22+1O{Z}32
+(3551 +35(1 —ﬁl))x13+30$23+151’334‘(851 +8(1—51))$14+7£L’24+4(E34)

Cy = (6x11+(582+5(1—F2))x21 +2x31 +35212+ (3082 +30(1 — B2) ) z22 + 15232
+40I13+(35,82+40(1752))$23+20I33+9I14+(8ﬂ2+9(1762))I24+5I34)

Cs = (31142221 + (263 +(1—F3) ) 231 +20212+ 15299+ (2085 +15(1 — f3) )32
+30x13+20x23+(25834+20(1—F3) ) w33+ T2 14+ 5224+ (653 +5(1—53))x34)

A = (2, +2(1 =) w11 +2721 +231 — (21_1)2(21_2) 8+ 21(211_2) 9— 21(221_1) 8

Arg = (2001 +25(1— A1) 19+ 15290 + 10250 — G2 g0 4 21(G12) g5 21l gy

Az = (2501 +30(1= A1) 13+ 20203 + 15255 — G2 104 22212) 521Gl 4

Arg = (6M1+T(1 =) 214+ 50y +dargy — ETUE2) 98y 21G2) 95 2121l 99

Bll = —2x14+()\2+2(1—)\2))x21 +.’E31 +S811— (2271)2(2272) 7+ 22(21272) 6— ZZ(Z;?I) 8

Bia =513+ (10A+20(1— Ag))wag + 10239 + 519 — Z2lEx2) 75y 22 2) 65 22(22l) g

Bz = 513 + (15A2 + 25(1 — Ao))@ag + 15233 + 5s13 — 242210
zo(z0—2 zo(zo—1
+ 2l222gg 22710

15
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Biy = 2214 + (4Xa + 6(1 — Ao))aag + Sy + 514 — 2702209

z2(22—2 2o(zo—1
+ 2(f )24_ 2(; )25

Chi = 2x11 + @21 + (A3 + 2(1 — A3))az1 — 594 — E8=8=210

+ 23(2572) 11 _ 23(2571) 10

Cra = 15212 + 10299 + (10A3 + 15(1 — Ag))zz0 — sy — E2=1iz=2g)
(23-2) 25(23-1)
+ 2lz2gg _ 2l

Ciz = 20213 + 102093 + (20A3 + 20(1 — A3))az3 — Hsgy — =127
z3(23—2 z3(z3—1
225 sl gs
014 = 51’14 =+ 5.’E24 + (5)\3 + 5(]. — )\3))1’34 — 891 — WSO
z3(23—2) z3(z3—1)
+ 2299 _ 2zl g

Step 2: Define the linear membership function for the gth, (¢ = 1,2, 3) crisp objective
function of (5.3) as follows:

Step 2(a): The ideal and anti-ideal values of the ¢th (¢ = 1,2,3) crisp objective
function of (5.3) are listed below in Table 1.

TABLE 1.

Crisp objective function | Ideal value | Anti-ideal value
Mag(Z1(Y")) 35.42 14.5
Mag(Z2(Y")) 45.14 18.12
Mag(Zs(Y")) 39.42 15.42

Step 2(b): Linear membership function corresponding to gth (¢ = 1,2,3) crisp ob-
jective function of (5.3) is defined as follow:
(Mag(Z, (V")) — 14.5)
w1 (Mag(Z1(Y"))) = 35.42 — 14.5
0 otherwise,

if 14.5 < Mag(Z,(Y")) < 35.42,

(Mag(Z3(Y")) — 18.12)
p2(Mag(Z2(Y"))) = 41.67 — 18.12
0 otherwise,

if 18.12 < Mag(Z,(Y")) < 41.67,

(Mag(Z5(Y")) — 15.42)
uz(Mag(Z3(Y"))) = 40.48 — 15.42
0 otherwise.

16
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Step 3: By GP approach, (CMONLP) problem can be written as:
Min = di +dy +d3
subject to
pi(Mag(Z;(Y") + (d; —df)=1 Vi=1,2,3
48 > |Ay1 + Ara + Arz + A
48 > |B11 + Bia + Bi3 + Buy|
48 > |C11 + Cr2 + C13 + Oy
z;=0,1,2 Vi=1,2,3,
A1, A2, A3, B, B2, B3 = 0 or 1,

Tj1,Tjo — Tj1,%j3 — Tj2, T4 — T3 >0 Vj=1,2,3,

(5.4)

Sp1,Sp2 — Sp1,Sp3 — Sp2; Spd — Sp3 >0 Vp=1,2.

Solving (5.4) by LINGO 14.0, using Step 5 and Theorem 4.1, fuzzy Pareto-optimal
solution and fuzzy optimal value of the gth (¢ = 1,2, 3) objective functions of (5.1)
are given below in Table 2 and Table 3, respectively.

TABLE 2.
Fuzzy Variables of (5.1) | Fuzzy Pareto-optimal solution of (5.1)
7 (0,0,0,0)
i3 (6.07,6.07,6.07,6.07)
z3 (0.67,0.67,0.67,0.67)
TABLE 3.
Fuzzy objective function of (5.1) | Fuzzy objective function value of (5.1)
Z1(X™) (24.95,31.69, 38.43, 45.17)
Zo(X*) (31.69, 38.43,51.24, 57.98)
Z5(X") (12.81,20.89, 27.63, 34.37)

The values of fuzzy Pareto-optimal solution and fuzzy objective functions ob-
tained using the Hiseh and Chen[17] similarity measure and Lee[25] similarity mea-
sure of (5.1) are given below in Table 4 - Table 7 respectively.

TABLE 4.
Fuzzy Variables of (5.1) | Fuzzy Pareto-optimal solution of (5.1) using
Hiseh and Chen [17] similarity measure
z1 (0.89,0.89,0.89,0.89)
i3 (1.23,1.23,1.23,1.23)
i (3.44,3.44, 3.4, 3.44)

17
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TABLE 5.
Fuzzy objective function value of (5.1)
using Hiseh and Chen [17]
similarity measure

Fuzzy objective function of (5.1)

Z:1(X¥) (12.81,18.37, 23.04, 29.49)
Z2(X7) (18.37,23.93,29.49, 35.05)
Z2(X¥) (12.01,21.01, 27.46, 33.02)

TABLE 6.

Fuzzy Variables of (5.1)

Fuzzy Pareto-optimal solution of (5.1)

using Lee [25] similarity measure
# (1.08,1.08, 1.08, 1.08)
7 (0.42,0.42, 0.42, 0.42)
z3 (2.88,2.88,2.98,2.98)

TABLE 7.
Fuzzy objective function of (5.1) | Fuzzy objective function value of (5.1)
using Lee [25] similarity measure
Z1(X*) (9.96,12.18,19.02, 23.5)
Zo(X™) (14.54,18.72, 23.5, 27.98)
Z2(X7) (10.04,17.5, 23.04, 27.54)

(5.1) is solved using Hiseh and Chen [17] similarity measure, Lee [25] similarity
measure and proposed similarity measure. Hence, a comparison is made with the

help of definition 2.7 in Table 8 as follows:

TABLE 8.
] Using Hiseh and Chen [17]

Using Lee | Using proposed

similarity measure

similarity measure

similarity measure

Zy(X*) =15.78

Z1(X*) = 20.77

Z1(X*) = 35.06

Zy(X*) =21.13

Z5(X*) = 26.70

Z5(X*) = 40.00

Z3(X*) = 20.02

Z3(X*) = 23.94

Z3(X*) = 24.14

Thus, we can easily conclude from Table 8 that proposed similarity measure gives
better fuzzy objective function values of (5.1) than Hiseh and Chen [17] and Lee [25]

similarity measure.

6. CONCLUSION

In this paper, a new similarity measure is defined for fuzzy numbers and an expla-
nation is given as to why some of the existing similarity measures cannot be applied
to FFMMOLP problem. A novel approach for solving the FFMMOLP problem is

18
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proposed. In this method, we have applied similarity measure on the fuzzy con-
straints to convert them into crisp and magnitude on objective functions. Using
this method fuzzy Pareto-optimal solution of FFMMOLP problem is obtained and
with the help of numerical example, it is shown that the proposed similarity when
applied on the FFEMMOLP problem give better solution than Hsieh and Chen’s [17]
and Lee’s [25] similarity measure. The classical fuzzy multi-objective, FFLP and
multi-choice linear programming problems are special case of FFMMOLP problem.
The major advantage of this model is that it gives more choices to the DM and DM
can handle the unexpected problem that one has to face while making decision in
the real world.
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