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ABSTRACT. This research paper is based on the introduction and initia-
tion of interval valued T-fuzzy ideals, interval valued T-fuzzy bi-ideals, in-
terval valued T-fuzzy quasi ideals and interval valued T-fuzzy interior ideals
in I'-semigroups along with their characteristic traits. Furthermore several
specifications of regular I'-semigroups and intra-regular I'-semigroups along
with their specific qualities in terms of these ideals have been thoroughly
explored at their different stages.
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1. INTRODUCTION

It were Anthony and Sherwood [1] who re-nagotiated and defined the fuzzy sub-
groups employing statistical triangular norm in1979. Earlier on Schweizer and Sklar
[23] while in an effort to generalize the ordinary triangular inequality in the metric
space to the more common and generalized probable metric space came very close
to delineate this concept. Furthermore, in the sequential progression Bedregal and
Takahashi [2] suggested a generalization of t-norms for interval values co-extensive
with Gehrke [10] interval t-norm from a t-norm in a manner that always secure and
gaurentees that the output interval of the interval t-norm is the narrowest containing
the real result of the t-norm.

The concept of I' in algebra was first introduced by Nobusawa [14] in 1964.
Similarly the notion of I'-semigroup was pioneered by Sen in [24]. The fact of
matter is that the I'-semigroup is a generalized abstraction of semigroup along with
ternary semigroup. Consequently, a lot many researchers have continued to work
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on I'-semigroups and its structure. Diverse mathematicians have explored the I'-
semigroups. Some of the outstanding nagotiaters of this exercise are Dutta and
Adhikar [9], Hila[11], Chinram [6], Sardar and Majumder [20, 21, 22] who have
specified and delineated sub-I'-semigroups, bi-ideals, interior ideals and semiprime
ideals in terms of fuzzy subsets. They also explored their different characteristics
directly and by way of operator semigroups of a I'-semigroup.

The concept of generalized fuzzy sub-I'-semigroups, generalized fuzzy ideals and
generalized fuzzy bi-ideals in a I'-semigroups was introduced by [17,18] S. K. Sardar,
B. Davvaz, S. K. Majumder and S. Kayal. Zadeh [27] first of all introduced the theory
of fuzzy sets. Since its launching, this theory has developed in multilateral directions
and discovered applications in multifarious fields. The concept of a fuzzy subset was
extended by an interval valued fuzzy subset by L. A. Zadeh[28]. Subsequently,
Biswas [3], defined the interval valued fuzzy subgroups of Rosenfields’s nature and
explored some basic properties. In [13], Narayanan and Manikantan initiated the
concepts of an interval valued fuzzy semigroups and various interval valued fuzzy
ideals in semigroups.

Interval valued subsets were proposed as a natural extension of fuzzy sets, thirty
years back. Interval valued fuzzy set is termed as interval valued membership func-
tion, that is, fuzzy set in a state that the membership gradation of each element of
the fuzzy set is resulteted by a closed subinteval of the interval [0,1]. These sets,
manifest, a more appropriate description of uncertainty than traditional fuzzy sets.
Interval valued I'-fuzzy semigroups are applicable in diverse fields: control systems,
computer engineerings, information sciences and technologies. We have inspired by
Narayana and Manikantan [13] and prsued the study of I'-semigroups in terms of
interval valued fuzzy subsets. This research is a continuation of these Paradigms
and indepth exploration of its different perimeters.

2. PRELIMINARIES

Definition 2.1. [29] Let G = {x, y, 2,...} and " = {«, 8, 7, ...} be two non-empty
sets, then G is called a I'-semigroup if there exists a mapping G xI' x G — G
(images to be denoted by aabd) satisfying

(1) zyy € G,

(2) (zay)Bz = za(yBz), for all z, y, 2 € G and «, 3,y € T.

A non-empty subset A of a I'-semigroup G is called sub-I-semigroup of G if
AT'A C A. A left (right) ideal of a I'-semigroup G is a non-empty subset A of G such
that GTA C A (ATG C A). If A is both a left and a right ideal of a I'-semigroup G,
then we say that A is a I'-ideal of G. Let A be a non-empty subset of a I'-semigroup
G. By L[A], we mean the left I'-ideal of G generated by A (that is, the intersection
of all left T'-ideals of G containing A). Similarly, R[A] and J[A] denote the right and
two-sided I'-ideals generated by A, respectively. L{a] = {a}UGTa, Rla] = {a}Ual'G
and J[a] = {a} Ual'G UGTaUGTal'G are principal left, right and two-sided ideals
of a I'-semigroup G generated by a, respectively. Let G be a I'-semigroup. A sub-I'-
semigroup A of G is called a bi-T-ideal of G if ATGT'A C A. Let G be a I'-semigroup,
a subset A of G is called a generalized bi-I-ideal of G if ATGT'A C A. A non-empty
subset A of a I'-semigroup G is called an interior I'-ideal of G if GTAT'G C A.

2
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Let G be a I'-semigroup, a non-empty subset A of G is called quasi ideal of G if
(GT'A) N (ATG) C A. A T-semigroup G is called left (right) simple if G has no
proper left (right) ideals. Equivalently for all z,y € G there exist a,b € G and vy € T
such that ¢ = ayy and y = byx (v = yya and y = x9b). Let G be a T'-semigroup,
an element x € G is called regular if there exist ¢ € G and «, § € T' such that
x = zagfx. A I'-semigroup G is called regular if every element of G is regular. Let
G be a I'-semigroup, an element = € G is called intra-regular if there exist a,b € G
and «, 8, v € I such that x = aaxfxvyb. G is called intra-regular if each element of
G is intra-regular cf[5,7,9,12,16,20].

Theorem 2.2. [25] The following conditions in a T'-semigroup G are equivalent.
1) G is regular.
2) RNL = RT'L, for every right ideal R and every left ideal L of G.

3) For every right ideal R and for every left ideal L of G, we have

i
i) RN L = RT'L, is the quasi-ideal of a T'-semigroup G.
4) Fvery quasi-ideal Q of T'-semigroup G has the form Q = QT'GTQ.

3. BASIC CONCEPTS IN FUZZY SUBSETS AND FUZZY IDEALS IN I'-SEMIGROUPS

A fuzzy subset p of a universal set G is a function from G into [0, 1]. Let g and A
be two fuzzy subsets of G. Define pN A and pU X as: (pNA)(x) = p(z) A A(x) and
(LU (z) = p(z) V A(z) for all x € G. Let p, A be two fuzzy subsets of G. Then
their product u o A is defined as

\/ [(y) A A(2)] if there exist y, z € G and v € T such that z = yvz.
(o) (@) = { a=une
0 otherwise

A fuzzy subset p of a I'-semigroup G is called fuzzy sub-I'-semigroup of G if pu(zyy) >
w(@) Ap(y) for all z, y € G and v € T. A fuzzy subset u of a I'-semigroup G is called
fuzzy left (right) ideal of G if u(zvyy) > p(y) (p(zyy) > p(x)) for all x, y € G and
v € I'. A fuzzy subset p of a I'-semigroup G is called a fuzzy ideal of G if it is
both a fuzzy left ideal and a fuzzy right ideal of G. A fuzzy subset p of a I'-
semigroup G is called a fuzzy quasi ideal of G if (o x) N (x o u) C p, where y is
the characteristic function of G. A fuzzy sub-I'-semigroup p of a I'-semigroup G is
called a fuzzy bi-ideal of G if u(xfsyy) > p(x) A p(y) for all z, s, y € G and B,
v € T'. A fuzzy subset p of a I'-semigroup G is called a fuzzy generalized bi-ideal of
G if p(zBsyy) > p(z) Ap(y) for all z, s, y € G and B, v € I'. A fuzzy subset p of a
I-semigroup G is called a fuzzy interior ideal of G if u(zaafy) > p(a) for all z, a,
y € G and a, 8 €T ¢f[16,20,21,27].

4. BASIC CONCEPTS IN I-V FUZZY SUBSETS
By an interval number t we mean (cf. [28]) an interval [t!, t%], where 0 < #! <
t* < 1. The set of all interval numbers is denoted by D[0,1]. The interval [t,¢] is

defined with the number ¢t € [0,1]. By interval numbers 1= [t 4], t= [t ]
3
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and 7 = [r!, 7] € D[0,1], i € I. We define inft = [Nierth, Niert?], sup? = [Viert!,
\/ie[t?] and

(1)t < 7 if and only if ¢ < ! and t* < r*.

(2

if and only if ¢ = 7! and t* = r*.

) r
(3) <;ifand0nlyif;§;and;7é?.
(4) t C 7 if and only if ! < 8 <% < pu.
(5) = [kt!, kt*], whenever 0 < k < 1.

It is clear that (D]0, 1], <, V, A) is a complete lattice (a partially ordered set in
which all subsets have both a supremum and infimum) with 0 = [0, 0] as the least
element and 1 = [1,1] as the greatest element. By an interval valued fuzzy subset
(briefly, an i-v fuzzy subset) on G' we mean the set F = {(z, [1u}(z), p*(z)])|z € G},
where p! and p* are two fuzzy sets on G such that p'(x) < p¥(x) for all € G.
Putting ﬁ(x) = [p!(x), u*(x)], we see that F = {(x, ﬁ(x))|x € G}, where iG>
Djo, 1].

i
t
t
i
k

Definition 4.1. [23] A mapping T : [0,1] x [0,1] — [0,1] is called a t-norm if it
satisfies the following:

(1) T(1,z) = x. (1 acts as an identity element)

(2) T(z,y) = T(y,z). (Commutativity)

(3) T'(x,T(y,2)) = T(T(z,y), z). (Associativity)

(4) If w < z and y < 2z, then T(w,y) < T(z,z) for all z,y,z,w € [0,1].
(Monotonicity) The first, second and fourth conditions give

T(0,2) < T(0,1) = 0.

Definition 4.2. [2] A mapping A : D0, 1] x D[0,1] — DJ[0, 1] is called an interval
triangular norm if A satisfies the following properties:

(1) for each ?, r € Do, 1], FAT=7AT (Symmetry)

(2) for each ?, r, s € D[0,1], tA (rAs) = (? AT)A's. (Associativity)

(3) for each 1;, ™, t~2, Ty € D[0,1], if 1y < ;Q(tll < th and t¥ < t¥) and 7,
Fg(rll <rb and r¥ < r¥), then ?1 AT < ?2 A 75 (KM-monotonicity).

IN

(4) for each ;1, :Fl, ;2, ;2 S D[O,l], if ¥1 - ?Q(té < tll < tlf < t;) and :Fl
ro(rh <rl <r¥ <r¥), then t; ATy C ty ATy (Inclusion monotonicity).
(5) for each t € D[0,1], t A[1,1] = t. (1 acts as an identity element).

N

5. INTERVAL VALUED T-FUZZY IDEALS IN I'-SEMIGROUPS

In this section, we define interval valued T- fuzzy left, right, interior, quasi, bi
and generalized bi-ideals of a I'-semigroup G. In what follows, A will denote an

A A
interval t-norm and /Q C M if and only if ﬁ(m) < A(z) for all z € G.

Definition 5.1. An i-v fuzzy subset //.\L of a I'-semigroup G is called an i-v T-fuzzy
sub-I-semigroup of G if Z\L(zfyy) > Z\L(IE) A ﬁ(y) forall z,y € G and v €T
4
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Definition 5.2. An i-v fuzzy subset ,lAL of a I-semigroup G is called an i-v T-fuzzy
left (right) ideal of G if ,@(m’yy) > //)(y) (,ﬁ(ﬂmy) > //)(a:)) forall z, y € G and v € T.

Definition 5.3. An i-v fuzzy subset //.\L of a I'-semigroup G is called an i-v T-fuzzy
two sided ideal of G or an i-v T-fuzzy ideal of G if it is both an i-v T-fuzzy left ideal
and an i-v T-fuzzy right ideal of G.

Definition 5.4. An i-v fuzzy sub-I'-semigroup //) of a I'-semigroup G is called an
i-v T-fuzzy bi-ideal of G if ﬁ(mayﬁz) > ,L/}(J:) A ﬁ(z) forall z,y,z € Gand o, 5 € I.
Definition 5.5. An i-v fuzzy subset ;AL of a I'-semigroup G is called an i-v T-fuzzy
generalized bi-ideal of G if ﬁ(wayﬁz) > ﬁ(m) A ﬁ(z) for all z,y,z € Gand o, 5 € I'.

Remark 5.6. Every i-v T-fuzzy bi-ideal of a I'-semigroup G is an i-v T-fuzzy gen-
eralized bi-ideal of G but converse is not true.

Definition 5.7. An i-v fuzzy subset ,LAL of a I-semigroup G is called an i-v T-fuzzy
interior ideal of G if ﬁ(maaﬁy) > /Q(a) for all x,a,y € G and o, 3 €T

A

Definition 5.8. Let ﬁ and A be two i-v T-fuzzy subsets of a I'-semigroup G. Then
A A A

/AL A )\ is defined as (ﬁ AN (z) = ﬁ(x) A Ax).

Definition 5.9. Let //) be an i-v fuzzy subset of a I'-semigroup G and let te [0, 1].

Then the set Z\L? ={zxeG: ﬁ(x) > t} is called the level subset of ﬁ

A
Definition 5.10. Let ﬁ and A be two i-v fuzzy subsets of a I'-semigroup G. Then

AN
WA \/ [ﬁ(y) A A(z)] if there exist y, z € G and v € T such that z = yvyz.
(noX)(z) = § w=y=
0 otherwise

Definition 5.11. An i-v fuzzy subset ;/} of a I'-semigroup G is called an i-v T-fuzzy
quasi ideal of G if (Z\L ) )/2) A ()AC ) ﬁ) - ﬁ, where )/2 is the characteristic function of G.

6. INTERVAL VALUED T-FUZZY IDEALS
A A
Lemma 6.1. Let ﬁ, X and D be three i-v fuzzy subsets of a I'-semigroup G. Ifﬁ CA
A A
thenﬁogg)\mg andﬁmﬁgﬁo}\.

A
Proof. Let z € G, then (//.\L o ﬁ)(x) = 10,00 = (Ao ﬁ)(m), if z is not expressible as
x = yvyz. Otherwise

(ov)(x)=\/ [uly) AP(2)]
<\ [\ Ade)
— Vo).
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A A
Thus Z\Lo 19 Clo 1/> Similarly we can show that ﬁol/) (- ﬁo A O

A

Lemma 6.2. Ifﬁ and X be two i-v T-fuzzy sub-T"-semigroups of a T'-semigroup G.
A

Then /Q A X is also an i-v T-fuzzy sub-T'-semigroup of G.

A

Proof. If //} and A be two i-v fuzzy sub-I'-semigroups of a I'-semigroup G. Then
A A A

fi(zyy) > i(z) A fiy) and Mayy) > AMz) A A(y) for all 2,y € G and v € T. Now

(A N)(@vy) = hlzy) A Azw)

A
This implies that //)A A is an i-v T-fuzzy sub-I'-semigroup of G. O

Theorem 6.3. Letﬁ be an i-v fuzzy subset of a I'-semigroup G. Then //) s an i-v T'-
fuzzy sub-T"-semigroup of G if ﬁ; (# @) is a sub-T'-semigroup of G for all t € DI0,1].

Proof. Assume that every non-empty level subset of ﬁ is a sub-I'-semigroup of G.
Let a,b € G and v € T be such that Z\L(a) A ﬁ(b) > ﬁ(a’yb). Choose t € DJ0,1]
such that ﬁ(a) A ﬁ(b) >t > Z\L(avb). Implies a € //),; and b € /AL? but ayb ¢ ﬁ?
Which is a contradiction. Hence ﬁ(a’yb) > ﬁ(a) A ﬁ(b) Thus ﬁ is an i-v T-fuzzy

sub-T-semigroup of G. The converse of above Theorem does not hold in general. [

Example 6.4. Let G = {0,a,b,c} be the I'-semigroup with ' = {v} and the
multiplication table defined as:

Qoo
o|lofe|lolo
Mo |lo|le|e
Qoo ||
o|le|o|ao|o

Define an i-v fuzzy subset /i in G by ﬁ(O) = [0.8, 0.9, ﬁ(a) = [0.6, 0.7], ﬁ(b) =
[0.55, 0.59], ﬁ(c) = [0.5, 0.54]. Using interval t-norm associated with Lukasiewiez
t-norm, by routine calculations, it can be shown that //)(xvy) > //)(x) A ﬁ(y) for all
z,y € G and v € T', which shows that ﬁ is an i-v T-fuzzy sub-I'-semigroup of G.

But its level subset //}[0_55, 0.59) = 10, @, b} is not a sub-I'-semigroup of G, because
A
ayb=c¢ H[0.55, 0.59].
A
Lemma 6.5. Ifﬁ and X be two i-v T-fuzzy left (right) ideals of a T'-semigroup G.

Then
6
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(1)

A
A X is also an i-v T-fuzzy left (right) ideal of G.
(2) nu

i
ﬁ 3\\ is also an i-v T-fuzzy left (right) ideal of G.
Proof. (1) Let ﬁ and /S\ be i-v T-fuzzy left ideals of a I'-semigroup G. Then ﬁ(x'yy) >
Z\L(y) and A)\(x'yy) > A)\(y) for all z,y € G and v € I'. Now /{\L(m'yy) A ﬁ\(x'yy) >
Z\L(y) A ﬁ(y) Thus (/{\L A Q\)(x'yy) > (ﬁ A &)(y) Hence //) A & is an i-v T-fuzzy left
ideal of G.

(2) Let ,i\t and A)\ be i-v T-fuzzy left ideals of a I'-semigroup G. Then ﬁ(x*yy) > ﬁ(y)
and é\(a:'yy) > S\\(y) for all z,y € G and v € T'. Now ﬁ(x*yy) v g\(xyy) > ﬁ(y) Y S\\(y)
Thus (,LAL U ﬁ\)(x'yy) > (ﬁ U 3\\)(y) Hence [/}Ui\\ is an i-v T-fuzzy left ideal of G. O

Lemma 6.6. Let ﬁ be an i-v T fuzzy subset of a I'-semigroup G. Then /A; s an i-v
T- fuzzy sub-I'-semigroup of G if and only ifﬁoﬁ - Z\L

Proof. Let ﬁ be an i-v T-fuzzy sub-T'-semigroup of G and z € G. If (ﬁoﬁ)(x) = [0,0],
then (ﬁ o ﬁ)(:r) < ﬁ(:z:) Otherwise,

(mom)(@) =\ [u(y) A u(2))

T=YvYz

A
< 1(yvz)
y

8
Il

z

2

=>
—~
~

T
Thus ﬁoﬁ C /C\L Conversely, let ﬁol/l C //} and y,z € G, v € I'. Then

[(yyz) > (o ) (y72)
\/ [ia) & fi(b)]

yyz=avb

> fiy) A f(z).

So, ﬁ is an i-v T-fuzzy sub-I'-semigroup of G. O

Lemma 6.7. Let ﬁ be an i-v T fuzzy subset of a I'-semigroup G. Then /A; s an i-v
T- fuzzy left (right) ideal of G if and only if)/}oﬁ C ﬁ (ﬁ O)A( C ,l/})
7
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Proof. Let ﬁ is an i-v T- fuzzy left ideal of G and x € G. If ()A< o ﬁ)(m) = [0,0] then
()/2 ° ﬁ)(w) < ﬁ(m) Otherwise,

I
<
=
&
>
=
=

Thus ﬁ(y*yz) > ﬁ(z) Thus ;AL is an i-v T- fuzzy left ideal of G. O

Lemma 6.8. An i-v T fuzzy subset //} of a T'-semigroup G is an i-v T-fuzzy gener-
alized bi-ideal of G if and only zfﬁ o )A< oﬁ C /Q
8
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Proof. Let ﬁ be an i-v T-fuzzy generalized bi-ideal of G and a € G such that a = vaz
where a € . If (//) o )A< o ﬁ)(a) = [0, 0] then ﬁo >A< oﬁ C ﬁ Otherwise,

(oxom(a) =\ [(LoX)(w)A u()

a=vaoz

a=vaz v=zfy

=V [V [ A1) A ()

a=vaz szﬁy

a=vaz v=zfy

= Vi) & ()]

a=zfyaz

V Atasyes)

a=zfyaz

= ji(a).

IN

Thusﬁo;zolsgﬁ. Conversely, letﬁog\CO;Atgﬁand z,y € G, a, B €T. Then

f(zayBz) > (fio X o ) (zayB2)
=V [(ox)(a) L a)

zayfz=avyb

> (110 ¥)(zay)

Thus ﬁ(xayﬁz) > ﬁ(m) A ﬁ(z) . So, /{\L is an i-v T-fuzzy generalized bi-ideal of
G. O

Lemma 6.9. Let ﬁ is an -v T fuzzy subset of a I'-semigroup G. Then ﬁ s an -v
T-fuzzy bi-ideal of G if and only ifﬁ oﬁ C ﬁ and ﬁ o )/2 oﬁ C Z\L

Proof. Let ﬁ is an i-v fuzzy subset of a I'-semigroup G. Suppose ﬁ is an i-v T-fuzzy
bi-ideal of G. So /AL is a fuzzy sub-TI'-semigroup of GG. Hence by Lemma 6.6, ﬁoﬁ C ,ﬁ
Let a € G. Suppose there exist x, y, p, ¢ € G and 3, v € T such that a = zyy and

x = pfBq. Since /C\L is an i-v T-fuzzy bi-ideal of G, we obtain ?i(p,@q’yy) > ;/l(p) AN ﬁ(y)
9
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Then

V[V 8@ A X@)] A A)]

a=zvYy x=pfq

VLV (k) A1) A u(y))

a=zvy v=pfq

\V [V 1) 2 aw))

a=zvYy v=pfq

< 1(pBavy)
= n(zvy)

(@).

I
7;>

Thusﬁo;%oﬁgﬁ. Otherwise, (ﬁ o,u)( ) [O O] ;AL( ). Thusﬁo;%oﬁgﬁ.

Conversely, let us assume that ﬁoﬁ - ﬁ and u o X o # C ﬁ As ﬁoﬁ C ﬁ, SO ,LAL is

an i-v T fuzzy sub-TI-semigroup of G. Let x, y, 2 € G and 3, v € I' and a = z[y~yz.
. ATACA A

Also since pox o C p, we have

[i(xByyz) = ia)
(fio X o i)(a)
\ (o X)(@) A f(z)]

a=zfyyz
(Lo V) (p) & h(z)( let p = 2By)
=\ @) & X)) A u(z)

\%

%

p=zPy

= \/ [ AL 1] AGG)
p=zfy

= \/ hlz) Au(2)
p=zfy

> i(x) A fi(2).

Hence ﬁ is an i-v T-fuzzy bi-ideal of G. 0

Lemma 6.10. Let//) 18 an -v fuzzy subset of a T'-semigroup G. Then ﬁ s an -v
T-fuzzy interior ideal of G if and only zf)/z o /AA o;é C Z\z
10
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Proof. Let //} is an i-v T-fuzzy interior ideal of G and a € G, o, § € TI'. If ()Ac
ofi o X)(a) = [0,0] then (x ofiox)(a) < ji(a). Otherwise,

(Rono(@ =\ [(Kow)(w)AX()

a=vaz
A A

=V [V K@) A aw) Ax)

a=vaz v=xfy

V[V 1A )] A1)

a=vaz v=zxfy

YRR

a=vaz U:xﬁy

\/ i)

a=zfyaz

IA
=>
8
S
<
S
&

|
=
S

>
=>
S

>
x
X

I
=
=
>
E\>
S
>
=
=

I
<
=>
S

p=zay

> (y)-

Thus ﬁ(:cayﬁz) > Z\L(y) So ;AL is an i-v T-fuzzy interior ideal of G. O

Remark 6.11. Every i-v T-fuzzy ideal is an i-v T-fuzzy interior ideal of a I'-
semigroup G but the converse is not true.

Lemma 6.12. Let //} is an i-v fuzzy subset of a regular T'-semigroup G. Then the
following conditions are equivalent.

(1) Z\L is an i-v T-fuzzy ideal of G.
(2) Z\L is an i-v T-fuzzy interior ideal of G.
11
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Proof. Suppose (1) holds. By Lemma 6.7, //} is an i-v T-fuzzy ideal of G if and only
if 9( O/Q C ﬁ and ﬁo 5\( C //) By Lemma 6.10, /{\L is an i-v T-fuzzy interior ideal of G
. oA A A A AN A
if and only if Yooy Cuoyx C pu.

Conversely, suppose (2) holds. Let a,b € G and « € T. Since G is regular, so there
exist elements z,y € G and B,y € I' such that a = afxya and b = bBy~b, we have

A A A A A A
wlaad) = p((afzrya)ab) = p((afx)yaad) > p(a) and plaad) = p(ac(bByyd)) =
Z\L(aabﬁ(y'yb)) > ﬁ(b) Thus Z\L is an i-v T-fuzzy ideal of G. O
Lemma 6.13. Let A be a non-empty subset of a I'-semigroup G. Then A is a bi-ideal
(sub-T'-semigroup, left ideal, Tight ideal, two sided ideal, interior ideal, generalized
bi-ideal)of G if and only if the i-v characteristic function >A<A of A is an i-v T-
fuzzy bi-ideal (sub-I'-semigroup, left ideal, right ideal, two sided ideal, interior ideal,
generalized bi-ideal)of G, respectively.
Proof. Let Abe abi-idealof Gand z,y, 2 € G, o, 8,y . lf x ¢ Aor z ¢ A, then
A A .. A A A
X a(z) =10,0] or x4(z) = [0,0]. This implies X 4(zayBz) > [0,0] = x4(x) A x4(2)
and )/EA(x'yz) > [0,0] = S\CA(x) A )/EA(Z). If x € Aand z € A, then S\CA(x) = )A<A(z) =
[1,1]. Since A is a bi-I-ideal. So zayBz € ATGTA C A and xyz € ATA C A. Thus
A A A A A A
Xa(zayBz) = [1,1] = xa(2) & xa(z) and X4 (z72) = [1,1] = Xa(2) A X4(2). Hence
9/2,4 is an i-v T-fuzzy bi-ideal of G.

Conversely, assume that )A( 4 1s an i-v T-fuzzy bi-ideal of G and z, z € A. Then
Y a(z) = X 4(2) = [1,1]. This implies ¥ 4(z) A X 4(2) = [1,1]. Now, for any y € G
and o, B, v € T, we have X4 (vayfz) = Xa(z) A Xa(z) = [1,1] and Y4(2yz) >
)A(A(x) A )AcA(z) = [1,1]. Thus zayfz € A and zyz € A. Hence A is a bi-I-ideal of
G. O

A T-semigroup G is called an i-v T-fuzzy left (right) simple if every i-v T-fuzzy
left (right) ideal of G is a constant function.

Definition 6.14. A I'-semigroup G is called an i-v T-fuzzy two-sided simple if every
i-v T-fuzzy two-sided ideal of G is a constant function.

Lemma 6.15. For a I'-semigroup G, the following conditions are equivalent.
(1) G is left (right)simple.
(2) G is i-v -fuzzy left (right) simple.

Proof. (1)=(2) First assume that G is left simple. Let /i be an i-v T-fuzzy left ideal
of G and a, b € G, v € I" such that b = xya and a = yvb. Since ﬁ is an i-v T-fuzzy
left ideal of G, so fi(a) = [i(yyb) > f(b) = fi(zya) > fi(a). Thus fi(a) = /i(b). Since
a and b are any elements of GG, this means that ﬁ is a constant function and so G is

T-fuzzy left simple.
(2)=(1) Conversely, assume that (2) holds. Let A be any left I'-ideal of G. Then,

by Lemma 6.14, 9( 4 1s an i-v T-fuzzy left ideal of G. Thus )Q 4 1s a constant function.

Let € G. Then, )/EA(SL‘) = [1,1] and so, € A. This implies that G C A, that is,
G = A. Hence G is left simple. O

12
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7. INTERVAL VALUED T-FUZZY QUASI-IDEAL

Lemma 7.1. Let A be a non-empty subset of a I'-semigroup G. Then A is a quasi-
ideal of G if and only if the i-v characteristic function )/EA of A is an i-v T-fuzzy
quasi-ideal of G.

Proof. Assume that A is a quasi-ideal of G and a € A. Then (()QA o )/2) A ()Q o
Ya)(a) < [1,1] = Yala). If a ¢ A, then Y 4(a) = [0,0]. On the other hand, if
AA AA
(XaoX) A (xoxa))(a) = [1,1], thenfor y € T, \/ [xa(p) AX(@)] = (Xa0X)(a) =
a=pq
[1,1] and for o € T, \/ AXA( )] = ()/EO)QA)(a) = [1,1]. This implies that b, c,
a=rat
d,ee(?andﬂ,é6I?Wﬁhae:bﬂc:twesudlﬂmLQAﬁ):[1Jjami§A@):[LlL
so b€ Aand e € A. Hence a = bfc = dde € ATGNGI'A C A, which contradicts
the fact that a ¢ A. Thus we have ()/EA ° 9/2) AN ()Ac ° )ACA) - )AcA and so )QA is an i-v

T-fuzzy quasi ideal of G. Conversely, assume that )Q 4 is an i-v T-fuzzy quasi ideal
of G and a € AT'G N GT' A. Then there exist s, t € G, 5, v € I and b, ¢ € A such
that a = bBs = tyc. Thus we have

(a0 X)(a) = \/ Xa(p) 2 X(q)]
> X a(b) A X(s)
=[1,1]AL,1]=11,1],

and so ()A(A O)A()(a) = [1,1]. Similarly, we have ()A<O>A<A)(a) = [1,1]. Since §\<A(a) >
(()/}Ao )/2) A ()/EOS\CA))(a) =[1,1]. Wehavea € A, 5,y €T and so ATGNGT'A C A.
Hence A is a quasi ideal of G. g

Proposition 7.2. FEvery i-v T-fuzzy one-sided ideal of a T'-semigroup G is an i-v
T-fuzzy quasi ideal of G.

Proof. Let ,LAL is an i-v T- fuzzy one-sided ideal of G then )/20[/2 - ,LAJ, If ((ﬁ ) )A() A ()/2 o

1)(x) = 10,0, then ((fioX) A (X o 1))(x) = [0,0] < ji(x). Otherwise,
(o) & (Yo ) () = (o x)(x) A <xoﬁ>< )

=\ @) ax@ o Vo

< $\7qm<p> AlLIA m\p/wnl, 1] A fi()]
= x\;vq[mp) ALIAL, 1] A 1i(q)]

= I_\7qm<p> A jifq)]

< ﬁ(i;-q

13
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Thus (;/l o Q) A ()Q o ﬁ - ﬁ(x), which implies that //) is an i-v T-fuzzy quasi ideal
of G. 0

Proposition 7.3. Fvery i-v T-fuzzy quasi ideal of a I'-semigroup G is an i-v T'-fuzzy
bi-ideal of G.

Proof. Let [i is an i-v T- fuzzy quasi ideal of G and z € G. If (ﬁ Oﬁ) (z) = [0, 0] then
(//) o ﬁ)(m) =10,0] < ﬁ(w) Otherwise,

IN
<<
E>
&
>
<
S
>
<<
=
2
>
E:
S

because ﬁ is an i-v T- fuzzy quasi ideal of G. Hence //), OZ\L C //), SO ,lAL is a
fuzzy sub-I'-semigroup of G. If (ﬁoQoﬁ)(m) = [0, 0] then (ﬁo&oﬁ)(m) =[0,0
14
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Otherwise,

(oxom@) =\ [(moX)®) Ang)

T=pY4q

VIV [ AxE)] A L)

T=pvq p=ufv

=\ [l A1) A fi(g)

_ m—\ZW[[ﬁ(U) AL A [1L,1] A B(q)]

= _\é W[[ﬁ(u) AL A[[1,1] A fi(g)]

< _\L{Wn (w) A1, 1)] A \[{ [11,1) & fi(@)]

— :\gw[[ (u) A X(v7g)] A \Z X(upv) & [i(q)]]

= (o X)(x) & (x o p)()
(o %) A& (Yo ) (@)
ey

IN

because //) is an i-v T- fuzzy quasi ideal of G. Thus ﬁ ) >A< o ﬁ - ﬁ, which implies
that 7 is an i-v T-fuzzy bi-ideal of G. O

Remark 7.4. The converse of the Proposition 7.2 and Proposition 7.3 do not hold
in general.

Example 7.5. Let G = {0, a, b, ¢} be a I'-semigroup with I' = {+} and the
multiplication table defined as:

Q| |o|=R
o|lo|o|o|o
olo|le|ole
o|lo| oo
o|lo|o|o|lo

Then @ = {0,a} is a quasi I'-ideal of G and is not a left (right) ideal of G. Define
an i-v fuzzy subset ﬁ of G by Q(O) = ﬁ(a) = [0.7,0.8] and Z\L(b) = ﬁ(c) = [0,0]. Using
interval t-norm associated with Lukasiewiez t-norm, it can be verified that ;AL is an
i-v T-fuzzy quasi ideal of G and not an i-v T-fuzzy left (right)ideal of G, because
A A A
pi(c) = pleya) £ pla)

15
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Example 7.6. Let G = {0, a,b,c} be a I'-semigroup with I' = {~} and the multi-
plication table defined as:

Y|10lal|b|c
0[0]0]0]O
al0|0]0]0
b|0|0|0]a
c|0]|0fal|bd

Then B = {0,b} is a bi-T-ideal of G and is not a quasi I'-ideal of G. Define an
i-v fuzzy subset ,L/} of G by ;AL(O) = ﬁ(b) = [0.7,0.8] and ﬁ(a) = ﬁ(c) = [0,0]. Using
interval t-norm associated with Lukasiewiez t-norm, it can be verified that /AL is an
i-v T-fuzzy bi-ideal of G and not an i-v T-fuzzy quasi ideal of G.

A

Proposition 7.7. Let A andﬁ be i-v T-fuzzy right and left ideals of a T'-semigroup
A

G, respectively. Then A Aﬁ 1s an i-v T-fuzzy quasi ideal of G.

A A A A

Proof. Since ((AA ) oX) A (Yo (AAL) € (AoX) A (Yoi) € AA fi, which
A

implies that A A//i is an i-v T-fuzzy quasi ideal of G. O

8. INTERVAL VALUED T-FUZZY IDEALS IN REGULAR ['-SEMIGROUPS

Lemma 8.1. FEvery i-v T-fuzzy generalized bi-ideal of a reqular T'-semigroup G is
an i-v T-fuzzy bi-ideal of G.

Proof. Let //), be any i-v T-fuzzy generalized bi-ideal of a regular I'-semigroup G.
Then for any a,b € G and v € T there exists + € G and «,8 € T' such that

a = aazxfBa. Now ﬁ(a’yb) = ﬁ((aawﬁa)'yb) = //,\L(aoc(acﬁa)’yb) > ﬁ(a) A ﬁ(b) Implies
ﬁ(avb) > ﬁ(a) A ﬁ(b), which implies that ﬁ is an i-v T-fuzzy bi-ideal of G. O

Theorem 8.2. For a I'-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2) ﬁ A ﬁ - ;AL o 9/2 o ﬁ for every i-v T-fuzzy quasi-ideal Z\L of G.
(3) ﬁAﬁ - ﬁo 9/2 o ﬁ for every i-v T-fuzzy bi-ideal ;AL of G.
(4) ﬁAﬁ - ;ALO 9/2 o Z\L for every i-v T-fuzzy generalized bi-ideal Z\L of G.

Proof. (1) = (4) Let G be a regular I'-semigroup, ﬁ be any i-v T-fuzzy generalized
bi-ideal of G. Let a € G then there exist x € G and «, 8 € I' such that a = aaxfa.
16
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Hence we have

(oxoma =\ [(nox)(y) A u()]
> (jio X)(aaz) A fia)
=\ [i) A X(@) A fifa)
> [i(a) & X(2)] A fifa)
= [i(a) £ [1,1]] A fi(a)

= ji(a) & fia) = (1 & ) (a).

Thus poyop D HA . (4) = (3) = (2) Straightforward. (2) = (1) Let A be any
quasi-ideal of G. Then we have ATGT'A C AT'(GT'G)N(GTG)I'A C ATGNGT' A C A.

A
Let a € A. Since C4 is an i-v T-fuzzy quasi-ideal of G, so we have

(XaoX)oxa)@) =\ [(Xa0X)®) AXA)]

> Yala) Axala) = 1,1 A[1,1] = [1,1].

This implies that there exist elements b, ¢ € G and S € I such that a = bfc
A A A A A
and (x4 0 X)(b) = [1,1] and X 4(c) = [1,1]. Thus we have \/ [xa(p) 2 X(q)] =
b=paq
()/EA o )Q)(b) = [1,1].This implies that there exist elements d, e € G and § € T such

that b = dde and )ACA(d) = [1,1]. Thus d, ¢ € A and e € G such that a = bfc =
(dée)Bec € ATGT A. Therefore, A C ATGT' A, and so A = ATGT A. Hence it follows
from Theorem 2.2, that G is regular. U

Theorem 8.3. Fvery i-vT-fuzzy ideal//} of a reqular I'-semigroup G satisfies ﬁAﬁ C
A A A

popC p.

Proof. Let ﬁ be an i-v T-fuzzy ideal of a regular I'-semigroup G. Then ;AL is an i-v
T-fuzzy bi-ideal of G by Proposition 7.2 and Proposition 7.3. Since G is regular, by

ANAN_AN A AN AN AN A AN AN_AN AN_A

Theorem 8.2, we have A C ppoyxopu=po(xopu)CpopCpox C uby Lemma
6.7andsoﬁAﬁ§ﬁ0ﬁ§ﬁ. O

Lemma 8.4. Let A and B be any non-empty subsets of a I'-semigroup G. Then the
following properties hold.

A A AN

(DxaAXxp = XANB-
A AN AN

(2)Xa°Xp = Xars-

Proof. (1) Let a € G. Suppose that a € AN B. Then a € A and b € B, which

. A A A A A A

implies X 4(a) = Xp(b) = [1,1]. Then (x4 & Xp)(a) = Xxa(a) A xp(a) = [1,1] A

1,1 = [1,1] = )/EAQB(CL). Again, if a ¢ AN B. Then a ¢ A or a ¢ B, which
17
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C A A A A A A
implies X 4(a) = [0,0] or Xp(a) = [0,0]. Then (x4 & xp)(a) = Xa(a) A xp(a) =
[070] A [070} = [07 0] = XAOB(Q)'
(2) Let a € G. Suppose that a € AT'B. Then a = 2y for some z € A, y € B and
~v € I'"'Then
A A A A
(xaoXp)@) =\ [xaw)Axp()

a=udv

> Yale) Axply) =11 A[L,1] = [1,1].

So ()QA o )QB)(a) = [1,1]. Since a € AI'B, )A(AFB(a) = [1,1]. In this case, when
a ¢ AT'B then we have (QA O)/%B)(a) =[0,0] = )/EAFB(a). Thus we obtain, )/EA OQB =
A
XArB- 0
Theorem 8.5. For a I'-semigroup G, the following are equivalent.

(1) G is regular.

NN N A A A

(2) AA u = Aopu for every i-v T-fuzzy left ideal p and i-v T-fuzzy right ideal X of

G.

A
Proof. Assume that (1) holds. Let ﬁ be any i-v T-fuzzy left ideal of G and A be any
i-v T-fuzzy right ideal of G. Then for any x € G, we have

Aof)@) =\ (Ap) 2 filg)]
< \/ Dpva) & filpr)

= \z) A i) = (A A P)(@).

A A
This implies that A oﬁ CAA ﬁ Let a € G. Then there exist z € Gand o, B €T
such that a = aaxBa, so

a=bBc
> S\\(aax) A ﬁ(a)
> Aa) & fila) = (A A )a),

NN N A NoOA N A
and so Aoy D AA u. Hence A A = Ao pu. Conversely, assume that (2) holds.
Let R and L be any right and left ideals of G, respectively. In order to show that
RNL CRI'L,let a € RN L. By Lemma 6.14, the characteristic function )/ER and
)A( 1, of R and L are i-v T-fuzzy right and left ideals of G, respectively. Thus we have
Xarp(@) = (XroX1)(@) = (Xr &%1)(a) = Xpnp (@) = [1,1). Implics a € RU'L. Thus
RNL C RT'L. But RT'L C RN L always holds. Hence RI'L = RN L. So by Theorem
2.2, G is regular. U
18
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Theorem 8.6. FEvery i-v T-fuzzy bi-ideal of a reqular T'-semigroup G is an i-v T-
fuzzy quasi-ideal of G.

Proof. Let //} be any i-v T-fuzzy bi-ideal of a regular I'-semigroup G. Then )ACO//) (resp.
//lo S\() is an i-v T-fuzzy left (resp. right) ideal of G. By Theorem 8.5, we have
A A A A AA A A AN AN A A A A A A
(moX)A(Xop)=(nox)o(xopn) =po(xox)ouCpoxopC by lemma
6.8 (since /AL is an i-v T-fuzzy bi-ideal of G). Thus ﬁ is an i-v T-fuzzy quasi-ideal of
G. O

Theorem 8.7. For a I'-semigroup G, the following conditions are equivalent.
(1) G is regular.

AN A A N A . . A .
(2) uAXA L C poXop for every i-v T-fuzzy quasi-ideal 1 and every i-v T-fuzzy
A
two-sided ideal \ of G.
AN A A N A . . A .
(B) uAXA L C poXop for every i-v T-fuzzy quasi-ideal i and every i-v T-fuzzy
A
interior ideal A of G.
AR AN AN A . . A .
(4) pAXNA L C poAop for every i-v T-fuzzy bi-ideal p and every i-v T-fuzzy
AN
two-sided ideal \ of G.
AN A A N A . . A .
(5) uAXNA L C poAopu for every i-v T-fuzzy bi-ideal p and every i-v T-fuzzy
A
interior ideal A of G.
AT N AT . . .. A
(6) uUAXNA U C o Xop for every i-v T-fuzzy generalized bi-ideal p and every
A
i-v T-fuzzy two-sided ideal \ of G.
AN A A N A . . . A
() uAXNA B C poXopu for every i-v T-fuzzy generalized bi-ideal p and every
A
i-v T'-fuzzy interior ideal A of G.
A
Proof. (1)=(7) Let G be a regular I'-semigroup and ,LAJ, and A\ be any T-fuzzy gener-

alized bi-ideal and i-v T-fuzzy interior ideal of G, respectively. Then for any a € G,
there exist € G and «, 3, v € T such that a = acxfa (= acxBayrda). Thus

@AC Do) 2R

zlayrda=pyq

0) A& (\(zParz) A i(a))
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and 50 1o Ao D BANAR. (T)=(5)=(3)=(2) and (7)=(6)=(4)=(2) are clear.
(2)=(1) Let //}L be an i-v T-fuzzy quasi-ideal of G. Then, as )Ag is an i-v T-fuzzy
two-sided ideal of G, we have //)Aﬁ = ﬁA >A< Aﬁ C ﬁo >A< o //) Thus it follows, from
Theorem 8.2, that G is regular. O

Theorem 8.8. For a I'-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2) ﬁA 3\\ C ﬁo 3\\ for every i-v T-fuzzy quasi-ideal ﬁ and every i-v T-fuzzy left
(right) ideal 9\ of G.

(3) QAQ\ - /903\\ for every i-v T-fuzzy bi—idealﬁ and every i-v T-fuzzy left (right)
ideal 9\ of G.

(4) Z\LAS\\ C ﬁoi\\ for every i-v T-fuzzy generalized bi—idealﬁ and every i-v T-fuzzy
left (right) ideal 3\\ of G.
Proof. (1)=(4) Let /C\L and 9\ be any i-v T-fuzzy generalized bi-ideal and i-v T-fuzzy

left ideal of G, respectively. For any a € G, there exist z € G and «, f € I such
that a = aaxfa. Thus we have

and so //)o i\\ 2 ;ALA 3\\ (4)=(3)=(2) are clear. (2)=-(1) Since every i-v T-fuzzy
right ideal of G is an i-v T-fuzzy quasi-ideal of G, so (2) implies ;/}A ﬁ C ﬁo i\\
for every i-v T-fuzzy right ideal ﬁ and every i-v T-fuzzy left ideal 3\\ of G. But
//)09\ C //)AS\\ always holds, so we have /ALAS\\ = ﬁog\ for every i-v T-fuzzy right ideal

A
ﬁ and every i-v T-fuzzy left ideal A of G. Thus it follows from Theorem 8.5, that G
is regular. 0

Theorem 8.9. For a I'-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2) vA ﬁ A 3\\ C Vo ﬁo 3\\ for every i-v T-fuzzy right ideal 19, every i-v T-fuzzy
quasi-ideal Z\L and every i-v T-fuzzy left ideal 3\\ of G.

(3) v A //), A 3\\ C Vo ﬁo 3 for every i-v T-fuzzy right ideal 1/>, every i-v T-fuzzy
bi-ideal ,LAL and every i-v T-fuzzy left ideal 3\\ of G.

(4) DA //)A/)\\ - Vo ﬁo 3\\ for every i-v T-fuzzy right ideal 1/>, every i-v T-fuzzy

A
generalized bi-ideal ﬁ and every i-v T-fuzzy left ideal A of G.
20
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Proof. (1)=(4) Let 97 ﬁ and 3 be i-v T-fuzzy right ideal, i-v T-fuzzy generalized
bi-ideal and i-v T-fuzzy left ideal of GG, respectively.

Then for any a € G, there exist x € G and «, § € ' such that a = aazSa. Thus
we have

U AT NV A A A
and so vouodA D v A uAMN (4)=(3)=(2) are clear. (2)=(1) Let v and X be
A
any i-v T-fuzzy right ideal and i-v T-fuzzy left ideal A of G, respectively. Then, as
AL, .. AR A LA DN A AN A A
X is an i-v T-fuzzy quasi-ideal of G, we have vAA=v A XA AXCvoxoACrvoA
A A A A
Since 1o A C DA always holds, so UAX=1oN for every i-v T-fuzzy right ideal v

A
and every i-v T-fuzzy left ideal A of G. Hence it follows from Theorem 8.5, that G
is regular. O

9. INTERVAL VALUED T-FUZZY IDEALS IN INTRA-REGULAR I'-SEMIGROUP

Definition 9.1. An i-v fuzzy subset ,LAJ, of a T-semigroup G is called an i-v T-fuzzy
semiprime if ﬁ(a) > ﬁ(a*ya) for all @ € G and for all y € T.

Theorem 9.2. For a I'-semigroup G, the following conditions are equivalent.

(1) G is intra-regular.

(2) Every i-v T-fuzzy two-sided ideal //) of G is an i-v T-fuzzy semiprime.

(3) Every i-v T-fuzzy interior ideal /A; of G is an i-v T-fuzzy semiprime.

(4) /Q(a) = ﬁ(a’ya) for every i-v T-fuzzy two-sided z'deal//) of G, for all a € G and
forally €T.

(5) Z\L(a) = ﬁ(a'ya) for every i-v T-fuzzy interior ideal ﬁ of G, for all a € G and
for ally €T.

Proof. (1)=(5) Let G be an intra-regular I'-semigroup and /AL be an i-v T-fuzzy
interior ideal of G. For any a € G, there exist z, y € G and «, 8, v € I" such that
21
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a = raafBayy. Hence

\_/
|

(zaafayy)
(aBa)
(aB(zaafayy))
(

(a

Y

|
“;> => B> T> T>

(afz)aaf(avy))
)-

Y]

Thus ﬁ(a) = ﬁ(aﬂa). (5)=(4)=(2) and (5)=(3)=(2) are clear. (2)=(1) Let a €
G and J[aya] be the two-sided ideal of G generated by aya. Then the characteristic
function )2 Jjava)©f J]ava] is an i-v T-fuzzy two-sided ideal of G. Thus by hypothesis
)/EJ[QW] (a) > )A(J[aw](ava) = [1,1]. This implies that a € J[aya]. Hence G is an
intra-regular I'-semigroup. O

Theorem 9.3. Let G be an intra-reqular I'-semigroup. Then for any i-v T-fuzzy
interior idealﬁ of G, for any a,b € G and v €T, ﬁ(a’yb) = ﬁ(b’ya).

Proof. Let G be an intra-regular I'-semigroup and //) be an i-v T-fuzzy interior ideal
of G. Let a, b€ G and v € I'. Then by Theorem 9.2, we have

)

I
=> T> T>

(avb)y(ayb))
ay(bya)yb)

=
Q
2
S

Y
<>
]

&

I
T=> T> T>

(bya)y(bya))
by(avb)ya)

~ =7 = =7 = =

v
2
2

=

Thus ﬁ(a’yb) = /Ax(b'ya). O

Theorem 9.4. For a I'-semigroup G, the following conditions are euivalent.
(1) G is intra-regular.
(2) LN R C LT'R for every left ideal L and every right ideal R of G.
A A
(3) ,LALA A C ,i\to A for every i-v T-fuzzy left ideal ﬁ and every i-v T-fuzzy right

A
ideal \ of G.

Proof. (1)<(2) It is well-known. (1)=(3) Let G be an intra-regular I'-semigroup.
A

Let //) and A are any i-v T-fuzzy left and i-v T-fuzzy right ideals of G, respectively.
For any a € G, there exist x, y € G and «, 3, 7 € I such that a = xaaBavyy. Hence
22
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we have

Thus ;ALAS\\ Clio 3\\ (3)=(2) Let L and R be any left ideal and right ideal of G,
respectively. Then Y rand X pare i-v T-fuzzy left and i-v T-fuzzy right ideals of G,
respectively. Let a be an element of LNR. Then a € L and a € R. By hypothesis we
have )NCLI‘R(a) = (Xp o )NCR)(G) > (xp & )NCR)(Q) = %LOR(Q) = [1,1]. Thus a € LI'R.
This implies that LN R C LT'R. O
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