
Annals of Fuzzy Mathematics and Informatics

Volume x, No. x, (Month 201y), pp. 1–xx

ISSN: 2093–9310 (print version)

ISSN: 2287–6235 (electronic version)

http://www.afmi.or.kr

@FMI
c© Kyung Moon Sa Co.

http://www.kyungmoon.com

Characterizations of Γ-semigroups by the
properties of their interval valued T -fuzzy ideals

Shahida Bashir, Amna Sarwar

Received 16 06 2014; Revised 12 09 2014; Accepted 06 10 2014

Abstract. This research paper is based on the introduction and initia-
tion of interval valued T -fuzzy ideals, interval valued T -fuzzy bi-ideals, in-
terval valued T -fuzzy quasi ideals and interval valued T -fuzzy interior ideals
in Γ-semigroups along with their characteristic traits. Furthermore several
specifications of regular Γ-semigroups and intra-regular Γ-semigroups along
with their specific qualities in terms of these ideals have been thoroughly
explored at their different stages.

2010 AMS Classification: Insert the 2010 AMS Classification

Keywords: Interval valued T -fuzzy sub-Γ-semigroup, interval valued T -fuzzy
quasi ideal, interval valued T -fuzzy bi-ideal and interval valued T -fuzzy generalized
bi-ideal. regular, intra-regular and semisimple Γ-semigroup.

Corresponding Author: (shahida.bashir@uog.edu.pk )

1. Introduction

It were Anthony and Sherwood [1] who re-nagotiated and defined the fuzzy sub-
groups employing statistical triangular norm in1979. Earlier on Schweizer and Sklar
[23] while in an effort to generalize the ordinary triangular inequality in the metric
space to the more common and generalized probable metric space came very close
to delineate this concept. Furthermore, in the sequential progression Bedregal and
Takahashi [2] suggested a generalization of t-norms for interval values co-extensive
with Gehrke [10] interval t-norm from a t-norm in a manner that always secure and
gaurentees that the output interval of the interval t-norm is the narrowest containing
the real result of the t-norm.

The concept of Γ in algebra was first introduced by Nobusawa [14] in 1964.
Similarly the notion of Γ-semigroup was pioneered by Sen in [24]. The fact of
matter is that the Γ-semigroup is a generalized abstraction of semigroup along with
ternary semigroup. Consequently, a lot many researchers have continued to work
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on Γ-semigroups and its structure. Diverse mathematicians have explored the Γ-
semigroups. Some of the outstanding nagotiaters of this exercise are Dutta and
Adhikar [9], Hila[11], Chinram [6], Sardar and Majumder [20, 21, 22] who have
specified and delineated sub-Γ-semigroups, bi-ideals, interior ideals and semiprime
ideals in terms of fuzzy subsets. They also explored their different characteristics
directly and by way of operator semigroups of a Γ-semigroup.

The concept of generalized fuzzy sub-Γ-semigroups, generalized fuzzy ideals and
generalized fuzzy bi-ideals in a Γ-semigroups was introduced by [17,18] S. K. Sardar,
B. Davvaz, S. K. Majumder and S. Kayal. Zadeh [27] first of all introduced the theory
of fuzzy sets. Since its launching, this theory has developed in multilateral directions
and discovered applications in multifarious fields. The concept of a fuzzy subset was
extended by an interval valued fuzzy subset by L. A. Zadeh[28]. Subsequently,
Biswas [3], defined the interval valued fuzzy subgroups of Rosenfields’s nature and
explored some basic properties. In [13], Narayanan and Manikantan initiated the
concepts of an interval valued fuzzy semigroups and various interval valued fuzzy
ideals in semigroups.

Interval valued subsets were proposed as a natural extension of fuzzy sets, thirty
years back. Interval valued fuzzy set is termed as interval valued membership func-
tion, that is, fuzzy set in a state that the membership gradation of each element of
the fuzzy set is resulteted by a closed subinteval of the interval [0,1]. These sets,
manifest, a more appropriate description of uncertainty than traditional fuzzy sets.
Interval valued Γ-fuzzy semigroups are applicable in diverse fields: control systems,
computer engineerings, information sciences and technologies. We have inspired by
Narayana and Manikantan [13] and prsued the study of Γ-semigroups in terms of
interval valued fuzzy subsets. This research is a continuation of these Paradigms
and indepth exploration of its different perimeters.

2. Preliminaries

Definition 2.1. [29] Let G = {x, y, z, ...} and Γ = {α, β, γ, ...} be two non-empty
sets, then G is called a Γ-semigroup if there exists a mapping G × Γ × G −→ G
(images to be denoted by aαb) satisfying

(1) xγy ∈ G,
(2) (xαy)βz = xα(yβz), for all x, y, z ∈ G and α, β, γ ∈ Γ.

A non-empty subset A of a Γ-semigroup G is called sub-Γ-semigroup of G if
AΓA ⊆ A. A left (right) ideal of a Γ-semigroup G is a non-empty subset A of G such
that GΓA ⊆ A (AΓG ⊆ A). If A is both a left and a right ideal of a Γ-semigroup G,
then we say that A is a Γ-ideal of G. Let A be a non-empty subset of a Γ-semigroup
G. By L[A], we mean the left Γ-ideal of G generated by A (that is, the intersection
of all left Γ-ideals of G containing A). Similarly, R[A] and J [A] denote the right and
two-sided Γ-ideals generated by A, respectively. L[a] = {a}∪GΓa, R[a] = {a}∪aΓG
and J [a] = {a} ∪ aΓG ∪GΓa ∪GΓaΓG are principal left, right and two-sided ideals
of a Γ-semigroup G generated by a, respectively. Let G be a Γ-semigroup. A sub-Γ-
semigroup A of G is called a bi-Γ-ideal of G if AΓGΓA ⊆ A. Let G be a Γ-semigroup,
a subset A of G is called a generalized bi-Γ-ideal of G if AΓGΓA ⊆ A. A non-empty
subset A of a Γ-semigroup G is called an interior Γ-ideal of G if GΓAΓG ⊆ A.
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Let G be a Γ-semigroup, a non-empty subset A of G is called quasi ideal of G if
(GΓA) ∩ (AΓG) ⊆ A. A Γ-semigroup G is called left (right) simple if G has no
proper left (right) ideals. Equivalently for all x, y ∈ G there exist a, b ∈ G and γ ∈ Γ
such that x = aγy and y = bγx (x = yγa and y = xγb). Let G be a Γ-semigroup,
an element x ∈ G is called regular if there exist g ∈ G and α, β ∈ Γ such that
x = xαgβx. A Γ-semigroup G is called regular if every element of G is regular. Let
G be a Γ-semigroup, an element x ∈ G is called intra-regular if there exist a, b ∈ G
and α, β, γ ∈ Γ such that x = aαxβxγb. G is called intra-regular if each element of
G is intra-regular cf[5,7,9,12,16,20].

Theorem 2.2. [25] The following conditions in a Γ-semigroup G are equivalent.
(1) G is regular.
(2) R ∩ L = RΓL, for every right ideal R and every left ideal L of G.
(3) For every right ideal R and for every left ideal L of G, we have
(i) RΓR = R
(ii) LΓL = L
(iii) R ∩ L = RΓL, is the quasi-ideal of a Γ-semigroup G.
(4) Every quasi-ideal Q of Γ-semigroup G has the form Q = QΓGΓQ.

3. Basic concepts in fuzzy subsets and fuzzy Ideals in Γ-semigroups

A fuzzy subset µ of a universal set G is a function from G into [0, 1]. Let µ and λ
be two fuzzy subsets of G. Define µ ∩ λ and µ ∪ λ as: (µ ∩ λ)(x) = µ(x) ∧ λ(x) and
(µ ∪ λ)(x) = µ(x) ∨ λ(x) for all x ∈ G. Let µ, λ be two fuzzy subsets of G. Then
their product µ ◦ λ is defined as

(µ◦λ)(x) =


∨

x=yγz

[µ(y) ∧ λ(z)] if there exist y, z ∈ G and γ ∈ Γ such that x = yγz.

0 otherwise

A fuzzy subset µ of a Γ-semigroup G is called fuzzy sub-Γ-semigroup of G if µ(xγy) ≥
µ(x)∧µ(y) for all x, y ∈ G and γ ∈ Γ. A fuzzy subset µ of a Γ-semigroup G is called
fuzzy left (right) ideal of G if µ(xγy) ≥ µ(y) (µ(xγy) ≥ µ(x)) for all x, y ∈ G and
γ ∈ Γ. A fuzzy subset µ of a Γ-semigroup G is called a fuzzy ideal of G if it is
both a fuzzy left ideal and a fuzzy right ideal of G. A fuzzy subset µ of a Γ-
semigroup G is called a fuzzy quasi ideal of G if (µ ◦ χ) ∩ (χ ◦ µ) ⊆ µ, where χ is
the characteristic function of G. A fuzzy sub-Γ-semigroup µ of a Γ-semigroup G is
called a fuzzy bi-ideal of G if µ(xβsγy) ≥ µ(x) ∧ µ(y) for all x, s, y ∈ G and β,
γ ∈ Γ. A fuzzy subset µ of a Γ-semigroup G is called a fuzzy generalized bi-ideal of
G if µ(xβsγy) ≥ µ(x) ∧ µ(y) for all x, s, y ∈ G and β, γ ∈ Γ. A fuzzy subset µ of a
Γ-semigroup G is called a fuzzy interior ideal of G if µ(xαaβy) ≥ µ(a) for all x, a,
y ∈ G and α, β ∈ Γ cf[16,20,21,27].

4. Basic concepts in i-v fuzzy subsets

By an interval number
∼
t we mean (cf. [28]) an interval [tl, tu], where 0 ≤ tl ≤

tu ≤ 1. The set of all interval numbers is denoted by D[0, 1]. The interval [t, t] is

defined with the number t ∈ [0, 1]. By interval numbers
∼
t i = [tli, t

u
i ],
∼
t = [tl, tu]

3
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and
∼
r = [rl, ru] ∈ D[0, 1], i ∈ I. We define inf

∼
t = [∧i∈Itli, ∧i∈Itui ], sup

∼
t = [∨i∈Itli,

∨i∈Itui ] and

(1)
∼
t ≤ ∼r if and only if tl ≤ rl and tu ≤ ru.

(2)
∼
t =

∼
r if and only if tl = rl and tu = ru.

(3)
∼
t <

∼
r if and only if

∼
t ≤ ∼r and

∼
t 6= ∼r .

(4)
∼
t ⊆ ∼r if and only if rl ≤ tl ≤ tu ≤ ru.

(5) k
∼
t = [ktl, ktu], whenever 0 ≤ k ≤ 1.

It is clear that (D[0, 1], ≤, ∨, ∧) is a complete lattice (a partially ordered set in
which all subsets have both a supremum and infimum) with 0 = [0, 0] as the least
element and 1 = [1, 1] as the greatest element. By an interval valued fuzzy subset
(briefly, an i-v fuzzy subset) on G we mean the set F = {(x, [µl(x), µu(x)])|x ∈ G},
where µl and µu are two fuzzy sets on G such that µl(x) ≤ µu(x) for all x ∈ G.

Putting
∧
µ(x) = [µl(x), µu(x)], we see that F = {(x, ∧µ(x))|x ∈ G}, where

∧
µ : G →

D[0, 1].

Definition 4.1. [23] A mapping T : [0, 1] × [0, 1] → [0, 1] is called a t-norm if it
satisfies the following:

(1) T (1, x) = x. (1 acts as an identity element)
(2) T (x, y) = T (y, x). (Commutativity)
(3) T (x, T (y, z)) = T (T (x, y), z). (Associativity)
(4) If w ≤ x and y ≤ z, then T (w, y) ≤ T (x, z) for all x, y, z, w ∈ [0, 1].

(Monotonicity) The first, second and fourth conditions give

T (0, x) ≤ T (0, 1) = 0.

Definition 4.2. [2] A mapping 4 : D[0, 1]×D[0, 1] −→ D[0, 1] is called an interval
triangular norm if 4 satisfies the following properties:

(1) for each
∼
t ,
∼
r ∈ D[0, 1],

∼
t 4 ∼r =

∼
r 4

∼
t . (Symmetry)

(2) for each
∼
t ,
∼
r,
∼
s ∈ D[0, 1],

∼
t 4 (

∼
r 4 ∼s) = (

∼
t 4 ∼r)4 ∼s. (Associativity)

(3) for each
∼
t1,

∼
r1,

∼
t2,
∼
r2 ∈ D[0, 1], if

∼
t 1 ≤

∼
t 2(tl1 ≤ tl2 and tu1 ≤ tu2 ) and

∼
r1 ≤

∼
r2(rl1 ≤ rl2 and ru1 ≤ ru2 ), then

∼
t 1 4

∼
r1 ≤

∼
t 2 4

∼
r2 (KM-monotonicity).

(4) for each
∼
t 1,

∼
r1,

∼
t 2,

∼
r2 ∈ D[0, 1], if

∼
t 1 ⊆

∼
t 2(tl2 ≤ tl1 ≤ tu1 ≤ tu2 ) and

∼
r1 ⊆

∼
r2(rl2 ≤ rl1 ≤ ru1 ≤ ru2 ), then

∼
t 1 4

∼
r1 ⊆

∼
t 2 4

∼
r2 (Inclusion monotonicity).

(5) for each
∼
t ∈ D[0, 1],

∼
t 4 [1, 1] =

∼
t . (1 acts as an identity element).

5. Interval valued T-fuzzy ideals in Γ-semigroups

In this section, we define interval valued T - fuzzy left, right, interior, quasi, bi
and generalized bi-ideals of a Γ-semigroup G. In what follows, 4 will denote an

interval t-norm and
∧
µ ⊆

∧
λ if and only if

∧
µ(x) ≤

∧
λ(x) for all x ∈ G.

Definition 5.1. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

sub-Γ-semigroup of G if
∧
µ(xγy) ≥ ∧µ(x)4 ∧µ(y) for all x, y ∈ G and γ ∈ Γ.

4
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Definition 5.2. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

left (right) ideal of G if
∧
µ(xγy) ≥ ∧µ(y) (

∧
µ(xγy) ≥ ∧µ(x)) for all x, y ∈ G and γ ∈ Γ.

Definition 5.3. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

two sided ideal of G or an i-v T -fuzzy ideal of G if it is both an i-v T -fuzzy left ideal
and an i-v T -fuzzy right ideal of G.

Definition 5.4. An i-v fuzzy sub-Γ-semigroup
∧
µ of a Γ-semigroup G is called an

i-v T -fuzzy bi-ideal of G if
∧
µ(xαyβz) ≥ ∧µ(x)4 ∧µ(z) for all x, y, z ∈ G and α, β ∈ Γ.

Definition 5.5. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

generalized bi-ideal of G if
∧
µ(xαyβz) ≥ ∧µ(x)4 ∧µ(z) for all x, y, z ∈ G and α, β ∈ Γ.

Remark 5.6. Every i-v T -fuzzy bi-ideal of a Γ-semigroup G is an i-v T -fuzzy gen-
eralized bi-ideal of G but converse is not true.

Definition 5.7. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

interior ideal of G if
∧
µ(xαaβy) ≥ ∧µ(a) for all x, a, y ∈ G and α, β ∈ Γ.

Definition 5.8. Let
∧
µ and

∧
λ be two i-v T -fuzzy subsets of a Γ-semigroup G. Then

∧
µ4

∧
λ is defined as (

∧
µ4

∧
λ)(x) =

∧
µ(x)4

∧
λ(x).

Definition 5.9. Let
∧
µ be an i-v fuzzy subset of a Γ-semigroup G and let

∼
t ∈ [0, 1].

Then the set
∧
µ∼
t

= {x ∈ G :
∧
µ(x) ≥

∼
t} is called the level subset of

∧
µ.

Definition 5.10. Let
∧
µ and

∧
λ be two i-v fuzzy subsets of a Γ-semigroup G. Then

(
∧
µ◦
∧
λ)(x) =


∨

x=yγz

[
∧
µ(y)4

∧
λ(z)] if there exist y, z ∈ G and γ ∈ Γ such that x = yγz.

0 otherwise

Definition 5.11. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

quasi ideal of G if (
∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ) ⊆ ∧µ, where

∧
χ is the characteristic function of G.

6. Interval valued T -fuzzy Ideals

Lemma 6.1. Let
∧
µ,
∧
λ and

∧
ν be three i-v fuzzy subsets of a Γ-semigroup G. If

∧
µ ⊆

∧
λ

then
∧
µ ◦ ∧ν ⊆

∧
λ ◦ ∧ν and

∧
ν ◦ ∧µ ⊆ ∧ν ◦

∧
λ.

Proof. Let x ∈ G, then (
∧
µ ◦ ∧ν)(x) = [0, 0] = (

∧
λ ◦ ∧ν)(x), if x is not expressible as

x = yγz. Otherwise

(
∧
µ ◦ ∧ν)(x) =

∨
x=yγz

[
∧
µ(y)4 ∧ν(z)]

≤
∨

x=yγz

[
∧
λ(y)4 ∧ν(z)]

= (
∧
λ ◦ ∧ν)(x).

5
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Thus
∧
µ ◦ ∧ν ⊆

∧
λ ◦ ∧ν. Similarly we can show that

∧
ν ◦ ∧µ ⊆ ∧ν ◦

∧
λ. �

Lemma 6.2. If
∧
µ and

∧
λ be two i-v T -fuzzy sub-Γ-semigroups of a Γ-semigroup G.

Then
∧
µ4

∧
λ is also an i-v T -fuzzy sub-Γ-semigroup of G.

Proof. If
∧
µ and

∧
λ be two i-v fuzzy sub-Γ-semigroups of a Γ-semigroup G. Then

∧
µ(xγy) ≥ ∧µ(x)4 ∧µ(y) and

∧
λ(xγy) ≥

∧
λ(x)4

∧
λ(y) for all x, y ∈ G and γ ∈ Γ. Now

(
∧
µ4

∧
λ)(xγy) =

∧
µ(xγy)4

∧
λ(xγy)

≥ [
∧
µ(x)4 ∧µ(y)]4 [

∧
λ(x)4

∧
λ(y)]

= [
∧
µ(x)4

∧
λ(x)]4 [

∧
µ(y)4

∧
λ(y)]

= (
∧
µ4

∧
λ)(x)4 (

∧
µ4

∧
λ)(y).

This implies that
∧
µ4

∧
λ is an i-v T -fuzzy sub-Γ-semigroup of G. �

Theorem 6.3. Let
∧
µ be an i-v fuzzy subset of a Γ-semigroup G. Then

∧
µ is an i-v T -

fuzzy sub-Γ-semigroup of G if
∧
µ∼
t
(6= ∅) is a sub-Γ-semigroup of G for all

∼
t ∈ D[0, 1].

Proof. Assume that every non-empty level subset of
∧
µ is a sub-Γ-semigroup of G.

Let a, b ∈ G and γ ∈ Γ be such that
∧
µ(a) 4 ∧µ(b) >

∧
µ(aγb). Choose

∼
t ∈ D[0, 1]

such that
∧
µ(a) 4 ∧µ(b) ≥

∼
t >

∧
µ(aγb). Implies a ∈ ∧µ∼

t
and b ∈ ∧µ∼

t
but aγb /∈ ∧µ∼

t
.

Which is a contradiction. Hence
∧
µ(aγb) ≥ ∧µ(a)4 ∧µ(b). Thus

∧
µ is an i-v T -fuzzy

sub-Γ-semigroup of G. The converse of above Theorem does not hold in general. �

Example 6.4. Let G = {0, a, b, c} be the Γ-semigroup with Γ = {γ} and the
multiplication table defined as:

γ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Define an i-v fuzzy subset
∧
µ in G by

∧
µ(0) = [0.8, 0.9],

∧
µ(a) = [0.6, 0.7],

∧
µ(b) =

[0.55, 0.59],
∧
µ(c) = [0.5, 0.54]. Using interval t-norm associated with Lukasiewiez

t-norm, by routine calculations, it can be shown that
∧
µ(xγy) ≥ ∧µ(x)4 ∧µ(y) for all

x, y ∈ G and γ ∈ Γ, which shows that
∧
µ is an i-v T -fuzzy sub-Γ-semigroup of G.

But its level subset
∧
µ[0.55, 0.59] = {0, a, b} is not a sub-Γ-semigroup of G, because

aγb = c /∈ ∧µ[0.55, 0.59].

Lemma 6.5. If
∧
µ and

∧
λ be two i-v T -fuzzy left (right) ideals of a Γ-semigroup G.

Then
6
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(1)
∧
µ4

∧
λ is also an i-v T -fuzzy left (right) ideal of G.

(2)
∧
µ ∪

∧
λ is also an i-v T -fuzzy left (right) ideal of G.

Proof. (1) Let
∧
µ and

∧
λ be i-v T -fuzzy left ideals of a Γ-semigroup G. Then

∧
µ(xγy) ≥

∧
µ(y) and

∧
λ(xγy) ≥

∧
λ(y) for all x, y ∈ G and γ ∈ Γ. Now

∧
µ(xγy) 4

∧
λ(xγy) ≥

∧
µ(y)4

∧
λ(y). Thus (

∧
µ4

∧
λ)(xγy) ≥ (

∧
µ4

∧
λ)(y). Hence

∧
µ4

∧
λ is an i-v T -fuzzy left

ideal of G.

(2) Let
∧
µ and

∧
λ be i-v T -fuzzy left ideals of a Γ-semigroupG. Then

∧
µ(xγy) ≥ ∧µ(y)

and
∧
λ(xγy) ≥

∧
λ(y) for all x, y ∈ G and γ ∈ Γ. Now

∧
µ(xγy)∨

∧
λ(xγy) ≥ ∧µ(y)∨

∧
λ(y).

Thus (
∧
µ ∪

∧
λ)(xγy) ≥ (

∧
µ ∪

∧
λ)(y). Hence

∧
µ ∪

∧
λ is an i-v T -fuzzy left ideal of G. �

Lemma 6.6. Let
∧
µ be an i-v T fuzzy subset of a Γ-semigroup G. Then

∧
µ is an i-v

T - fuzzy sub-Γ-semigroup of G if and only if
∧
µ ◦ ∧µ ⊆ ∧µ.

Proof. Let
∧
µ be an i-v T -fuzzy sub-Γ-semigroup of G and x ∈ G. If (

∧
µ◦∧µ)(x) = [0, 0],

then (
∧
µ ◦ ∧µ)(x) ≤ ∧µ(x). Otherwise,

(
∧
µ ◦ ∧µ)(x) =

∨
x=yγz

[
∧
µ(y)4 ∧µ(z)]

≤
∨

x=yγz

∧
µ(yγz)

=
∧
µ(x)

Thus
∧
µ ◦ ∧µ ⊆ ∧µ. Conversely, let

∧
µ ◦ ∧µ ⊆ ∧µ and y, z ∈ G, γ ∈ Γ. Then

∧
µ(yγz) ≥ (

∧
µ ◦ ∧µ)(yγz)

=
∨

yγz=aγb

[
∧
µ(a)4 ∧µ(b)]

≥ ∧µ(y)4 ∧µ(z).

So,
∧
µ is an i-v T -fuzzy sub-Γ-semigroup of G. �

Lemma 6.7. Let
∧
µ be an i-v T fuzzy subset of a Γ-semigroup G. Then

∧
µ is an i-v

T - fuzzy left (right) ideal of G if and only if
∧
χ ◦ ∧µ ⊆ ∧µ (

∧
µ ◦ ∧χ ⊆ ∧µ).

7
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Proof. Let
∧
µ is an i-v T - fuzzy left ideal of G and x ∈ G. If (

∧
χ ◦ ∧µ)(x) = [0, 0] then

(
∧
χ ◦ ∧µ)(x) ≤ ∧µ(x). Otherwise,

(
∧
χ ◦ ∧µ)(x) =

∨
x=yγz

[
∧
χ(y)4 ∧µ(z)]

=
∨

x=yγz

[[1, 1]4 ∧µ(z)]

=
∨

x=yγz

∧
µ(z)

≤
∨

x=yγz

∧
µ(yγz)

=
∧
µ(x).

Thus
∧
χ ◦ ∧µ ⊆ ∧µ. Conversely, let

∧
χ ◦ ∧µ ⊆ ∧µ and y, z ∈ G, γ ∈ Γ. Then

∧
µ(yγz) ≥ (

∧
χ ◦ ∧µ)(yγz)

=
∨

yγz=aγb

[
∧
χ(a)4 ∧µ(b)]

≥ ∧χ(y)4 ∧µ(z)

= [1, 1]4 ∧µ(z)

=
∧
µ(z).

Thus
∧
µ(yγz) ≥ ∧µ(z). Thus

∧
µ is an i-v T - fuzzy left ideal of G. �

Lemma 6.8. An i-v T fuzzy subset
∧
µ of a Γ-semigroup G is an i-v T -fuzzy gener-

alized bi-ideal of G if and only if
∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ.

8
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Proof. Let
∧
µ be an i-v T -fuzzy generalized bi-ideal of G and a ∈ G such that a = vαz

where α ∈ Γ. If (
∧
µ ◦ ∧χ ◦ ∧µ)(a) = [0, 0] then

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ. Otherwise,

(
∧
µ ◦ ∧χ ◦ ∧µ)(a) =

∨
a=vαz

[(
∧
µ ◦ ∧χ)(v)4 ∧µ(z)]

=
∨

a=vαz

[
∨

v=xβy

[
∧
µ(x)4 ∧χ(y)]4 ∧µ(z)]

=
∨

a=vαz

[
∨

v=xβy

[
∧
µ(x)4 [1, 1]]4 ∧µ(z)]

=
∨

a=vαz

[
∨

v=xβy

[
∧
µ(x)4 ∧µ(z)]]

=
∨

a=xβyαz

[
∧
µ(x)4 ∧µ(z)]

≤
∨

a=xβyαz

∧
µ(xβyαz)

=
∧
µ(a).

Thus
∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ. Conversely, let

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ and x, y ∈ G, α, β ∈ Γ. Then

∧
µ(xαyβz) ≥ (

∧
µ ◦ ∧χ ◦ ∧µ)(xαyβz)

=
∨

xαyβz=aγb

[(
∧
µ ◦ ∧χ)(a)4 ∧µ(b)]

≥ (
∧
µ ◦ ∧χ)(xαy)4 ∧µ(z)

=
∨

xαy=aδc

[
∧
µ(a)4 ∧χ(c)]4 ∧µ(z)

≥ ∧µ(x)4 ∧χ(y)4 ∧µ(z)

=
∧
µ(x)4 [1, 1]4 ∧µ(z)

=
∧
µ(x)4 ∧µ(z)

Thus
∧
µ(xαyβz) ≥ ∧µ(x) 4 ∧µ(z) . So,

∧
µ is an i-v T -fuzzy generalized bi-ideal of

G. �

Lemma 6.9. Let
∧
µ is an i-v T fuzzy subset of a Γ-semigroup G. Then

∧
µ is an i-v

T -fuzzy bi-ideal of G if and only if
∧
µ ◦ ∧µ ⊆ ∧µ and

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ.

Proof. Let
∧
µ is an i-v fuzzy subset of a Γ-semigroup G. Suppose

∧
µ is an i-v T -fuzzy

bi-ideal of G. So
∧
µ is a fuzzy sub-Γ-semigroup of G. Hence by Lemma 6.6,

∧
µ◦ ∧µ ⊆ ∧µ.

Let a ∈ G. Suppose there exist x, y, p, q ∈ G and β, γ ∈ Γ such that a = xγy and

x = pβq. Since
∧
µ is an i-v T -fuzzy bi-ideal of G, we obtain

∧
µ(pβqγy) ≥ ∧µ(p)4 ∧µ(y).

9
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Then

(
∧
µ ◦ ∧χ ◦ ∧µ)(a) =

∨
a=xγy

[(
∧
µ ◦ ∧χ)(x)4 ∧µ(y)]

=
∨

a=xγy

[
∨

x=pβq

[
∧
µ(p)4 ∧χ(q)]4 ∧µ(y)]

=
∨

a=xγy

[
∨

v=pβq

[
∧
µ(p)4 [1, 1]]4 ∧µ(y)]

=
∨

a=xγy

[
∨

v=pβq

[
∧
µ(p)4 ∧µ(y)]]

≤ ∧µ(pβqγy)

=
∧
µ(xγy)

=
∧
µ(a).

Thus
∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ. Otherwise, (

∧
µ ◦ ∧χ ◦ ∧µ)(a) = [0, 0] ≤ ∧µ(a). Thus

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ.

Conversely, let us assume that
∧
µ ◦ ∧µ ⊆ ∧µ and

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ. As

∧
µ ◦ ∧µ ⊆ ∧µ, so

∧
µ is

an i-v T fuzzy sub-Γ-semigroup of G. Let x, y, z ∈ G and β, γ ∈ Γ and a = xβyγz.

Also since
∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ, we have

∧
µ(xβyγz) =

∧
µ(a)

≥ (
∧
µ ◦ ∧χ ◦ ∧µ)(a)

=
∨

a=xβyγz

[(
∧
µ ◦ ∧χ)(x)4 ∧µ(z)]

≥ (
∧
µ ◦ ∧χ)(p)4 ∧µ(z)( let p = xβy)

=
∨

p=xβy

[
∧
µ(x)4 ∧χ(y)]4 ∧µ(z)

=
∨

p=xβy

[
∧
µ(x)4 [1, 1]]4 ∧µ(z)

=
∨

p=xβy

∧
µ(x)4 ∧µ(z)

≥ ∧µ(x)4 ∧µ(z).

Hence
∧
µ is an i-v T -fuzzy bi-ideal of G. �

Lemma 6.10. Let
∧
µ is an i-v fuzzy subset of a Γ-semigroup G. Then

∧
µ is an i-v

T -fuzzy interior ideal of G if and only if
∧
χ ◦ ∧µ ◦ ∧χ ⊆ ∧µ.

10
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Proof. Let
∧
µ is an i-v T -fuzzy interior ideal of G and a ∈ G, α, β ∈ Γ. If (

∧
χ

◦∧µ ◦ ∧χ)(a) = [0, 0] then (
∧
χ ◦∧µ ◦ ∧χ)(a) ≤ ∧µ(a). Otherwise,

(
∧
χ ◦ ∧µ ◦ ∧χ)(a) =

∨
a=vαz

[(
∧
χ ◦ ∧µ)(v)4 ∧χ(z)]

=
∨

a=vαz

[
∨

v=xβy

[
∧
χ(x)4 ∧µ(y)]4 ∧χ(z)]

=
∨

a=vαz

[
∨

v=xβy

[[1, 1]4 ∧µ(y)]4 [1, 1]]

=
∨

a=vαz

[
∨

v=xβy

∧
µ(y)]

=
∨

a=xβyαz

∧
µ(y)

≤
∨

a=xβyαz

∧
µ(xβyαz)

=
∧
µ(a).

Thus
∧
χ ◦ ∧µ ◦ ∧χ ⊆ ∧µ. Conversely, let

∧
χ ◦ ∧µ ◦ ∧χ ⊆ ∧µ and x, y, z ∈ G, α, β ∈ Γ. Then

∧
µ(xαyβz) =

∧
µ(a) ≥ (

∧
χ ◦ ∧µ ◦ ∧χ)(a)

=
∨

a=xαyβz

[(
∧
χ ◦ ∧µ)(xαy)4 ∧χ(z)]

≥ (
∧
χ ◦ ∧µ)(p)4 ∧χ(z)

=
∨

p=xαy

[[
∧
χ(x)4 ∧µ(y)]4 ∧χ(z)]

=
∨

p=xαy

[[1, 1]4 ∧µ(y)4 [1, 1]]

=
∨

p=xαy

∧
µ(y)

≥ ∧µ(y).

Thus
∧
µ(xαyβz) ≥ ∧µ(y). So

∧
µ is an i-v T -fuzzy interior ideal of G. �

Remark 6.11. Every i-v T -fuzzy ideal is an i-v T -fuzzy interior ideal of a Γ-
semigroup G but the converse is not true.

Lemma 6.12. Let
∧
µ is an i-v fuzzy subset of a regular Γ-semigroup G. Then the

following conditions are equivalent.

(1)
∧
µ is an i-v T -fuzzy ideal of G.

(2)
∧
µ is an i-v T -fuzzy interior ideal of G.

11
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Proof. Suppose (1) holds. By Lemma 6.7,
∧
µ is an i-v T -fuzzy ideal of G if and only

if
∧
χ ◦ ∧µ ⊆ ∧µ and

∧
µ ◦ ∧χ ⊆ ∧µ. By Lemma 6.10,

∧
µ is an i-v T -fuzzy interior ideal of G

if and only if
∧
χ ◦ ∧µ ◦ ∧χ ⊆ ∧µ ◦ ∧χ ⊆ ∧µ.

Conversely, suppose (2) holds. Let a, b ∈ G and α ∈ Γ. Since G is regular, so there
exist elements x, y ∈ G and β, γ ∈ Γ such that a = aβxγa and b = bβyγb, we have
∧
µ(aαb) =

∧
µ((aβxγa)αb) =

∧
µ((aβx)γaαb) ≥ ∧

µ(a) and
∧
µ(aαb) =

∧
µ(aα(bβyγb)) =

∧
µ(aαbβ(yγb)) ≥ ∧µ(b). Thus

∧
µ is an i-v T -fuzzy ideal of G. �

Lemma 6.13. Let A be a non-empty subset of a Γ-semigroup G. Then A is a bi-ideal
(sub-Γ-semigroup, left ideal, right ideal, two sided ideal, interior ideal, generalized

bi-ideal)of G if and only if the i-v characteristic function
∧
χA of A is an i-v T -

fuzzy bi-ideal (sub-Γ-semigroup, left ideal, right ideal, two sided ideal, interior ideal,
generalized bi-ideal)of G, respectively.

Proof. Let A be a bi-ideal of G and x, y, z ∈ G, α, β, γ ∈ Γ. If x /∈ A or z /∈ A, then
∧
χA(x) = [0, 0] or

∧
χA(z) = [0, 0]. This implies

∧
χA(xαyβz) ≥ [0, 0] =

∧
χA(x)4 ∧χA(z)

and
∧
χA(xγz) ≥ [0, 0] =

∧
χA(x)4 ∧χA(z). If x ∈ A and z ∈ A, then

∧
χA(x) =

∧
χA(z) =

[1, 1]. Since A is a bi-Γ-ideal. So xαyβz ∈ AΓGΓA ⊆ A and xγz ∈ AΓA ⊆ A. Thus
∧
χA(xαyβz) = [1, 1] ≥ ∧χA(x)4 ∧χA(z) and

∧
χA(xγz) = [1, 1] ≥ ∧χA(x)4 ∧χA(z). Hence

∧
χA is an i-v T -fuzzy bi-ideal of G.

Conversely, assume that
∧
χA is an i-v T -fuzzy bi-ideal of G and x, z ∈ A. Then

∧
χA(x) =

∧
χA(z) = [1, 1]. This implies

∧
χA(x)4 ∧χA(z) = [1, 1]. Now, for any y ∈ G

and α, β, γ ∈ Γ, we have
∧
χA(xαyβz) ≥ ∧

χA(x) 4 ∧χA(z) = [1, 1] and
∧
χA(xγz) ≥

∧
χA(x)4 ∧χA(z) = [1, 1]. Thus xαyβz ∈ A and xγz ∈ A. Hence A is a bi-Γ-ideal of
G. �

A Γ-semigroup G is called an i-v T -fuzzy left (right) simple if every i-v T -fuzzy
left (right) ideal of G is a constant function.

Definition 6.14. A Γ-semigroup G is called an i-v T -fuzzy two-sided simple if every
i-v T -fuzzy two-sided ideal of G is a constant function.

Lemma 6.15. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is left (right)simple.
(2) G is i-v -fuzzy left (right) simple.

Proof. (1)⇒(2) First assume that G is left simple. Let
∧
µ be an i-v T -fuzzy left ideal

of G and a, b ∈ G, γ ∈ Γ such that b = xγa and a = yγb. Since
∧
µ is an i-v T -fuzzy

left ideal of G, so
∧
µ(a) =

∧
µ(yγb) ≥ ∧µ(b) =

∧
µ(xγa) ≥ ∧µ(a). Thus

∧
µ(a) =

∧
µ(b). Since

a and b are any elements of G, this means that
∧
µ is a constant function and so G is

T -fuzzy left simple.
(2)⇒(1) Conversely, assume that (2) holds. Let A be any left Γ-ideal of G. Then,

by Lemma 6.14,
∧
χA is an i-v T -fuzzy left ideal of G. Thus

∧
χA is a constant function.

Let x ∈ G. Then,
∧
χA(x) = [1, 1] and so, x ∈ A. This implies that G ⊆ A, that is,

G = A. Hence G is left simple. �

12
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7. Interval valued T -fuzzy Quasi-ideal

Lemma 7.1. Let A be a non-empty subset of a Γ-semigroup G. Then A is a quasi-

ideal of G if and only if the i-v characteristic function
∧
χA of A is an i-v T -fuzzy

quasi-ideal of G.

Proof. Assume that A is a quasi-ideal of G and a ∈ A. Then ((
∧
χA ◦

∧
χ) 4 (

∧
χ ◦

∧
χA))(a) ≤ [1, 1] =

∧
χA(a). If a /∈ A, then

∧
χA(a) = [0, 0]. On the other hand, if

((
∧
χA ◦

∧
χ)4 (

∧
χ◦ ∧χA))(a) = [1, 1], then for γ ∈ Γ,

∨
a=pγq

[
∧
χA(p)4 ∧χ(q)] = (

∧
χA ◦

∧
χ)(a) =

[1, 1] and for α ∈ Γ,
∨

a=rαt

[
∧
χ(r)4 ∧χA(t)] = (

∧
χ◦ ∧χA)(a) = [1, 1]. This implies that b, c,

d, e ∈ G and β, δ ∈ Γ with a = bβc = dδe such that
∧
χA(b) = [1, 1] and

∧
χA(e) = [1, 1],

so b ∈ A and e ∈ A. Hence a = bβc = dδe ∈ AΓG ∩ GΓA ⊆ A, which contradicts

the fact that a /∈ A. Thus we have (
∧
χA ◦

∧
χ)4 (

∧
χ ◦ ∧χA) ⊆ ∧χA and so

∧
χA is an i-v

T -fuzzy quasi ideal of G. Conversely, assume that
∧
χA is an i-v T -fuzzy quasi ideal

of G and a ∈ AΓG ∩ GΓA. Then there exist s, t ∈ G, β, γ ∈ Γ and b, c ∈ A such
that a = bβs = tγc. Thus we have

(
∧
χA ◦

∧
χ)(a) =

∨
a=pαq

[
∧
χA(p)4 ∧χ(q)]

≥ ∧χA(b)4 ∧χ(s)

= [1, 1]4 [1, 1] = [1, 1],

and so (
∧
χA ◦

∧
χ)(a) = [1, 1]. Similarly, we have (

∧
χ ◦ ∧χA)(a) = [1, 1]. Since

∧
χA(a) ≥

((
∧
χA◦

∧
χ)4 (

∧
χ ◦ ∧χA))(a) = [1, 1]. We have a ∈ A, β, γ ∈ Γ and so AΓG∩GΓA ⊆ A.

Hence A is a quasi ideal of G. �

Proposition 7.2. Every i-v T -fuzzy one-sided ideal of a Γ-semigroup G is an i-v
T -fuzzy quasi ideal of G.

Proof. Let
∧
µ is an i-v T - fuzzy one-sided ideal of G then

∧
χ ◦ ∧µ ⊆ ∧µ. If ((

∧
µ ◦ ∧χ)4 (

∧
χ ◦

∧
µ))(x) = [0, 0], then ((

∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ))(x) = [0, 0] ≤ ∧µ(x). Otherwise,

((
∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ))(x) = (

∧
µ ◦ ∧χ)(x)4 (

∧
χ ◦ ∧µ)(x)

=
∨

x=pγq

[
∧
µ(p)4 ∧χ(q)]4

∨
x=pγq

[
∧
χ(p)4 ∧µ(q)]

≤
∨

x=pγq

[
∧
µ(p)4 [1, 1]]4

∨
x=pγq

[[1, 1]4 ∧µ(q)]

=
∨

x=pγq

[
∧
µ(p)4 [1, 1]4 [1, 1]4 ∧µ(q)]

=
∨

x=pγq

[
∧
µ(p)4 ∧µ(q)]

≤ ∧µ(x).

13
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Thus (
∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ ⊆ ∧µ(x), which implies that

∧
µ is an i-v T -fuzzy quasi ideal

of G. �

Proposition 7.3. Every i-v T -fuzzy quasi ideal of a Γ-semigroup G is an i-v T -fuzzy
bi-ideal of G.

Proof. Let
∧
µ is an i-v T - fuzzy quasi ideal of G and x ∈ G. If (

∧
µ ◦ ∧µ)(x) = [0, 0] then

(
∧
µ ◦ ∧µ)(x) = [0, 0] ≤ ∧µ(x). Otherwise,

(
∧
µ ◦ ∧µ)(x) =

∨
x=mβn

[
∧
µ(m)4 ∧µ(n)]

=
∨

x=mβn

[[
∧
µ(m)4 [1, 1]]4 [[1, 1]4 ∧µ(n)]]

=
∨

x=mβn

[[
∧
µ(m)4 ∧χ(n)]4 [

∧
χ(m)4 ∧µ(n)]]

≤
∨

x=mβn

[
∧
µ(m)4 ∧χ(n)]4

∨
x=mβn

[
∧
χ(m)4 ∧µ(n)]

= (
∧
µ ◦ ∧χ)(x)4 (

∧
χ ◦ ∧µ)(x)

= ((
∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ))(x)

≤ ∧µ(x)

because
∧
µ is an i-v T - fuzzy quasi ideal of G. Hence

∧
µ ◦ ∧µ ⊆ ∧µ, so

∧
µ is an i-v T -

fuzzy sub-Γ-semigroup of G. If (
∧
µ◦∧χ◦∧µ)(x) = [0, 0] then (

∧
µ◦∧χ◦∧µ)(x) = [0, 0] ≤ ∧µ(x).

14
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Otherwise,

(
∧
µ ◦ ∧χ ◦ ∧µ)(x) =

∨
x=pγq

[(
∧
µ ◦ ∧χ)(p)4 ∧µ(q)]

=
∨

x=pγq

[
∨

p=uβv

[
∧
µ(u)4 ∧χ(v)]4 ∧µ(q)]

=
∨

x=uβvγq

[[
∧
µ(u)4 [1, 1]]4 ∧µ(q)]

=
∨

x=uβvγq

[[
∧
µ(u)4 [1, 1]4 [1, 1]]4 ∧µ(q)]

=
∨

x=uβvγq

[[
∧
µ(u)4 [1, 1]]4 [[1, 1]4 ∧µ(q)]]

≤
∨

x=uβvγq

[[
∧
µ(u)4 [1, 1]]4

∨
x=uβvγq

[[1, 1]4 ∧µ(q)]]

=
∨

x=uβvγq

[[
∧
µ(u)4 ∧χ(vγq)]4

∨
x=uβvγq

[
∧
χ(uβv)4 ∧µ(q)]]

= (
∧
µ ◦ ∧χ)(x)4 (

∧
χ ◦ ∧µ)(x)

= ((
∧
µ ◦ ∧χ)4 (

∧
χ ◦ ∧µ))(x)

≤ ∧µ(x)

because
∧
µ is an i-v T - fuzzy quasi ideal of G. Thus

∧
µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ, which implies

that
∧
µ is an i-v T -fuzzy bi-ideal of G. �

Remark 7.4. The converse of the Proposition 7.2 and Proposition 7.3 do not hold
in general.

Example 7.5. Let G = {0, a, b, c} be a Γ-semigroup with Γ = {γ} and the
multiplication table defined as:

γ 0 a b c
0 0 0 0 0
a 0 a b 0
b 0 0 0 0
c 0 c 0 0

Then Q = {0, a} is a quasi Γ-ideal of G and is not a left (right) ideal of G. Define

an i-v fuzzy subset
∧
µ of G by

∧
µ(0) =

∧
µ(a) = [0.7, 0.8] and

∧
µ(b) =

∧
µ(c) = [0, 0]. Using

interval t-norm associated with Lukasiewiez t-norm, it can be verified that
∧
µ is an

i-v T -fuzzy quasi ideal of G and not an i-v T -fuzzy left (right)ideal of G, because
∧
µ(c) =

∧
µ(cγa) � ∧µ(a).

15
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Example 7.6. Let G = {0, a, b, c} be a Γ-semigroup with Γ = {γ} and the multi-
plication table defined as:

γ 0 a b c
0 0 0 0 0
a 0 0 0 0
b 0 0 0 a
c 0 0 a b

Then B = {0, b} is a bi-Γ-ideal of G and is not a quasi Γ-ideal of G. Define an

i-v fuzzy subset
∧
µ of G by

∧
µ(0) =

∧
µ(b) = [0.7, 0.8] and

∧
µ(a) =

∧
µ(c) = [0, 0]. Using

interval t-norm associated with Lukasiewiez t-norm, it can be verified that
∧
µ is an

i-v T -fuzzy bi-ideal of G and not an i-v T -fuzzy quasi ideal of G.

Proposition 7.7. Let
∧
λ and

∧
µ be i-v T -fuzzy right and left ideals of a Γ-semigroup

G, respectively. Then
∧
λ4 ∧µ is an i-v T -fuzzy quasi ideal of G.

Proof. Since ((
∧
λ4 ∧µ) ◦ ∧χ)4 (

∧
χ ◦ (

∧
λ4 ∧µ)) ⊆ (

∧
λ ◦ ∧χ)4 (

∧
χ ◦ ∧µ) ⊆

∧
λ4 ∧µ, which

implies that
∧
λ4 ∧µ is an i-v T -fuzzy quasi ideal of G. �

8. Interval valued T -fuzzy ideals in regular Γ-semigroups

Lemma 8.1. Every i-v T -fuzzy generalized bi-ideal of a regular Γ-semigroup G is
an i-v T -fuzzy bi-ideal of G.

Proof. Let
∧
µ be any i-v T -fuzzy generalized bi-ideal of a regular Γ-semigroup G.

Then for any a, b ∈ G and γ ∈ Γ there exists x ∈ G and α, β ∈ Γ such that

a = aαxβa. Now
∧
µ(aγb) =

∧
µ((aαxβa)γb) =

∧
µ(aα(xβa)γb) ≥ ∧µ(a)4 ∧µ(b). Implies

∧
µ(aγb) ≥ ∧µ(a)4 ∧µ(b), which implies that

∧
µ is an i-v T -fuzzy bi-ideal of G. �

Theorem 8.2. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2)
∧
µ4 ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ for every i-v T -fuzzy quasi-ideal

∧
µ of G.

(3)
∧
µ4 ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ for every i-v T -fuzzy bi-ideal

∧
µ of G.

(4)
∧
µ4 ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ for every i-v T -fuzzy generalized bi-ideal

∧
µ of G.

Proof. (1)⇒ (4) Let G be a regular Γ-semigroup,
∧
µ be any i-v T -fuzzy generalized

bi-ideal of G. Let a ∈ G then there exist x ∈ G and α, β ∈ Γ such that a = aαxβa.
16
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Hence we have

(
∧
µ ◦ ∧χ ◦ ∧µ)(a) =

∨
a=yγz

[(
∧
µ ◦ ∧χ)(y)4 ∧µ(z)]

≥ (
∧
µ ◦ ∧χ)(aαx)4 ∧µ(a)

=
∨

aαx=pαq

[
∧
µ(p)4 ∧χ(q)]4 ∧µ(a)

≥ [
∧
µ(a)4 ∧χ(x)]4 ∧µ(a)

= [
∧
µ(a)4 [1, 1]]4 ∧µ(a)

=
∧
µ(a)4 ∧µ(a) = (

∧
µ4 ∧µ)(a).

Thus
∧
µ ◦ ∧χ ◦ ∧µ ⊇ ∧µ4 ∧µ. (4)⇒ (3)⇒ (2) Straightforward. (2)⇒ (1) Let A be any

quasi-ideal ofG. Then we have AΓGΓA ⊆ AΓ(GΓG)∩(GΓG)ΓA ⊆ AΓG∩GΓA ⊆ A.

Let a ∈ A. Since
∧
CA is an i-v T -fuzzy quasi-ideal of G, so we have

((
∧
χA ◦

∧
χ) ◦ ∧χA)(a) =

∨
a=yγz

[(
∧
χA ◦

∧
χ)(y)4 ∧χA(z)]

≥ ∧χA(a)4 ∧χA(a) = [1, 1]4 [1, 1] = [1, 1].

This implies that there exist elements b, c ∈ G and β ∈ Γ such that a = bβc

and (
∧
χA ◦

∧
χ)(b) = [1, 1] and

∧
χA(c) = [1, 1]. Thus we have

∨
b=pαq

[
∧
χA(p) 4 ∧χ(q)] =

(
∧
χA ◦

∧
χ)(b) = [1, 1].This implies that there exist elements d, e ∈ G and δ ∈ Γ such

that b = dδe and
∧
χA(d) = [1, 1]. Thus d, c ∈ A and e ∈ G such that a = bβc =

(dδe)βc ∈ AΓGΓA. Therefore, A ⊆ AΓGΓA, and so A = AΓGΓA. Hence it follows
from Theorem 2.2, that G is regular. �

Theorem 8.3. Every i-v T -fuzzy ideal
∧
µ of a regular Γ-semigroup G satisfies

∧
µ4∧µ ⊆

∧
µ ◦ ∧µ ⊆ ∧µ.

Proof. Let
∧
µ be an i-v T -fuzzy ideal of a regular Γ-semigroup G. Then

∧
µ is an i-v

T -fuzzy bi-ideal of G by Proposition 7.2 and Proposition 7.3. Since G is regular, by

Theorem 8.2, we have
∧
µ4 ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ =

∧
µ ◦ (

∧
χ ◦ ∧µ) ⊆ ∧µ ◦ ∧µ ⊆ ∧µ ◦ ∧χ ⊆ ∧µ by Lemma

6.7 and so
∧
µ4 ∧µ ⊆ ∧µ ◦ ∧µ ⊆ ∧µ. �

Lemma 8.4. Let A and B be any non-empty subsets of a Γ-semigroup G. Then the
following properties hold.

(1)
∧
χA 4

∧
χB =

∧
χA∩B .

(2)
∧
χA ◦

∧
χB =

∧
χAΓB .

Proof. (1) Let a ∈ G. Suppose that a ∈ A ∩ B. Then a ∈ A and b ∈ B, which

implies
∧
χA(a) =

∧
χB(b) = [1, 1]. Then (

∧
χA 4

∧
χB)(a) =

∧
χA(a) 4 ∧χB(a) = [1, 1] 4

[1, 1] = [1, 1] =
∧
χA∩B(a). Again, if a /∈ A ∩ B. Then a /∈ A or a /∈ B, which

17
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implies
∧
χA(a) = [0, 0] or

∧
χB(a) = [0, 0]. Then (

∧
χA 4

∧
χB)(a) =

∧
χA(a)4 ∧χB(a) =

[0, 0]4 [0, 0] = [0, 0] =
∧
χA∩B(a).

(2) Let a ∈ G. Suppose that a ∈ AΓB. Then a = xγy for some x ∈ A, y ∈ B and
γ ∈ Γ.Then

(
∧
χA ◦

∧
χB)(a) =

∨
a=uδv

[
∧
χA(u)4 ∧χB(v)]

≥ ∧χA(x)4 ∧χB(y) = [1, 1]4 [1, 1] = [1, 1].

So (
∧
χA ◦

∧
χB)(a) = [1, 1]. Since a ∈ AΓB,

∧
χAΓB(a) = [1, 1]. In this case, when

a /∈ AΓB then we have (
∧
χA ◦

∧
χB)(a) = [0, 0] =

∧
χAΓB(a). Thus we obtain,

∧
χA ◦

∧
χB =

∧
χAΓB . �

Theorem 8.5. For a Γ-semigroup G, the following are equivalent.
(1) G is regular.

(2)
∧
λ4 ∧µ =

∧
λ ◦ ∧µ for every i-v T -fuzzy left ideal

∧
µ and i-v T -fuzzy right ideal

∧
λ of

G.

Proof. Assume that (1) holds. Let
∧
µ be any i-v T -fuzzy left ideal of G and

∧
λ be any

i-v T -fuzzy right ideal of G. Then for any x ∈ G, we have

(
∧
λ ◦ ∧µ)(x) =

∨
x=pγq

[
∧
λ(p)4 ∧µ(q)]

≤
∨

x=pγq

[
∧
λ(pγq)4 ∧µ(pγq)]

=
∧
λ(x)4 ∧µ(x) = (

∧
λ4 ∧µ)(x).

This implies that
∧
λ ◦ ∧µ ⊆

∧
λ4 ∧µ. Let a ∈ G. Then there exist x ∈ G and α, β ∈ Γ

such that a = aαxβa, so

(
∧
λ ◦ ∧µ)(a) =

∨
a=bβc

[
∧
λ(b)4 ∧µ(c)]

≥
∧
λ(aαx)4 ∧µ(a)

≥
∧
λ(a)4 ∧µ(a) = (

∧
λ4 ∧µ)(a),

and so
∧
λ ◦ ∧µ ⊇

∧
λ4 ∧µ. Hence

∧
λ4 ∧µ =

∧
λ ◦ ∧µ. Conversely, assume that (2) holds.

Let R and L be any right and left ideals of G, respectively. In order to show that

R ∩ L ⊆ RΓL, let a ∈ R ∩ L. By Lemma 6.14, the characteristic function
∧
χR and

∧
χL of R and L are i-v T -fuzzy right and left ideals of G, respectively. Thus we have
∧
χRΓL(a) = (

∧
χR ◦

∧
χL)(a) = (

∧
χR4

∧
χL)(a) =

∧
χR∩L(a) = [1, 1]. Implies a ∈ RΓL. Thus

R∩L ⊆ RΓL. But RΓL ⊆ R∩L always holds. Hence RΓL = R∩L. So by Theorem
2.2, G is regular. �
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Theorem 8.6. Every i-v T -fuzzy bi-ideal of a regular Γ-semigroup G is an i-v T -
fuzzy quasi-ideal of G.

Proof. Let
∧
µ be any i-v T -fuzzy bi-ideal of a regular Γ-semigroup G. Then

∧
χ◦∧µ (resp.

∧
µ ◦ ∧χ) is an i-v T -fuzzy left (resp. right) ideal of G. By Theorem 8.5, we have

(
∧
µ ◦ ∧χ) 4 (

∧
χ ◦ ∧µ) = (

∧
µ ◦ ∧χ) ◦ (

∧
χ ◦ ∧µ) =

∧
µ ◦ (

∧
χ ◦ ∧χ) ◦ ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ ⊆ ∧µ by lemma

6.8 (since
∧
µ is an i-v T -fuzzy bi-ideal of G). Thus

∧
µ is an i-v T -fuzzy quasi-ideal of

G. �

Theorem 8.7. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy quasi-ideal

∧
µ and every i-v T -fuzzy

two-sided ideal
∧
λ of G.

(3)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy quasi-ideal

∧
µ and every i-v T -fuzzy

interior ideal
∧
λ of G.

(4)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy bi-ideal

∧
µ and every i-v T -fuzzy

two-sided ideal
∧
λ of G.

(5)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy bi-ideal

∧
µ and every i-v T -fuzzy

interior ideal
∧
λ of G.

(6)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy generalized bi-ideal

∧
µ and every

i-v T -fuzzy two-sided ideal
∧
λ of G.

(7)
∧
µ4

∧
λ4 ∧µ ⊆ ∧µ ◦

∧
λ ◦ ∧µ for every i-v T -fuzzy generalized bi-ideal

∧
µ and every

i-v T -fuzzy interior ideal
∧
λ of G.

Proof. (1)⇒(7) Let G be a regular Γ-semigroup and
∧
µ and

∧
λ be any T -fuzzy gener-

alized bi-ideal and i-v T -fuzzy interior ideal of G, respectively. Then for any a ∈ G,
there exist x ∈ G and α, β, γ ∈ Γ such that a = aαxβa (= aαxβaγxδa).Thus

(
∧
µ ◦
∧
λ ◦ ∧µ)(a) =

∨
a=yβz

[
∧
µ(y)4 (

∧
λ ◦ ∧µ)(z)]

≥ ∧µ(a)4 (
∧
λ ◦ ∧µ)(xβaγxδa)

=
∧
µ(a)4 (

∨
xβaγxδa=pγq

[
∧
λ(p)4 ∧µ(q)])

≥ ∧µ(a)4 (
∧
λ(xβaγx)4 ∧µ(a))

≥ ∧µ(a)4
∧
λ(a)4 ∧µ(a)

= (
∧
µ4

∧
λ4 ∧µ)(a),
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and so
∧
µ◦
∧
λ◦ ∧µ ⊇ ∧µ4

∧
λ4 ∧µ. (7)⇒(5)⇒(3)⇒(2) and (7)⇒(6)⇒(4)⇒(2) are clear.

(2)⇒(1) Let
∧
µ be an i-v T -fuzzy quasi-ideal of G. Then, as

∧
χ is an i-v T -fuzzy

two-sided ideal of G, we have
∧
µ4 ∧µ =

∧
µ4 ∧χ4 ∧µ ⊆ ∧µ ◦ ∧χ ◦ ∧µ. Thus it follows, from

Theorem 8.2, that G is regular. �

Theorem 8.8. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2)
∧
µ4

∧
λ ⊆ ∧µ ◦

∧
λ for every i-v T -fuzzy quasi-ideal

∧
µ and every i-v T -fuzzy left

(right) ideal
∧
λ of G.

(3)
∧
µ4

∧
λ ⊆ ∧µ◦

∧
λ for every i-v T -fuzzy bi-ideal

∧
µ and every i-v T -fuzzy left (right)

ideal
∧
λ of G.

(4)
∧
µ4

∧
λ ⊆ ∧µ◦

∧
λ for every i-v T -fuzzy generalized bi-ideal

∧
µ and every i-v T -fuzzy

left (right) ideal
∧
λ of G.

Proof. (1)⇒(4) Let
∧
µ and

∧
λ be any i-v T -fuzzy generalized bi-ideal and i-v T -fuzzy

left ideal of G, respectively. For any a ∈ G, there exist x ∈ G and α, β ∈ Γ such
that a = aαxβa. Thus we have

(
∧
µ ◦
∧
λ)(a) =

∨
a=yγz

[
∧
µ(y)4

∧
λ(z)]

≥ ∧µ(a)4
∧
λ(xβa)

≥ ∧µ(a)4
∧
λ(a) = (

∧
µ4

∧
λ)(a).

and so
∧
µ ◦

∧
λ ⊇ ∧µ4

∧
λ. (4)⇒(3)⇒(2) are clear. (2)⇒(1) Since every i-v T -fuzzy

right ideal of G is an i-v T -fuzzy quasi-ideal of G, so (2) implies
∧
µ 4

∧
λ ⊆ ∧

µ ◦
∧
λ

for every i-v T -fuzzy right ideal
∧
µ and every i-v T -fuzzy left ideal

∧
λ of G. But

∧
µ◦
∧
λ ⊆ ∧µ4

∧
λ always holds, so we have

∧
µ4

∧
λ =

∧
µ◦
∧
λ for every i-v T -fuzzy right ideal

∧
µ and every i-v T -fuzzy left ideal

∧
λ of G. Thus it follows from Theorem 8.5, that G

is regular. �

Theorem 8.9. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is regular.

(2)
∧
ν 4 ∧µ 4

∧
λ ⊆ ∧ν◦ ∧µ ◦

∧
λ for every i-v T -fuzzy right ideal

∧
ν, every i-v T -fuzzy

quasi-ideal
∧
µ and every i-v T -fuzzy left ideal

∧
λ of G.

(3)
∧
ν 4 ∧µ 4

∧
λ ⊆ ∧ν◦ ∧µ ◦

∧
λ for every i-v T -fuzzy right ideal

∧
ν, every i-v T -fuzzy

bi-ideal
∧
µ and every i-v T -fuzzy left ideal

∧
λ of G.

(4)
∧
ν4 ∧

µ 4
∧
λ ⊆ ∧ν◦ ∧µ ◦

∧
λ for every i-v T -fuzzy right ideal

∧
ν, every i-v T -fuzzy

generalized bi-ideal
∧
µ and every i-v T -fuzzy left ideal

∧
λ of G.
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Proof. (1)⇒(4) Let
∧
ν,
∧
µ and

∧
λ be i-v T -fuzzy right ideal, i-v T -fuzzy generalized

bi-ideal and i-v T -fuzzy left ideal of G, respectively.
Then for any a ∈ G, there exist x ∈ G and α, β ∈ Γ such that a = aαxβa. Thus

we have

(
∧
ν ◦ ∧µ ◦

∧
λ)(a) =

∨
a=yγz

[
∧
ν(y)4 (

∧
µ ◦
∧
λ)(z)]

≥ ∧ν(aαx)4 (
∧
µ ◦
∧
λ)(a)

≥ ∧ν(a)4 (
∨

a=pδq

[
∧
µ(p)4

∧
λ(q)])

≥ ∧ν(a)4 (
∧
µ(a)4

∧
λ(xβa))

≥ ∧ν(a)4 (
∧
µ(a)4

∧
λ(a))

= (
∧
ν 4 ∧µ4

∧
λ)(a),

and so
∧
ν ◦ ∧µ ◦

∧
λ ⊇ ∧ν 4 ∧µ4

∧
λ. (4)⇒(3)⇒(2) are clear. (2)⇒(1) Let

∧
ν and

∧
λ be

any i-v T -fuzzy right ideal and i-v T -fuzzy left ideal
∧
λ of G, respectively. Then, as

∧
χ is an i-v T -fuzzy quasi-ideal of G, we have

∧
ν 4

∧
λ =

∧
ν 4 ∧χ4

∧
λ ⊆ ∧ν ◦ ∧χ ◦

∧
λ ⊆ ∧ν ◦

∧
λ.

Since
∧
ν ◦
∧
λ ⊆ ∧ν4

∧
λ always holds, so

∧
ν4

∧
λ =

∧
ν ◦
∧
λ for every i-v T -fuzzy right ideal

∧
ν

and every i-v T -fuzzy left ideal
∧
λ of G. Hence it follows from Theorem 8.5, that G

is regular. �

9. Interval valued T -fuzzy ideals in Intra-regular Γ-semigroup

Definition 9.1. An i-v fuzzy subset
∧
µ of a Γ-semigroup G is called an i-v T -fuzzy

semiprime if
∧
µ(a) ≥ ∧µ(aγa) for all a ∈ G and for all γ ∈ Γ.

Theorem 9.2. For a Γ-semigroup G, the following conditions are equivalent.
(1) G is intra-regular.

(2) Every i-v T -fuzzy two-sided ideal
∧
µ of G is an i-v T -fuzzy semiprime.

(3) Every i-v T -fuzzy interior ideal
∧
µ of G is an i-v T -fuzzy semiprime.

(4)
∧
µ(a) =

∧
µ(aγa) for every i-v T -fuzzy two-sided ideal

∧
µ of G, for all a ∈ G and

for all γ ∈ Γ.

(5)
∧
µ(a) =

∧
µ(aγa) for every i-v T -fuzzy interior ideal

∧
µ of G, for all a ∈ G and

for all γ ∈ Γ.

Proof. (1)⇒(5) Let G be an intra-regular Γ-semigroup and
∧
µ be an i-v T -fuzzy

interior ideal of G. For any a ∈ G, there exist x, y ∈ G and α, β, γ ∈ Γ such that
21
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a = xαaβaγy. Hence

∧
µ(a) =

∧
µ(xαaβaγy)

≥ ∧µ(aβa)

=
∧
µ(aβ(xαaβaγy))

=
∧
µ((aβx)αaβ(aγy))

≥ ∧µ(a).

Thus
∧
µ(a) =

∧
µ(aβa). (5)⇒(4)⇒(2) and (5)⇒(3)⇒(2) are clear. (2)⇒(1) Let a ∈

G and J [aγa] be the two-sided ideal of G generated by aγa. Then the characteristic

function
∧
χJ[aγa]of J [aγa] is an i-v T -fuzzy two-sided ideal of G. Thus by hypothesis

∧
χJ[aγa](a) ≥ ∧

χJ[aγa](aγa) = [1, 1]. This implies that a ∈ J [aγa]. Hence G is an
intra-regular Γ-semigroup. �

Theorem 9.3. Let G be an intra-regular Γ-semigroup. Then for any i-v T -fuzzy

interior ideal
∧
µ of G, for any a, b ∈ G and γ ∈ Γ,

∧
µ(aγb) =

∧
µ(bγa).

Proof. Let G be an intra-regular Γ-semigroup and
∧
µ be an i-v T -fuzzy interior ideal

of G. Let a, b ∈ G and γ ∈ Γ. Then by Theorem 9.2, we have

∧
µ(aγb) =

∧
µ((aγb)γ(aγb))

=
∧
µ(aγ(bγa)γb)

≥ ∧µ(bγa)

=
∧
µ((bγa)γ(bγa))

=
∧
µ(bγ(aγb)γa)

≥ ∧µ(aγb).

Thus
∧
µ(aγb) =

∧
µ(bγa). �

Theorem 9.4. For a Γ-semigroup G, the following conditions are euivalent.
(1) G is intra-regular.
(2) L ∩R ⊆ LΓR for every left ideal L and every right ideal R of G.

(3)
∧
µ 4

∧
λ ⊆ ∧µ ◦

∧
λ for every i-v T -fuzzy left ideal

∧
µ and every i-v T -fuzzy right

ideal
∧
λ of G.

Proof. (1)⇔(2) It is well-known. (1)⇒(3) Let G be an intra-regular Γ-semigroup.

Let
∧
µ and

∧
λ are any i-v T -fuzzy left and i-v T -fuzzy right ideals of G, respectively.

For any a ∈ G, there exist x, y ∈ G and α, β, γ ∈ Γ such that a = xαaβaγy. Hence
22
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we have

(
∧
µ ◦
∧
λ)(a) =

∨
a=pδq

[
∧
µ(p)4

∧
λ(q)]

≥ ∧µ(xαa)4
∧
λ(aγy)

≥ ∧µ(a)4
∧
λ(a)

= (
∧
µ4

∧
λ)(a).

Thus
∧
µ4

∧
λ ⊆ ∧µ ◦

∧
λ. (3)⇒(2) Let L and R be any left ideal and right ideal of G,

respectively. Then
∼
χLand

∼
χRare i-v T -fuzzy left and i-v T -fuzzy right ideals of G,

respectively. Let a be an element of L∩R. Then a ∈ L and a ∈ R. By hypothesis we

have
∼
χLΓR(a) = (

∼
χL ◦

∼
χR)(a) ≥ (

∼
χL 4

∼
χR)(a) =

∼
χL∩R(a) = [1, 1]. Thus a ∈ LΓR.

This implies that L ∩R ⊆ LΓR. �
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