Annals of Fuzzy Mathematics and Informatics

Volume x, No. x, (Month 201y), pp. 1-xx @FMH

ISSN: 2093-9310 (print version) © Kyung Moon Sa Co.
ISSN: 2287-6235 (electronic version)

http://www.afmi.or.kr

http://www.kyungmoon.com

On the gravity of center of sequence of fuzzy
numbers

ZARIFE ZARARSIZ, MEHMET SENGONUL

Received 30 January 2013; Revised 27 February 2013; Accepted 8 March 2013

ABSTRACT. The aim of this work is to present the method for handling
the definition of center of gravity for sequence of fuzzy numbers. We also
investigate gravity of center of sequence of fuzzy numbers by using cent-
roid defuzzification method and mean-max defuzzification method which
are showed by z.;, and z;,,,, respectively. At the same time, we have
tried to establish a relationship between limitation methods and mean-
max defuzzification method.
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1. INTRODUCTION

In recent years, so many articles are gained to mathematical world about the
sequence of fuzzy numbers. Almost all of these works, fuzzy sets which are provided
by fuzzifying a certain value with respect to a proper membership function are used.
The fuzzification is the process which converts a crisp value to fuzzy value. In the
real world so many quantities that are seen as crisp and certain are not normally
specific and certain. These quantities contain serious uncertainty.

If the form of uncertainty happens to arise imprecision, ambiguity, or vagueness,
then the variable is probably fuzzy and can be represented by a membership function.
Besides in the application a control command is given as a crisp value. Because of
this it is needed to defuzzify the result of the fuzzy inference. A defuzzification
is a process to get a non- fuzzy control action that best represents the possibility
distribution of an inferred fuzzy control action. Defuzzification has the result of
reducing a fuzzy set to a crisp set; of converting a fuzzy matrix to a crisp matrix;
or of making a fuzzy number a crisp number. Furthermore the primary focus of
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the defuzzification method has been to explain the process of converting from fuzzy
membership function to crisp version. Defuzzification is the conversion of a fuzzy
quantity to a precise quantity, just as fuzzification is the conversion, [7]. The more
detail about defuzzification can be found in [3].

In this paper by defuzzifying the sequence of fuzzy numbers with proper defuzzi-
fication method, we investigate some of the important and specific properties of
sequence of fuzzy numbers which is called center of gravity of the sequence of the
fuzzy numbers.

2. PRELIMINARIES

A fuzzy number is a fuzzy subset of the R that is bounded, convex, normal
and have a compact support, in other word a fuzzy number is characterized by a
membership function u : R — [0, 1] and satisfies the following properties:

FN1. u is normal, i.e., there exists an xyp € R such that u(xg) = 1,

FN2. u is fuzzy convex, i.e., for any z,y € R and p € [0, 1],

ulpz + (1= p)y] = min{u(z), u(y)},

FN3. u is upper semi-continuous,

FN4. The closure of {z € R : u(x) > 0}, denoted by u°, is compact.

We will denote any triangular fuzzy number with v = (u~,%,u™) to construct
our ideas which this notation was used in many papers, [8], [2]. We show the set of
all fuzzy numbers by E' defined on the set R through all the text.

Let us denote the set of all sequences of fuzzy numbers by w(E?) that is

(2.1ju(E2) ={u=(u) = ((u;,uk,uz)) u:N— El,u(k) = (u;,uk,u;r)}

Here u, , i, u;f represent first, middle and end points of general term of sequences of
triangular fuzzy numbers, for every k € N, respectively. And degree of membership
at uy is

1, for the fuzzy numbers ,
0<¢<1, for the fuzzy sets

The real numbers i, —u, and u;r —uy, are called the left, right indeterminateness
of uy, respectively. Among the some methods for defuzzification that have been
proposed in the literature in recent years, are described here for defuzzifying fuzzy
membership functions, [7].

Now we will list some famous defuzzification methods below:

First introduced defuzzification method ifS ca(lle)zddcentroid defuzzification method

* rclz)zaz

defined by the algebraic expression 2}, = Thc()dz where [ denotes an algebraic

integration, [8], [4]. An other defuzzification method is called weighted average
method which defined by the algebraic expression

2 am = %, here 3 denotes the algebraic sum and z is the centroid of each
symmetric membership function. The weighted average method is the most fre-
quently used in fuzzy applications since it is one of the more computationally efficient
methods. Unfortunately it is usually restricted to symmetrical output membership
functions. The weighted average method is formed by weighting each member-
ship function in the output by its respective maximum membership value. The
third method is called mean-max method which given by the following equation

2



Zarife Zararsiz et al. /Ann. Fuzzy Math. Inform. x (2013), No. x, xxx—xxx

Zhm = %22:1 max pc(zk), where n represents number of the fuzzy sets. The

method is not restricted to symmetric membership functions.

The methods mentioned above are important defuzzification methods used in
presently.

Defuzzification is necessary because, for example, we cannot instruct the voltage
going into a machine to increase slightly, even if this instruction comes from a fuzzy
controller we must alter its voltage by a specific amount. Defuzzification is a natural
and necessary process. In fact, there is an analogous form of defuzzification in math-
ematics where we solve a complicated problem in the complex plane, find the real
and imaginary parts of the solution, then decomplexify the imaginary solution back
to the real numbers space [1]. There are numerous other methods for defuzzification
that have not been presented here. A review of the literature will provide the details
on some of these (see, for example, [2], [9]).

Let’s denote the set of all real valued interval numbers by E;. Any element of F;
is denoted by T. That isT={x e R: 2 <z < x,}.

The matrix defined by

1
1<k<n
= n+1 ’ - - ﬂ
Cnk { 0 , otherwise, (¥n,k €N)

is called the Cesaro matriz and denoted by C1 = (cpi).

Let A = (anr) be an infinite matrix of real or complex numbers a,k, where
n,k € N=1{0,1,2,...}. Then, we can say that A defines a matrix mapping if for
every sequence x = (xj) the sequence Az = {(Azx),}, the A-transform of z, exists
where

(2.2) (Az)n = amear, (n€N).
k

The set of all interval numbers E; is a metric space [6] with the metric d defined
by
(2.3) d(z,7) = max{|z; — yel, |2r — yr|}-
Moreover, it is known that E; is a complete metric space. FN1, FN2, FN3 and FN4
imply that for each o € [0,1], the a-level set defined by [u]* = {z € R : u(z) > a}

is in B, as well as the support v, i.e., [u]* = [us(@), u, ()] for each o € [0, 1].
Define a map d : B! x E' — R by d(u,v) = sup d([u]®, [v]*). It is known that
0<a<1

E' is a complete metric space with the metric d, [5].

Now we will give the new definitions about defuzzification method for the se-
quences of fuzzy sets. Furthermore we will define convergence of a sequence of fuzzy
numbers without hold to a— cut sets.

Definition 2.1. A sequence u = (ug) of fuzzy numbers is said to be convergent
to the fuzzy number wg if for each € > 0 there exists a positive integer ngy such
that d(ug,up) < € for all k > ng, and we denote it by writing lilznulC = ug, where

d(up, ug) = supy, max{|u, —ug |, | — o], |u2‘ — u(ﬂ} < €.

Let us denote convergent and null sequences spaces of fuzzy numbers by c(E*)
and co(E!) |, respectively.
3
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Definition 2.2. Let us suppose that (uy) = ((u, i, u;)) be a sequence of fuzzy
numbers and u;,uk,uz are increasing sequence of the real numbers. Then the
gravity of center of the sequence (uy) is defined by

::hnlf?%ufx )xdngE:Z_lLﬁifuk< zade + [, vy (@)ada]
" f uy (v)dz + Zk 1[f z)dz + wa ukﬂ(x)dx]

where ay, is obtained from common solutions of the functions u; (z) and Uy, (2).

(2.4)

*
Zedm )

Similarly, if u,;uk,uz are decreasing sequence of the real numbers, then the
gravity of center of the sequence (ug) = ((uj, , @k, ui)) is defined as follows:

+

fﬂull uf (z)xde + Zgzl[fl:k uy, (z)zdr + f"k u;:ﬂ(x)xdx]

=lim - .
" fqil uf(x)dx + ZZ:1UV p (T)dz + f uk+1 (z)dz]

where v, is obtained from common solutions of the functions u;, | (x) and uy ().

25) 2

cdm

In [8], centroid defuzzification method is given for finite number of fuzzy sets.
Similar to this definition, we have given a centroid defuzzification method for se-
quence of fuzzy numbers as mentioned above. So we generalized the definition of
Sugeno, [8].

Definition 2.3. Let us suppose that (uy) = ((uy , i, u;)) be a sequence of fuzzy
numbers. Then mean-max defuzzification method for the sequence of fuzzy numbers
(ug) is defined by

1
(2.6) Zrm = lim — Zmaxuc(ak).

3. MAJOR SECTION
Let’s consider the set w(E*) = {u = (ux) € w(E?) : {uy, : k € N}is a finite set}.

Theorem 3.1. If (ux) = ((uy,, ik, uy)) € w(E*) then 2%,
sequence (uy).

m olways exists for the

Proof. Let us suppose that (uy) = ((u,, @k, u;)) has finite non zero elements and
the sequence (4y) be increasing sequence of the real numbers. Then

f up (z)ede + 3007 [ [ " wf (x)zdr + fu"“ Uy (z)2da]
f“l up (w)de + 3200 [ [ uid ()de + f;:“ 1 (@) da]
e @ede + ST i @)eda + [ i (@)ada
Sty (@)da + S5 [ wf (@)da + [0 wyy (x)dal
+ 2 ksna s, Oda + f”’““ 0dzx)
+ Y ks o 0dz + fj:“ 0dz]

Since the integrals f Luy (v)ade, [0 wl(z)ede, f;:“ uy o (@)zd,
4
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fd_ up (z)dz, [;"u(x)de and f5:+1 ., (x)dx always exist in the sense of the
Uy

Riemann, this shows that the fraction, (3.1) exists, in other words the 2}, = exists.
Similar to this process, if the sequence (i) is decreasing sequence of the real
numbers then again we can see that 2}, =~ exists. O

Now we will give some applications of the Theorem 3.1.

Example 3.2. Let’s take a sequence of fuzzy numbers in w(E*) and the general
term of the sequence is given as in the following;

4k—4 5k—4 6k—4
. — ( ko k7 k ) ) k<2
b { 0, k>2

So by using the centroid defuzzification method we determine the center of gravity
of the sequence of the fuzzy numbers (uy) as 2%, = 1.653.

This example shows that the gravity of center 2%, = of the sequence v = (uy) of
fuzzy numbers may be nonzero even if u = (uy) € co(E?).
Example 3.3. Let us consider the sequence

(uk) = ((U;;Uk,“b) = (((k‘—i2)2’ (k—il)27 %))

of fuzzy numbers. The membership function of the sequence (uy) of fuzzy numbers
can be given as follows:

u (x), if z€ [ﬁa ﬁ]
0, other wise
z(k4+2)% —1)(k+1)%k> .
sy i 2 € [agme p)

_ k .
= (2;&)1 11— k%], if xz€]

1 1
(k+1)27172]
0, other wise

From common solutions of the u (z) and w;’, | (x) we have the sequence oy =

16+64k+85k%+48k>+10k*

5513k TRV (34 6F13E2) - Thus, from (2.4), we can write, using with a software pro-

gramme,
f uy (v)zde + 35, f(k“’z e @zdr + [ wl, (v)zda]
z* =lim oy
TSy @de o ST g @)de [ uf ()]
= 0.678488,

that is the sequence of fuzzy numbers

() = (i) = (g gy )

has a gravity of center and this center is 0.678488.
5
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Example 3.4. Similar to Example 3.3, let consider the sequence
. 1 1 1
(ur) = ((ug, e, wf)) = ((

Pl
The membership function of the sequence (uy) of fuzzy numbers can be given as
follows:

up (z), if €l 27k41r1]
UZ(JJ% if we [k+1’ %l
0, other wise
(k+1)(k+2)z—(k+1), if z¢€ [T =i
(k+1) = k(k+ Dz, if €[y,

0, other wise

=

From common solutions of the w, (z) and u;rl(x) we have the sequence aj =
%. Thus, from (2.4), we can write

Syt (@)ada + S0y 1[5 g (@)ada + [ uify, (2)da]

Z:dm = lim
Jy ol (@) + 555 [f;:l 2)dz + [ uf,,(w)dal
=0.416667
this means that the gravity point of sequence of fuzzy numbers (uy) = ((u;, g, u;)) —
(25, 725, ) is 0.416667.

Theorem 3.5. Suppose that the sequence (uy) = ((u, 1, u;)) be convergent to
fuzzy number (ugy , o, ud). Generally, the gravity of center of the sequence (uy) =
((uy, , Tk, uy ) is mot equal to gravity of center of (ug , 1o, ug ).

Proof. If we consider Example 3.2 then we see that the sequence

4k—4 5k—4 6k—4
= ( E ° k ° &k ) , k<2
0, k>2

is convergent to fuzzy zero. But gravity of center of it is 2, , = 1.653. 0

Let us consider the sequence of fuzzy numbers

[ (=2,-1,0), if k is odd
(32) (“’“)_{ (0,1,2), if k is even

The sequence (ug) is not a convergent sequence of fuzzy numbers. Even so, from
(2.4), z¥,  the gravity of center of (uy) is determined as follows;

f__2 (22 + 27)dx + ZZ:l[f—l —a2dx + fo x2dz] + f12(2x — 2?)dx

A [ w2+ S [0, —ade + f) wda) + [7(2 - x)de
(3.3) =0

cdm

This shows that any sequence of fuzzy numbers may have a gravity of center which
need not convergent to a fuzzy number.
Now, we can give a proposition as follows:
6
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Proposition 3.6. Let (ui) be any element of the set w(E?)\ w(E*) . Then the
real value 2%, is equal to the limit of the sequence (ry,) of real numbers, where the
sequence (ry,) which obtain with defuzzification term by term of the sequence (uy).

If we consider Definition 2.3, in fact that, the real value z7,,, is equal to the

Cy—transform of the sequence max pi(ty), for every k € N. Therefore, if we want

to find precise value for any sequence fuzzy numbers with mean-max defuzzification

method then it is sufficient to find C;—transform of the sequence of real numbers

(1x ), where 4y have been considered to have the maximum membership value.
Now we can give a theorem as follows:

Theorem 3.7. Let (uy) be any sequence of fuzzy numbers in lo(E?)\ c(E?). Then
gravity of center with the mean-maz defuzzification method of the sequence (uy) is
equal to Cy1—transform of the sequence of real numbers (ry), where rj, = max p(ty).

Proof. Let suppose that (uy) € loo(E?) \ ¢(E?). For all z € R, if max ju,, (z) = 7y,
then lim,, £ Y7 max p(ix) = lim, L Y0 7 = (C17),. If we take the sequence
(ux) as in Example 3.4, the gravity of center of (uy) is equal to 0. This result,

as geometrical, is meaningless so we should chose the sequence (uy) in £ (E?) \
c(E?). O
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