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ABSTRACT. Recently, El-Naschie has shown that the notion of fuzzy
topology may be relevant to quantum particle physics in connection with
string theory and FE-infinite space time theory. In this paper, the concepts
of somewhat fuzzy a-Z-continuous functions and somewhat fuzzy a-Z-open
functions are introduced and studied. Somewhat fuzzy a-Z-open functions
may be important in the study of quantum particle physics and related
theory. Some characterizations and interesting properties of these functions
are also discussed.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [?]. Based on the concept
of fuzzy sets, Chang [?] introduced and developed the concept of fuzzy topological
spaces. In [?] Mohmoud and in [?], Sarkar indepentently presented some of the ideal
concepts in the fuzzy trend and studied many of their fundamental properties. The
concept of fuzzy topology may be relevent to quantum particle physics purticularly
in connection with string theory and E-infinite theory [?, ?, ?, ?]. Recently, Yuksel
et. al. [?] introduced the concepts of fuzzy a-Z-open sets and fuzzy a-Z-continuity
in fuzzy ideal topological spaces. In the present paper, to introduce and study the
concept of somewhat fuzzy a-Z-continuous functions and somewhat fuzzy a-Z-open
functions in fuzzy ideal topological spaces.



E. Hatir and N. Rajesh/Ann. Fuzzy Math. Inform. x (201y), No. x, xx—xx

2. PRELIMINARIES

Throughtout this paper, (X, 7) always means fuzzy topolocial space in the sense
of Chang [?]. For a fuzzy subset A of X, the fuzzy closure of A is denoted by CI(A)
and is defined as CI(A) = A{B|B > A, B is a fuzzy closed subset of X}. Also, the
fuzzy interior of A is denoted by Int(A) and is defined as Int(A) = V{B|B < A, B is
a fuzzy open subset of X}. A nonempty collection of fuzzy sets Z of a set X is called
a fuzzy ideal [?, ?] if and only if (i) A € Z and A < B, then B € Z, (ii) if A € Z and
B € Z, then AV B € Z. The triple (X, 7,Z) means a fuzzy ideal topological space
with a fuzzy ideal Z and fuzzy topology 7. For (X, 7,Z), the fuzzy local function of
a fuzzy subset A of X with respect to 7 and Z denoted by A*(7,Z) (briefly, A*) and
is defined A*(1,Z) = V{r € X : ANU ¢ T for every U € 7}. While A* is the union
of the fuzzy points such that if U € 7 and E € Z, then there is atleast one y € X
for which U(y) + A(y) — 1 > E(y), where the fuzzy point z, in X is a fuzzy set in
X defined by

- (y)z{ p, pe (0,1, fory=zyeX
P 0, fory=x,ye X
and x and p are respectively, called the support and the value of x. Also, for a
fuzzy set A of (X,7,7), Cl*(A) = AV A*. A fuzzy subset A of (X,7,7) is said to
be fuzzy a-Z-open [?] if A < Int(Cl*(Int(A))). The complement of fuzzy a-Z-open
set is called fuzzy a-Z-closed. The family of all fuzzy a-Z-open (resp. fuzzy a-Z-
closed) subsets of (X, 7,Z) is denoted by FaZO(X) (resp. FaZC(X)). The fuzzy
a-Z-closure and fuzzy a-Z-interior of a fuzzy set A are respectively, denoted by
oZCl(A) and aZInt(A) and is defined as aZCI(A) = A{B|A < B,B < FaZIC(X)}
and oZInt(A) = V{B|B < A,B € FaZO(X)}. A fuzzy set A is said to be fuzzy
a-Z-closed (resp. fuzzy a-Z-open) if and only if aZCI(A) = A (resp. oZInt(A) =
A). Clearly, oZCl(1 — A) = 1 — aZInt(A) and aZInt(l — A) = 1 — oZCI(A).

3. SOMEWHAT FUZZY «-Z-CONTINUOUS FUNCTIONS

Definition 3.1. A function f : (X,7,Z) — (Y,0) is called somewhat fuzzy a-Z-
continuous if for every fuzzy open set A in Y such that f=1(A) # 0, there exists a
fuzzy a-Z-open set B # 0 in (X, 7) such that B < f=1(A).

Definition 3.2. A function f : (X,7,Z) — (Y,0) is called fuzzy continuous [?] if
for f=1(u) is fuzzy open in X for every fuzzy open set pin Y.

It is clear that every fuzzy continuous function is somewhat fuzzy
a-Z-continuous but the converse is not true as the following example shows.

Example 3.3. Let p1, ua, 3 be fuzzy sets on I = [0, 1] defined as follows:

(2) = 0, 0<z<3
P =2z -1, L1<a<i

1, ngg%ﬁ

po(z) = —4z+2, %gxgg
0, 5<z<1

[0, 0<z<i
ug(x)_{§(4x—l)7 %ngl
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. Clearly 7 = {0, us3, 1}, 72 = {0, 1, 2, 1 V a2, 1} are two topologies on I and T
= {@}. Let f:(I,71,7) — (I,72) be defined as f(x) = § for each  in I. Then f
is somewhat fuzzy a-Z-continuous but not fuzzy continuous.

Definition 3.4. A fuzzy set A in a fuzzy ideal topological space (X, 7,7) is called
fuzzy a-Z-dense if there exists no fuzzy a-Z-closed set B such that A < B < 1 or
equivalently aZCI(A) = 1.

Proposition 3.5. If f : (X,7,Z7) — (Y,0) is a somewhat fuzzy a-I-continuous
function and g : (Y,0) — (Z,n) is fuzzy continuous function, then go f : (X, 7,7) —
(Z,n) is somewhat fuzzy a-I-continuous function.

Proof. Clear. g

Theorem 3.6. For a function f : (X,7,Z) — (Y,0), the following statements are
equivalent:

(i) f is somewhat fuzzy a-I-continuous.

(i) If A is a fuzzy closed set of Y such that f=1(A) # 1, then there exists a
proper fuzzy a-I-closed set B of X such that B > f~1(A).

(iii) If A is a fuzzy a-Z-dense set, then f(A) is a fuzzy dense set inY .

Proof. (i)=-(ii): Suppose f is somewhat fuzzy a-Z-continuous and A is any fuzzy
closed set in Y such that f=!(A) # 1. Therefore, clearly 1 — A is a fuzzy open set
and f~1(1—A) =1— f~1(A) # 0. But by (i), there exists a fuzzy a-Z-open set B in
(X,7,7) such that B # 0 and B < f~1(1— A). Therefore, 1 —B > 1—f~1(1-A) =
1—(1—f"YA) = f1(A). Put 1— B = C. Clearly, C is a proper fuzzy a-Z-closed
set such that C' > f~1(A).

(if)=-(iii): Let A be a fuzzy a-Z-dense set in X and suppose f(A) is not fuzzy dense
in Y. Then there exists a fuzzy closed set, say, B such that f(A4) < B < 1. Now,
B <1= fYB)#1. Thenby f(A) < B < 1, there exists a proper fuzzy a-Z-closed
set C in (X,7,Z) such that C > f~Y(B). But by (i), f~Y(B) > f1(f(A)) > A,
that is, C' > A. This implies that there exists a proper fuzzy a-Z-closed set C' such
that C' > A, which is a contradiction, since A is fuzzy a-Z-dense.

(iii)=-(i): Let A be any fuzzy open set in (Y, o) and suppose f~1(A) # 0 and hence
A # 0. Suppose aZInt(f~1(A)) = 0. Then aZCI(1— f~Y(A)) = 1 —aZInt(f~1(A))
= 1-0 = 1. This means that 1 — f~1(4) is a fuzzy a-Z-dense set in X. By
(iii), f(1 — f~1(A)) is a fuzzy dense in Y. That is, CI(f(1 — f~*(4))) = 1, but
fA—f"YA) = f(f~*(1-A)) <1-A =1, since A # 0. Since 1 — A is fuzzy closed
and f(1— f~1(A) <1—-A, Cl(f(f7(A)) <1—A. Thatis, 1<1-A=A<0
and hence A = 0, which is a contradiction to the fact that A % 0. Therefore, we
must have aZInt(f~1(A)) # 0. This means that, there exists a fuzzy a-Z-open set
B in (X,7,Z) such that 0 # B < f~1(A) and consequently f is somewhat fuzzy
a-Z-continuous. g

Lemma 3.7. ([?]) Let g : X — X XY be the graph of a function f : X — Y. Then,
if X is a fuzzy set of X and p is a fuzzy set of Y, g7 (A x p) = XA f7H(p).

Theorem 3.8. Let f: (X, 7,Z) — (Y,0) be a function, where X is product related
toY, and g : X — X XY, the graph function of f. If g is somewhat fuzzy a-Z-

continuous, then f is so.
3
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Proof. Let A be a non-zero fuzzy open set in Y. Then by Lemma 2.4 of [?], we have
F7HA) =1Af1A) =g (1 x A). Since g is somewhat fuzzy a-Z-continuous and
1 x A is a non-zero fuzzy open set in X x Y, there exists a non-zero fuzzy a-Z-open
set B of (X,7,Z) such that B < g7!(1 x A) = f~'(A). This proves that f is a
somewhat fuzzy a-Z-continuous function. O

Definition 3.9. A fuzzy ideal topological space (X, 7,7Z) is called a fuzzy D,z-
space (D-space) if for every nonzero fuzzy a-Z-open (fuzzy open) set in X is fuzzy
a-Z-dense (fuzzy dense) in X.

Proposition 3.10. If f : (X,7,Z) = (Y,0,7) is a somewhat fuzzy a-I-continuous
surjection and (X, 7,7) is a fuzzy Daz-space, then'Y is a fuzzy D-space.

Proof. Let A be a nonzero fuzzy open set in Y. We want to show that A is fuzzy
dense in Y. Suppose not, then there exists a fuzzy closed set B in Y such that
A < B < 1. Therefore, f~1(A) < f~(B) < f~1(1) = 1. Since A # 0, f~1(A4) #0
and since f is somewhat fuzzy a-Z-continuous there exists a fuzzy a-Z-open set C' # 0
in X such that C < f~1(A4). Hence C < f~1(A) < f~1(B) < oZCI(f~1(B)) < 1.
That is, C < aZCI(f~1(B)) < 1. This contradicts the fact that (X,7,Z) is a fuzzy
D, z-space; hence Y is a fuzzy D-space. O

Definition 3.11. A function [ : (X,7,Z) — (Y, 0,Z) is called somewhat fuzzy -
Z-open if and only if for any fuzzy a-Z-open set A, A # 0 in (X, 7,Z) implies that
there exists a fuzzy a-Z-open set B in (Y, 0,7) such that B # 0 and B < f(A).

Definition 3.12. A function f : (X, 7) — (Y, 0) is called fuzzy open [?] if and only
if for any fuzzy open subset A of X, f(A) € 0.

It is clear that every fuzzy open function is somewhat fuzzy a-Z-open but the
converse is not true as it can be seen from the following example.

Example 3.13. Let X = {a,b,c}, 7={0,4,1}, 0 = {0,B,1} and Z = {@}, where
A(a) = 1,A(b) = 1,A(c) = 0 and B(a) = 1,B(b) = 0, B(c) = 0. Then the identity
function f : (X,7) — (X, 0,Z) is somewhat fuzzy a-Z-open but not fuzzy open.

Proposition 3.14. If f : (X,7,7) — (Y,0,Z) and g : (Y,0,7) — (Z,7,Z) are
somewhat fuzzy a-L-open functions, then go f: (X, 7) = (Z,7,T) is somewhat fuzzy
a-Z-open.

Proof. Clear. g

Theorem 3.15. For a surjective function f : (X,7,Z) — (Y,0,Z), the following
statements are equivalent:

(i) f is somewhat fuzzy a-T-open.

(ii) If A is a fuzzy a-I-closed set in X such that f(A) # 1, then there exists a
fuzzy a-I-closed set B in'Y such that B # 1 and B > f(A).

Proof. (i)=(ii): Let A be a fuzzy a-Z-closed set in X such that f(A) # 1. Then
1— A is a fuzzy a-Z-open set such that f(1—A) = 1— f(A) # 0. Since [ is somewhat
fuzzy o-Z-open, there exists a fuzzy a-Z-open set D in (Y, 0,7Z) such that D # 0
and D < f(1—A). Now 1 — D is fuzzy a-Z-closed set in Y such that 1 — D # 1 and
D<f(1-A). Put1—D=B. Then D>1-f(1-A)= f(A).

4
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(ii)=(i): Let A be a fuzzy a-T-open of X such that A # 0. Then 1 — A is fuzzy
a-Z-closed and 1 — A # 1, f(1—A) =1— f(A) # 1. Hence by hypothesis, there
exists a fuzzy a-Z-closed set B in Y such that B # 1 and B > f(1—A) =1— f(A),
that is, f(A) > 1 — B and let 1 — B = C. Clearly, C is a fuzzy a-Z-open set of YV
such that C < f(A) and C # 0. Hence f is somewhat fuzzy a-Z-open. O

Theorem 3.16. For a surjective function f : (X,7,Z) — (Y,0,Z), the following
statements are equivalent:

(i) f is somewhat fuzzy a-T-open.

(ii) If A is a fuzzy a-I-dense set of Y, then f=1(A) is fuzzy a-I-dense set in X.

Proof. (i)=-(ii): Suppose A is fuzzy a-Z-dense and fuzzy a-Z-closed set of (Y, 7,7).
We must to show that f~1(A) is fuzzy a-Z-dense in (X, 7,Z). Suppose not, then
there exists a fuzzy a-Z-closed set B in X such that f~1(B) < B < 1. Since f is
somewhat fuzzy a-Z-open and 1— B is fuzzy a-Z-open, there exists a fuzzy a-Z-open
set D in Y such that D < f(1— B) and D <1 — f(B). From f~!(A) < B <1, we
have A < f(B) < 1. Then D <1— f(B) <1—A. Thatis, A<1—D < 1. Since
1 — D is fuzzy a-Z-closed set in Y, this implies that A is not a fuzzy «a-Z-dense,
which is a contradicition. Therefore, f~!(A) must be a fuzzy a-Z-dense set in X.

(ii)=>(i): Suppose f~1(A) is fuzzy a-Z-dense in (X, 7,Z), where A is fuzzy a-Z-dense
set in Y. We want to show that f is somewhat fuzzy a-Z-open. Assume that A = 0
and a fuzzy a-Z-open set in (X,7,Z). We have to show that aZInt(f(A)) # 0.
Suppose not, then aZInt(f(A)) = 0 whenever A is fuzzy a-Z-open. Then oZCI(1 —
f(A) =1—aZlnt(f(A)) =1—-0 = 1. That is, 1 — f(A) is fuzzy a-Z-dense in
Y. Therefore by assumption f~'(1 — f(A)) is fuzzy a-Z-dense in X. Therefore,
1=aZCl(f~Y(1 - f(A))) = aZCI(1 — A) = 1 — A. This shows that A = 0, which
is a contradiction and so aZInt(f(A)) # 0. O
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